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PREFACE. 



This work is intended primarily for use as a school text-book. 
We hope it will meet the wants of all who are beginning 
Trigonometry, and be found adequate for the majority of 
Army Candidates. 

Our index of contents will show that we have departed 
somewhat from the recognised trtotment of the subject, but 
we believe that our arrangement will prove suitable for most 
beginners, and minimise their difficulties. Those who dis- 
approve of it will find no difficulty in directing the chapters 
to be read in an order more in accordance with their own 
views or the capacities of individual pupils. 

J. M. D. 

R* H* n^. 

Eton College, 
October, 1891. 
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PART L 



CHAPTER I. 
EECTANGULAR MEASURE. 

1, Definition. — Trigonometry is the Science which has for 
its principal aim the Measurement of the Sides and Angles 
of Triangles. 

2, The Sides of Triangles are measured by Numbers 
expressing their Lengths. 

These Numbers are often incommensurable quantities, such 
as surds. 

3. I^ Trigonometry an angle P Q is said to measure 
the inclination of two straight lines O P, O Q, by the amount 
which b P has revolved round 6 starting from an 
initial, position O Q. Thus, as will be shown more fully 
later, an angle may be of any size, as P may have made any 
number of complete revolutions round before taking up its 
final position, each complete revolution being through 4 right 
angles. 

Our proofs, to the end of page 90, will only apply to angles 
less than a right angle. 

4. Two systems are used for measuring Angles. 

1. Rectangular Measure^ in which every angle is 

expressed as a multiple or a part of a Bight 
Angle. 

2. Circular Measure^ which will be defined in 

Chapter II, 



2 EECTANGULAR MEASURE. 

5. The Right Angle may be subdiyided 

(1) by the Sexagesimal^ Bometimes called the English 

method, 

(2) by the Centesixual^ sometimes called the Fr^ach 

method. 

In the Sexagesimal system 

1 Right angle = 90 Degrees (90°). 
1 Degree = 60 Minutes (60'). 

1 Minute = 60 Seconds (60"). 

In the Centesimal system 

1 Right angle = 100 Grades (100«). 

1 Grade =100 French Minutes (100'). 

1 French Minute = 100 French Seconds (100''). 

Thus an angle of 17 degrees 43 minutes 25 seconds is 
written 17° 43' 26". An angle of 5 grades 77 French minutes 
81 French seconds is written 6«f 77' 81". 

In the centesimal system the number of grades, &c., in an 
angle can be directly expressed as the decimal of a right angle. 

Thus 6« 77' 81" = 5«f 77-81' = 5-7781« 

= '057781 of a right angle. 

Note, — For practical purposes the sexagesimal method of 
measuring angles is now universally employed. 



EXAMPLES I (a). • 

Express the following fractions of a right angle in degrees, 
minutes, and seconds; also in grades, Fr. minutes, and Fr. 
seconds — 

(1)§. (2)^V (3)U. (4)^. 

(5) -375. (6) -93125. (7) 1-14583. (8) 2-38725. 

Express as decimals of a right angle — 

(9) 13° 30'. (15) 128 17' 24". 

(10) 45° 33' 45". (16) 2M8' 24". 

(11) 5° 45' 36". (17) 73'^ 7' 40". 

(12) 17° 6' 27". (18) Z« 30' 4". 

(13) 89136". (19) 327'. 

(14) 3915'. (20) 17". 

(21) Express in grades, &c., the following decimal fractions 
ofa Right angle— -34527, 021004, -207, -2536. 



RECTANGULAR MEASURE. 3 

6. Let D be the number of degrees, O the number of 
grades in any angle. 

Now D degrees = 37^ of a right angle, 

and G grades = ^^ „ „ 

.*. — and -TT-r represent the fraction which the original 

angle is of a right angle and are therefore equal. 

D G_ 

•'• 90 ^100' 

9 10 

whence D = — G, and G = — D. 



7. To change from one system of measurement into 
the other; make the given angle into a decimal of a right 
angle and then reduce to the other system. 

This will be best understood from the following examples : — 

Example (1). — To. express 31° 43' 30" in grades, &c. Reduce 
31° 43' 30" to the decimal of a right angle. 

60 ) 30 seconds 

60 )43'5 minutes 

90 ) 31-725 degrees 

• 3526 right angles. 

.-. 31° 43' 30" = • 3525 of a right angle ; 
= 35-25« 
= 35« 25\ 

Examjple (2). — To express 73° 41' 14" in the French system. 
60 ) 14 
60 )41-23 

90 ) 73-6872 

•8187469135802; 

.-. 73° 41' 14" = -8187469135802 of a right angle 
= 8l8 87'46-9135802i6^ 

B 2 



BECTANaULAR MEASURE. 

Exam'fle (3).— To express 81« 72' 5'' in the Engliflh system. 
81« 72' 6'' = -817205 of a right angle. 

•817205 
90 

73|- 548450 degrees 
60 

321 -OOT^^^^ minutes 
60 

54*42 seconds 
.-. 81« 72' 5" = 73° 32' 54-42". 

Example (4). — ^Express 7» 2' 50" in the English system. 
7» 2' 50" = -07025 of a right angle. 

-07025 of a right angle 
90 



61 -3225Q degrees 
^ 60 

19|*35QQ minutes 
60 

21*00 seconds. 

. 7« 2' 50" = 6° 19' 21". 



EXAMPLE I (6). 

Transform to the French system — 

(1) 29° 5' 33". (4) 66° 27' 42". 

(2) 78° 36' 54". (5) 33° 18' 54". 

(3) 10° 51' 22*5". (6) 27° 30' 45". 

Transform to the English system — 

(7) W 62' 50". (10) 31«f 15' 65". 

(8) 10«r25'\ (11) 42«3'5". 

(9) 54«10'44". (12) 7«^20'8" 

(13) Express the angles of a regular hexagon in degrees and 
grades. 
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(14) In a right-angled triangle one of the acute angles is 
36« 87' 50'\ Find the other in degrees, &o. 

(15) In an isosceles triangle the vertical angle measures 15^. 
Express the base angles in grades, &c. 

(1 6) Find the size in degrees and grades of the angles of an 
isosceles triangle, in which each of the angles at the base is 
double of the remaining angle. 

(17) Also when each of the equal angles is ^ of the remain- 
ing angle. 

B C 

(18) A, B, are the angles of a triangle; if A = — = — , 

express them in degrees and grades. 

(19) One angle of a triangle measures 37° 48' and another 
10'6« 73' 60'\ Express the third angle in degrees and grades. 

(20) The angles of a triangle are in arithmetical progression. 
The number of grades in the greatest : number of degrees in 
the sum of the other two : : 10 : 11. Find the angles in degrees 
and grades. 



( 6 ) 



CHAPTER 11. 
CIRCULAE MEASURE. 



8. Preliminary Theorem. I. 



smaller circle, 
we have 



Therefore 



The circumferences of circles 
vary as their radii. 

LetABCDEFGH 
be a regular polygon 
of n sides. Let be 
the centre of the cir- 
cumscribing circle. 
Join A O, B 0, C O, 
&o. With centre O 
and any radius de- 
scribe another circle ; 
the points ahcdefgh 
where this circle 
meets the radii AO, 
BO, CO, (fee, wiU 
form another poly- 
gon similar to the 
first one. 

Let R be the radius 
of the larger, r of the 
Then in the similar triangles ABO, a 60 




AB 
AO 



ah 
oO' 
n-AB 
R 



or 



AB _ a6 
R " r' 
n'ah 



or 



perimeter ofABCDEFGH __^ perimeter of ah cd efg h 



R 



This is true, whatever be the value of w. But if we increase w, 
then the greater it becomes, the smaller do the sides of the 
polygon become, and in the limit the perimeter of the polygon 
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becomes approximately the circumference of the circle in which 
it is inscribed. Therefore in the limiting case we may say 

circumference ABCDEFGH _ circumference ahcdefgh 

E " r • 

And as this fraction is thus proved the same for any two 
circles it must be the same for all circles. 

»,, ^ . circumference of a circle . ^ ^ 

That IS t: is a constant. 

radius 

This constant is called 2 w ; or in other words, 

circumference = 2 w r, 

semi-circumference = wr, 

quadrant = -^. 

IT is found to be a non-terminating, non-recurring decimal. 

Calculated to 5 places, it is 3* 14169. A less accurate approxi- 

22 
mation to its value is -=-, 

7 

Example. — A wheel has made 840 revolutions in a mile ; find 

22 
its diameter, w being assumed to be ---, 

Since the wheel revolves 840 times in a mile, its circum- 
ference in feet must be -kyft- 

Tx ^. X XV 5280 5280 7 

.-. Its diameter must be -^^ ^ ^ = -—^ X ^o = ^ ft. 



EXAMPLES II (a). 
(Take,r = ^). 

(1) The driving wheel of an engine going 60 miles an hour 
makes 4 revolutions per second. Find the diameter of the 
wheel. 

(2) How many revolutions per mile will a wheel make whose 
radius is 3 ft ? 

(3) How many miles per hour is a cart going when its 
wheels, 6 ft. in diameter, make 28 revolutions per minute. 



8 
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(4) Assuming the earth to desciibe round the sun, in 365 
days, a oiicle of which the radius is 91,260,000 miles, find how- 
far the earth travels in 1 hour. 

(5) Find the difference in length between the circumference 
of a circle of radius 7 ft., and the perimeter of a regular hexagon 
inscribed in it. 

(6) Supposing the earth to be a sphere 7980* miles in 
diameter ; find the distance between two consecutive parallels 
of latitude. 




9. Theorem II. Hie angle at the centre of a circle subtended 
by an arc equal to the radius is constant. 

Let the angle A OB be such an angle, so that the 

arc A B = B = r. 

And let D B be a right angle. 
Now by Theorem I. above 

DB = - 

And by Euclid vi. 33, angles 
at the centre of a circle are 
proportional to the arcs on which 
they stand. 

Z AOB _ AB __»;__ 2 
"'• ZDOB ~ DB ~ ^ "" ^' 
2 

VA/-WTI 2. v-r^/-,-rk 2 right angles , . _ . 
or Z A B = - times Z D B = ^ & — which is 

TT IT 

constant. Using the approximate value tt = 3 •14169, it is 
foundtobe67-2957^ 

10. Definition. This angle at the centre of a circle, 
subtended by an arc equal in length to the radius, is called a 
Radian. 

11. The Radian is taken as a standard for a third system 
of measuring angles, called circular measure. One Badian 
is written 1**. 

It is not arbitrarily sub-divided as the units in the other 
systems, but all angles are directly expressed as parts or 
multiples of it. 
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Let C B be any angle ^, A B a radian as above, 

rrn. ^ arc C B arc . arc . a ^ t> 

Then ____ = = ^^ ... ^ = _^ XZ AOB. 

Z A O B arc A B radius radius 

arc 
That is = — zr- — times 1 radian, 

radius 

aro 
so that the fraction — ^7— expresses the measure of the angle in 

radians. 

Example 1. — An angle at the centre of a circle whose radius 

.is 9 ft. stands on an arc of 6 ft. 

T. . , . subtendinff arc 6° 2*^ 

Its circular measure is r^— ^ = — = —. 

radius 9 3 

Example 2. — The circular measure of an angle is f . It is at 
the centre of a circle whose radius is 4 ft. Find the length of 
the subtending arc. 

Let X be the length of the arc required. 

^. . I ,. T subtending arc 

Since circular measure of angle ^ i-r-^ , 

° radius 

we have - = - or 05 = -=- = M ft. 

7 4 7 ^ 



EXAMPLES II (6). 
(Take^ = ^.) 

(1) Find the radius of a circle when an arc of it 3 ft. long 
subtends an angle of • 25* at the centre. 

(2) Find the length of an aro subtending an angle whose 
circular -measure is ^, at the' centre of a circle of 9 inches 

1 adius. 

(3) What is the circular measure of an angle subtended at 
the centre of a circle of radius 15 inches by an arc of length 

2 ft.? 
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(4) The circumference of a circle is 2200 miles. What is the 
circular measure of the angle at its centre subtended by an arc 
420 miles long? 

i(5) Find the circumference of a circle in which an arc 7J ft. 
long subtends at the centre an angle whose circular measure 
is -376. 

(6) A railway train is travelling along a curve of J mile 
radius at the rate of 25 miles per hour ; through what angle 
(in circular measure) will it turn in half a minute ? 

(7) On a curve of 1 mile radius a train is obsei-ved to turn 
through an angle of •075*' in 15 seconds; what is its rate? 

(8) The circumference of a circle measures 484 ft. ; what is 
the length of an arc of it which subtends at the centre an angle 
of "375 radians? 



12, It is easy to convert angles in circular measure to the 

other two systems, or vice versd. For by § 9 the unit of 

-.. N 2 right angles 
circular measure (1 radian) = . 

IT 

That is, TT radians = 2 right angles = 180° or 200«f. 

These conditions enable us to convert as in the following 
examples : — 

(1) What is the circular measure of an angle of 36° ? 
180° = ir^ 

1° = -^ 
180 

^^ - T80- = 6 • 

TT 22 

That is, the circular measure of an angle of 36° is - or — . 

o oo 
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(2) What is the circular measure of an angle of 9"" 13' 30" ? 

Express the angle as a decimal of a degree. It becomes 9 * 225^. 
Then as before 180° = -jt^ 

1° = -^- 
180 

9.0950 ^ Q'225 7r° ^ 9225 ir^ ^ 41^ 

180 180000 800 * 

N.B. — The expressions for angles in circular measure are 
often left in this form without substituting the value of tt ; and 
in this case the symbol ^ is generally omitted. 

(3) Express in the French system the angle whose circular 

. 5 
measure is -. 

8 

We have w* = 200* 

200« 
I'' = 

TT 

5- 200 5» 125 X 7 ^ ^^ .. , 

g = — X g = — 22~ ^™^®^ " ^ 

= 39« 77' 27'' -27. 

13. Ii©t D be the number of degrees, 
G n 9) grades, 

E „ „ radians, in any angle. 

Then — , -— , -, are each expressions for the fraction of a right 

2 " 
angle which it represents ; 

£ = A = ^ 

'"• 90 " 100 " -TT • 

By means of these formulsB we can readily pass from one 
system of measurement to the other, 

Example.-l{ Q = 33§, j^ = |; that is, ^ = i^ = 1. 

.-. D = 30°, B =^. 
o 
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EXAMPLES II (c). 

Find the ciroular measure of the following angles (in terms 
ofTr)— 

(1) 24°. (6) 24«. 

(2) 63°. (7) 51«25\ ' 

(3) 4° 30'. (8) 15«62'50^ 

(4) 6° 12' 36". (9) 23«43'75^ 
(6) 78° 7' 30". (10) 80»6^25". 

Express the following angles in both rectangular systems — 



IT 



3 7r ,_, 11° ,_, 4« 



(11) ^. (12) _. (13) -. (14) 1- 

4j 
76 



6* ^ ^ 8 * ^ ^ 28 ' ^ ^ 7 ' 

17 IT ,_, . ,_, !« ,_, 4 IT 



(15) ^. (16) -4-. (17) 1-. (18) 

(19) l-66«. (20) ^. 



TT 



(21) The sum of two angles in circular measure is -, and 

their difference in degrees is 30° : find them. 

(22) The circular measure of the difference between the 
vertical angle of an isosceles triangle and either of the base 

angles is -. Express the angles in degrees. (The vertical 

angle is the smallest.) 

(23) Find an angle such that the number of degrees in it 
shall DC 70 more than the number which is its circular measure. 

(24) What is the circular measure of an angle subtended at 
the centre of a circle of 1 ft. diameter by an arc equal in 
length to the radius of a circle 1 ft, in circumference ? 

(25) The angles of a plane triangle are a? degrees, x grades, 

IT X 

and -^ radians respectively. Find x, 
yu 

(26) Supposing the earth to move round the sun in 366 days 
uniformly in a circle, find the circular measure of the angle 
described in a day. 
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14. In many practical applica- 
tionB of the foregoing piinciples we 
may assume, by efn ploying reason- 
ing similar to that used in § 8, that a 
very small arc is equal in length to 
the chord which subtends it. That 
is, if the angle A B is very small, 
we assume that its circular measure 

. chord A B . , ^ . arc A B 
18 Q^ inBteadof-^^. 

Example, — How large a mark approximately on a target 
1000 yds. off will subtend an angle of 1' at the eye ? 

The circular measure of an angle of 1' is 




180 X 60 
Let X be the length of the mark. We assume 



1000 180 X 60 

10 TT , Bit. 5x22- 65^^ ,-,^. 



EXAMPLES II ((2). 

(1) Assuming the earth's diameter to be 8000 miles, and iU 
distance from the sun to be 92,000,000 miles, find to the nearest 
second the angle which it subtends at the sun. 

(2) Find the distance at which a person looking towards the 
sun must hold a coin ^ inch in diameter that it may just hide 
the sun ; assuming the angle subtended by the sun's diameter 
at the eye to be 32'. 

(3) What is approximately the diameter of a planet 54,000,000 
miles distant which subtends an angle of 16*8" at the eye? 

(4) What is approximately the diameter of the sun if at a 
distance of 92,000,000 miles it subtends an angle of 32' ? 



( 14 ) 



CHAPTER III. 

TEIGONOMETRICAL RATIOS OF ANGLES LESS 
THAN A RIGHT ANGLE. 



15. 



Let B A C be any angle less than a right angle. In 
A B, one of the straight lines 
bounding the angle A, take any 
point P, and draw PM perpen- 
dicular to the other side A C. 

K the angle P AM- (called A) 
is under consideration, A P, the 
side subtending the right angle, 
is called the hypothenuse; P M, 
the side opposite the angle A, is 
called the perpendicular ; A M, 
the side adjacent to the angle A, 
is called the base. 




(1) 


PM 
AP' 


(2) 


AM 
AP' 


(3) 


PM 
AM' 


(4) 


AP 
PM' 


(5) 


AP 
AM' 


((i\ 


AM 



t,e. 



t.e. 



t.e. 



perpendicular 
hypothenuse 

base 
hypothenuse 

perpendicular . 



t.6. 



i.e. 



hypothenuse 
perpendicular 

hypothenuse 
base 

base 



PM' ' ' perpendiciilar 



is called the sine of A 

(written sin A), 
is called the cosine of A 

(cos A), 
is called the tangent of A 

(tan A), 
is called the cosecant 

of A (cosec A), 
is called the secant of A. 

(sec A), 
is called the cotangent 

of A (cot A). 



TRIGONOMETRICAL RATIOS OF ANGLES. 
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16. 1 — cos A is called the versed sine of A, written yers A ; 
and 1 — sin A is called the coversed sine of A, written 
covers A ; but these terms are seldom used. 



17. It will be seen at once from these definitions that 
cosec A = 



. — r^ sec A = r-, and cot A = , -. 

sm A cos A tan A 



18. Each of the above ratios is a nnmber^ because each is 
the result of dividing one length by another. 

19. The ratios remain invariable for a given angle. 

For from any other point Q in A B draw Q N perpendicular to 
A C, and from any point 
K in A G draw K per- 
pendicular to A B. Then 
PAM, QAN, and KAO 
are similar triangles. 



QN 
AQ^ 



BO 
AB^ 



PM 
AF 



That is, these three ratios, 
which by the definition 
are all called sin A, have 
the same value. So for 
the other trigonometrical 
ratios. 

20. The ratios vary 
when the angle under 
consideration varies. For 
let BAG, B'AC, be two 
angles, and from P draw 
P P' M perpendicular to A C. 

Then AFP is an obtuse 
angle, being greater than the 
angle A M F (Euclid I. xvi.). 

.'. A P F is an acute angle. 

/. A P is greater than A F 

(Euclid I. xix.). 

AM , ,, 
So we have -r-^ less than 
A P 

^ ; that is, cos B A G less than cos B' A G. 
A. ir 





M N C 
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TRIGONOMETRICAL RATIOS OF ANGLES 



Again, ctitting off A Q on A B' equal to A P, and drawing 
Q N perpendicular to A (\ we have Q N less than P M, 

, PM ^ ^, QN 

and 80 -^-p greater than -^-^ ; 

or, sin B A C greater than sin B' A C. • 

PM. , P'M 

And -T-^rj IS greater than -j-— r ; 

AM ° AM 

or, tan B A C is greater than tan B' A C. 



EXAMPLES in (a). 

(1) Write down the values of the six trigonometrical ratios, 
when in the figure in § 16, A P = 10, P M = 8, A M = 6. 

(2) Under the same conditions find the value of 

6 sin A + 3 tan A — 7 sec A. 

(3) From the adjoining figure (the 
angles ACB, ADC, BDC being right 
angles) write down the expressions for 
cos A C D, and tan BCD, and two 
expressions for sin A B C and cot B A C. 

(4) In the same figure, if A B = 13, 
A C = 12, and B C = 6, find the value 
of tan A B C + sin B C D + cosec D A C, 
and of sec C A D — cos D B G + cot 
DC A. 

(6) Write down all the possible ex- 
pressions for all the trigonometrical 
ratios of the angle A in Fig. (fe), there 
being right angles at C, D, and E. 

(6) If A B G is a triangle with a right angle at C, and if 
A C = 12 and B C = 9, find the values of sin A, sin B, sec A, 
tan A, and versin A. 

(7) If in a right-angled triangle the hypothenuse is 26 inches 
long and one of the sides is 10, write down all the trigonome- 
trical ratios for both the acute angles. 
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(8^ If the difference between the hypothennse and one of 
the sides of a right-angled triangle be half the other side, prove 
that the sine of the smallest angle is J. 



21, We have seen that the ratios sin A, cos A, tan A, <&c., 
are nnmbers which vary in value as the angle varies ; they can 
therefore be treated as algebraical quantities, a, 6, c, d, e, /. 
For instance, sin A x sin A = (sin A)',* just as a x a = a^ ; 
again (sin A + cos A) x (sin A — cos A) = (sin A)* — (cos A)^, 
just as (a + 5) X (o — fe) = a^ — h\ 

Note. — (Sin A)^ is more shortly written sin^ A, &o. ; thus 
(sin A)^ + (cos A)^ is written sin* A + oos^ A. 

22. The ratios sin A, cos A, tan A, &c., are not indepen- 
dent of one another. 

We have seen in § 17 that 

(1) Coseo A = . . , 
^ "^ sm A 

(2) Sec A = -^, 
^ ^ cos A 

(3) Cot A = --i-r. 

^ "^ ' tan A 

We shall now prove four more relations between the ratios. 

(5) Cos* A + sin* A = 1, 

(6) Sec* A = 1 +tan*A, 

(7) Cosec*A = l + cot*A. 

N,B. — These two last are not independent, but can be deduced 
from the other five, 

c 
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ain A 


23. 


To prove tan A = ^, 

*^ cos A' 


we have 










PM 


PM 


AP 


tan A 




= T-^^ X 






"AM 


AP ^ 


AM 




PM 


. AM 






" AP 


• AP 






= BID A 


-^cobA 


sin A 



cos A 

24, To prove ain* A + cos* A = 1. 

With figure as before, we have, since P A M is a right-angled 
triangle, PM> + AM2 = AP^ . . . (a) 

divide each term of this relation by A P^ and we obtain 



PM^ . Am 



AP^^ APa 



= 1, 



which may be written 

( 



'm<w-" 



or, 



sin^ A + oos^ A = 1. 



25. To prove sec^ A = 1 + tan^ A. 
Divide each term in (a) above by A M^. 



We have then 

that is, 
or, 



AP^ _ PM2 

AM2 " ■^ + AM2' 

Vam; ^^\amJ' 

sec^A = 1 + tan^A. 



26. To prove cosec^A = 1 + cot^ A. 
Divide each term in (a) by P M'. 

TKT v .1. AP2 ^ ^AM^ 

We have then it^^jf^ = 1 + 



PM2 



PM2' 



f^Y=i+r— Y- 



that is, 

or, cosec^ A = 1 + cot^ A. 

Note, — In what precedes A stands for any angle whatever 



LESS THAN A BIGHT ANGLE. 



19 



less than a right angle, ; we may therefore aabstitnte any other 
symbol for A ; for example, it is true that 

sin« 3 B + cos^ 3 B = 1, 

B B 

800^- = l+tan^-, 

cosec2 (B + 0) = 1 + cot^ (B + C). 



27. The relations we have established enable as to express 
any one of the trigonometrical ratios in terms of any other. 

Example 1. — ^Express sin A in terms of tan A. 

^ = tanA(by§23); 

cos A ^ "^ ^ ■ 

sin A = tan A cos A = r (by § 17), 



sec A 
tan A 

Vr+lan^A 



(by § 25). 



Example 2. — To express ooseo A in terms of cos A, 
1 ,. 1 



coseo A = 



A = ^-r (by § 17), = -j= 
sin A ^ " ^ V 1 — 



cos'-* A 



(by § 24). 



Example 3.-^Given sin A = - to deduce the other trigono- 
metrical ratios. 

It is given that -^ = -. ^ 

PM AP , 
.*. — ^ = -— = «, suppose ; 

.-. PM = 3 jfe, AP = SJfe. 
AP2 = AM2 + PM2J 

.-. 25 A;2 = A M' + 9 P, 
AM = 4 k. 



Now 
whence 




. 4A; 4 ^ . 3A; 3 . 
^"^^ = 51 = 5' ^^^ = = 4'*"- 



Example 4.^-To construct an angle whose cosine is — . Draw 

two lines C D, C E at right angles to one another. From C 

c 2 
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mark off 5 equal parts along C D ; let C A 
be the length. With centre A and radios 
equal to 13 of the parts describe a circle 
cutting C E in B. 

B A C will be the required angle, since 



EXAMPLES III (h). 

(1) Express all the other trigonometrical ratios ixx terms of 
the tangent. 

(2) Express the cotangent of an angle in terms of the cosine. 

(3) Express all the other ratios in terms of the sine. 

Find the other trigonometrical ratios in the following cases : — 

(4) Tan A = I 
no 

(6) Cob A = ^. 
(6) Sin A = A. 

(7)CotA = ||. 
(8) Sec A = ^. 



(9) If sin A = -, prove that tan A + sec A = 3. 

, , ,, . 17 „ , ., , , 4 cot A + 5 sec A 

(10) If cosec A = -^, find the vftlue of 5 . , . . — r. 

^ ^ 8 3 cos A + 8 sin A 
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Construct geometrically — 

(11) The angle whose secant is 3. 

(12) The angle whose sine is j* 

7 

(13) The angle whose tangent is — . 

15 

(14) The angle whose cotangent is — . 

o 



28- By means of the relations established aboye (§ 22), a 
great many identities can be proved. No special rules for 
working them can be given, except that, when other resources 
fail, it is best to express all ratios involved in terms of the sine 
and cosine. 

Example 1. — Prove sin* A + cos* A + 3 sin^ A = 1 + 3 sin* A. 

Sin* A + cos* A + 3 sin2 A = bin* A + (I - sin^ A)^ + 3 sin^ A 
= sin* A + 1 - 3 sin2 A + 3 sin* A - sin* A + 3 sin« A 
= 1 + 3 sin* A. 



1 - cos ^ 
tnat cosec «^ — cos e^ = ^ 

1 nf\a A 1 _ n.na A 

cosec — cot = 



Example 2.— Show that cosec ^ — cos tf = ^\/ — 



+ cosd* 
1 cos ^ 1 - cos ^ 1 - cos ^ 



sin ^ sin ^ sin ^ Vl — cos*^ 



^ 1 - C082 e ^ 1 + 



— cos ^ 



COS 6' 

29. If A is any angle in degrees then 90® - A is 
called its complement. 

To prove that 

j[l) The sine of any angle is equal to the cosine of its complement. 

(2) „ cosine „ „ 

(3) „ tangent „ „ 

(4) „ cotangent,, „ 

(5) „ cosecant „ „ 

(6) „ secant „ „ 





BlUO „ „ 

cotangent „ „ 
tangent „ 
secant „ , 


»l 


cosecant „ „ 
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Take a right-angled triangle P A M (Fig. 1). LetP AM = A. 
theiiAPM=90°-A. 





N.B. — Fig. 2 represents tlie same triangle placed on PMas 
base, so that the beginner can read off the trigonometrical 
ratios of 90° — A from it with greater ease. 

PM 

We see that sin A = j-^ (Fig. 1)- 

PM 
cos(90°-A=-^^(Fig.2). 

.-. sin A = cos (90° - A) 

So cos A = ^ = sin (90° - A) 

tan A = ^ = cot (90° - A) 

cot A = p-^ = tan (90° - A) 

AP 

coseo A = =^ = sec (90° — A) 

A P 

sec A = r-^ = oosec (90° — A). 

These resnlts are of great importance, and should be earefallj 
remembered. 



EXAMPLES III (c). 

Prove the following identities : — 

(1) tan A + cot A = sec A cosec A. 

(2) (cos A + sin A) (coseo A — sec A) = cot A — tan A. 
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(3) cosec A + 2 sec A — COS A cot A — 2 sin A tan A = 

sin A + 2 COB A. 

(4) cot A — sec A cosec A (1 — 2 sin* A) = tan A. 

(5) (1-2 cos* A) (tan A + cot A) = 

(sin A — cos A) (sec A + cosec A). 

tanA + tanB _ 

(^) — T-T—, r^ = tan A tan B. 

^ ^ cot A + cot B 

(7) sin* A tan* A + cos* A cot* A = tan* A + cot* A - 1. 
sin A + sin B cos A +. cos B 



(8) 
(9) 



COS A — cos B sin B — sin A' 
cot A cos A cot A + cos A 



cot A — cos A cot A cos A 

,^^. tan A + sec A — 1 ^ * . . 

CIO) , , ^ ^ , 7- = tan A + sec A 

^ 1 + tan A — sec A 

(11) sin (9 (1 + tan ^) + cos ^ (1 + cot 0) = sec tf + cosec 0. 

(12) (1 + sec A + tan A) (1 + cosec A + cot A^ = 

2 (1 + tan A + cotA4-secA + cosec A). 

(13) (sec — cos 0) (cosec tf — sin ^) = z-in — T7/ 

(14) (tan ^ + cot ^ - 1) (sin tf + cos ^) = -??^ + "^^ ^ 
^ ^ ^ ^ ^ ^ cosec* 



sec* 



(15) sin* A (1 + n cot* A) + cos* A Tl + n tan* A) = 

sin* A (« + cot* A) + cos* A (« + tan* A). 

(16) sin* + cos* ^ = sin* (cosec* ^ - 2 cos* $). 

(17) sin^ ^+cos^ ^ = (1 — sin ^ cos 6) (sec $ + cosec ff) sin cos 0. 

(18) sin«^-cos«^=(2sin*^-l)(l-sin^co8^(l+sin^cos^). 
(tan^ - 1) (cosec^ - 1) (cot^ + 1) 

^ ^ cot^-1 "^ (tan ^ + 1) (cosec ^ + 1) 

(20) If cos tf - sin = v'2^sin then cos ^ + sin tf = ^2 cos 0. 
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CHAPTER IV. 
VALUES OF THE EATIOS FOE CEKTAIN ANGLES. 

30. General Limitations. — Let POM be any right- 
angled triangle. Let the angle P M = A, and let P M O be 
the right angle. 

Then whatever be the value of A, OP the side opposite the 
right angle can never be less than M or P M. 

OM ,PM V. . ,1. 

and -77^;:^ can never be greater than unity, 



OP 
OP 



OP 
OP 



j^-^ and p^ can never be less than unity ; 



OM 



PM 



.*. cos A and sin A can never be greater than unity, 
while sec A and cosec A can never be less than unity. 

There is no limitation in the magnitudes of the tangents and 
cotangents of different angles which may assume any value 
from a very small one to a very large one. 

31. To determine the Trigonometrical Ratios of an 
Angle of 45°. 

Let P M A be a triangle right-angled at M. 
Let P A M = 46°. 

/. APM = 90°- 45° = 45°. 

.-. PM = AM. Euclid, L 6. 

Let each of the equal sides P M and 
AM = a; 

then A P2 = a2 + a^ = 2 a\ Euclid, I. 47. 

.% AP = J2,a; 

PM a 1 




sin 45° = 
cos 45° = 



AP "" o V2"" a/2' 
AM_ a _ 1 
AP " ^^ - V' 2' 
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AM a 



cosec 46^ = — 
sec 45° = 
cot 46° = 



Bin 46° - "^^^ 

1 ^ 

COB 46° = ^^' 

' =1. 



tan 46' 

32, To determine the Tri- 
gonometrical Ratios of an 
Angle of 60°. 

Draw an equilateral triangle 
P A Q, each side being equal to 2 a. 

Then each of the angles of the 
triangle will be equal to 60°. 

From P draw PM perpendicular 
to A Q, then in the two triangles 
PAM, PMQ, the angles PAQ 
and P M A are equal to the angles 
PQA and PMQ respectively, 
and P M is common ; 

.-. the triangle P A M = triangle P M Q, and A M = M Q ; 



or, 




so 



.-. AM 


= ^AQ = a. 




Then since AF» = 


AM» + PM», 




PM^ = 


o« + PM*, 
3 a', 




.-. PM = 

.-. Bin 60° = 


a V3. 

PM 

AP 


aV3 
2a " 


2 


cos 60° = 


AM 

AP~ 


a. 1 
2a~2 




tan 60° = 


PM 
AM" 


o/3 
a 


V3 


cosec 60° = 
sec 60° = 


AP 

PM~ 

AP 

AM~ 


la 
aV3 

^" = 2 
a 


2 

V3' 


cot 60° = 


AM 
PM = 


a 
aV3 


1 

V3 
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33. To determine the Trigonometrical Ratios of 
Angle of 30°. 

With figure as in the preceding Article, the angle A P M 
= 30°. 

/. sin 30° = 
cos 30° = 
tan 30° ■= 



AM 1 
AP~2 


cosec 30° = ^^ = 2 


PM V3 
AP 2 


QM V3 


AM 1 
PM ~ V3 


PM 

<^30° = AM = ^'' 



EXAMPLES IV (a). 

If A = 60°, B = 46°, G = 30°, find the values of 

(1) sin2 ^ _^_ cos2 C. 

(2) sin C + cos2 B. 

(3) tan B + cot B. 

(4) cos B sin B — sin^ 0. 

(6) sec^ A - cosec^ B + cot^ C. 
. secG sec B 
^ ^ tanO "" cot A* 

sin A + sin B + sin C 

cos A + cos B + cos C 

tan A tan B + tan B tan + tan C tan A 
tan A + tan B + tan C 



(7) 
(8) 



. . sin A cos B + tan A cos B 
^ '^ sin B cos A + cot A cot C 
(10) (cosec A+cot A) (cosec G + cot C) - 2 (sec A 4- tan A). 



FOR CERTAIN ANGLES. 
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34. To determine the Trigonometrioal Ratios of an 
angle of 0°. 

Let A F be a line of fixed length, and let the angle P A M 
become gradually smallor, by 
cansing A P to revolve about A ; 
let Pi, Pa be two successive posi- 
tions of P and draw P^ Mi, P^ Mj 
perpendicular to M. 

We notice (1) that P M is 
> PiMi ; Pi Ml > P3M2 ; (2) that 
AM2> AMi, AMi >AM. 

.'. as the angle diminishes P M 
diminishes while A M increases. 

In the limit when the angle 
P A M is zero P and M will coincide. 

.-. PM = OandAM = AP. 

. ^o PM ^ ^^ AM , , ^o PM ^ 
.-. sin 0° = -^ = 0, cos 0° = -^ = 1, tan 0° = ^-^ = 0, 

sec 0° = 1 4-1 = 1, cosec 0° = 1 -f- 0, cot 0° = 1 -r 0. 

The last two values require explanation. Let n be any 

quantity. Now let n become very large, then - must become 

fi 

very small. Conversely the smaller - is the larger n becomes. 

And in the limit we say that when ~ = 0, n is infinitely large : 

we then denote it by the symbol oc. 

/. cosec 0° and cot 0° are both infinite and their value is 
denoted by oc. 

35. To determine tHe Trigonometrical Ratios of an 
Angle of 90°. 

Let AP a line of fixed 
length revolve about A away 
from A M so that the angle 
PAM will become greater 
and greater. 

Then we see 

(1) that P4M4 is >T3M3, 

and P3M3 is > PM; 

(2) that A M4 is < A M3, 

and AM3< AM. 
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»*. as the angle approaches 90°, P M becomes larger and A M 
becomes smaller. When the limit has been reached and A has 
become 90% PM = AP and AM = 0. 

We have therefore 

sin 90° = 1^ = 1, cos90^ = ^ = 0, 

tan900 = ||=cc.cot900 = ^ = 0, 

oosec 90° = :^ = 1, sec 90° = ^ = a. 
PM AM 



EXAMPLES IV (h). 

If A = 90°, B = 60^10 = 45°, D = 30°, E = 0°, find the 
values of 

(1) sin2 A + sin^ B + Bin^ C. 

(2) tan^ C + tan^ D + tan^ E. 

(3) tan B tan D - tan C tan E. 

(4) cot A cot C + cos B cos E. 

(6) sec A cosec B — tan D cot C* 
sin A tan sec E 

^ ^ cosB "*■ cotD "^ cosec B' 

(7) tan B tan G tan D. 

(8) cosec A cosec — sec B sec E. 
8 cos2 C - tan2 B 



(10) 



sin^ B — cot^ A 

cos E cosec 

tan B sec D ' 



FOR CERTAIN ANGLES. 
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36, The following table gives the reBults of this chapter, 
which should loe committed to memory. (See § 29.) 



Angle. 


0° 


30° 


45° 


60° 


90° 


Sine . . . 





I 
2 


1 


73 
2 


1 


Cosine . , 


1 


V3 
2 


1 

-/2 


1 
2 





Tangent . 





1 
-/3 


1 


73 


oc 


Cosecant . • 


a 


2 


72 


2 

73 


1 


Secant . . 


1 


2 

/3 


72 


2 


tt 


Cotangent . 


a 


73 


1 


1 

73 
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CHAPTER V. 

TRIGONOMETRICAL EQUATIONS. 

37« ^ Trigonometrical Equations one or more angles are 
the unknown quantities which we have to find. 

These angles usually appear represented by their trigone- 
metrical ratios. 

The solution consists in finding angles whose trigonometrical 
ratios, when substituted in the equation, satisfy it. For in- 
stance, in cos + sec = -f ^ = - is a solution for cos « = h» 

_ V ^ IT TT 5 

and sec g = 2. .*. cos g + sec- = -. 

Eocample 1. — To solve 

2 sin* 0-2sine + l = . . . . 

Here only one trigonometrical ratio appears, namely, sin ; 
we can therefore take it as our unknown, quantity, as we would 
X in algebra, and solve the equation as a quadratic. 

2 sin* tf - 3 sin tf = - 1 



sin' 



2 • W 2^16' 

• /) 3 .1 

/. sin ^ — - = ± --. 

4 4 

.*. sin ^ = 1 or -. 

^ IT TT 



Example 2. — Solve 

sin* tf + cos tf + -^ = ^. 
sec 6 4 

Before we can solve this equation we must reduce it to a 
form involving only one trigonometrical ratio of instead of 
three. A little thought will show that it will be most con- 
venient to express sin* and sec ^ in terms of cos 0. 
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Since 

coB^ e + Bin^ tf = 1, Bin2 tf = i - cob^ tf . • . (1) 

and since sec ^ = ;:, ;: = cob (2) 

COB d Bee ^ ^ 

substituting from (1) and (2) in the given equation, 

we get 1 — cos* tf + cos ^ + 3 cob tf = -—, 

7 

whence cob* tf — 4cob^4-t = ^J 

4 

.'. cos* ^ - 4 cob ^ + (2)* =-1 + 4 = 1 

4 4 

coBtf- 2 = ±|; 

.'. COB = - or ~ ; but the cosine of an angle can never be 
greater than unity (§ 30), so the value in brackets is impos- 
sible ; the other value gives = ^ > which is a solution. 

u 

Example 3. — Solve 



sm(A + B) = l J (2) 

This is an equation in which two unknown angles A and B 
have to be foui^. 

Since tan 30° = -^, A - B = 30° 

V3 ... (3) 

and since sin 90° = 1, A + B = 90°. 

These are ordinary algebraical equations for finding A and B. 

Adding them . 2 A = 120° v. A = 60°, 

subtracting one from the other 2 B = 60° /. B = 30° 

Example 4. — Solve sin 3 a? = cos 7 x. 

We know that cos 7 a; = sin (90° - 7 a:) (§ 35) ; 

/. Bin 3 « = sin (90° - 7 x). 

But equal angles have equal sines, 

.'. 3 a? = 90° - 7 a? is a solution, 

.-. 10 a; = 90°, 

/. « = 9. 
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Example 5 — 

3 sec ^ ooseo 6 = 2t&n0 + 2 V 3, 
, 3 _ 28intf ^^, 

" sin ^ C508 ^ COB d "*" '^ ' 

.-. 3 = 2 Bin^ tf + 2 V3 sin tf cos ^. 
Divide both sides by cob* ; 

.-. —^-^ = 2 tan» e + 2 ^3 tan ft 

But -4-s = 3 sec» tf = 3 (1 + tan^ ^, 

.-. 3 + 3 tan» tf = 2 tan* ^ + 2 ^3 tan tf, 
.-. tan^ ^ - 2 73 tan ^ 4- 3 = 0, 
or (tan - v^)^ = 0, 
tan tf - V^ = 0, 

tan tf = V3'; 

•• ^ 3 

38. Inverse Notation. If in solying an equation we 
obtain a result sin = a, we can construct the angle [§ 27, Ex. 4] 
without actually knowing the numerical value of 0, and say 
that it is '' an angle v^hose sine is a." This is written 
sin^^a, which is merely an abbreviation. Therefore sin"^a 

represents an angle. Similarly, cos"^m, tan"^^ repre- 

sent angles ; cos~^ m, an angle whose cosine is m, tan~^ - an 

3 
angle whose tangent is -. This notation will bo more fully 

dealt with in Chapter 27. 
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EXAMPLES V. 

Solve the equations (neglecting negative valnes in the 
solution). 

,,. sin^ + 1 3 - 2Bintf 



^^^ 3 - 4 • 


(2) 2 cos tf = V2. . 


(3) ■ ^ - 2 


<-^'' 3 tan <? - 1 - , ^ 1- 
tanO-- 


«!(-•> D=Ki-^') 


(5) 2 sin^ d-6Bintf + 2 = 0. 


(6) 2 sin ^ =^ tan 0. 


(7) tan 2 ^ = 1. 


(8) tan ^ + cot tf = 2. 


(9) sin ^ it= 1 - cos 0. 


(10) 3 sin ^ = 2 cos? ^. 


(11) sec coseo ^ - cot ^ = V^. 


(12) sec cosec ^ - tan tf = 2. 


(13) V3 Bec2 ^ = 4 tan 6. 


(14) tan ^ + V3 cot ^ = 1 + Js. 


(15) 3 tan* ^ - 4 tan^ ^ + 1 - 0. 


(16) 1+7 sin^ ^ = 6 sin ^ cos ^ (find tan 0), 


(17) tan 4 ^ = cot 2 ^. 


(18) sin 5 A = cos 50°. 



I/O 
COS (2x -.3y) = V 
COS (3x - 2y) = - 

13 cos A + V2^cos B = 2i 
COS A .COS B _ 2 
"IT" "7^ "3 
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5 



(21) 



(22) 



OOB^ A + 00B« B := 



COS A OOB B == ^ 



sin A + sin B = 



1+ V3 



(23) 



sin A Bin B = v^ 
. 4 

sin A — tan A -. 

5^ == ^^' t;^ - ^^• 

(24) 006 ^ = tan ^, oot = sin ^. 

(25) Frove that 

Bin^ - = OOB * - 
5 o 



= tan-^?. 



(26) Prove that 



tan"* - = cosec"* V^. 
2 



(27) Show that 



. :.i 33 . ,66 ^^o 



(35.) 



CHAPTER VI. 
THE SOLUTION OF RIGHT-ANGLED TEIANGLES. 

39. Let A B G be a triangle, then the sides B C, C A, A B 
and the angles BAG, GBA, AGB 
are called its parts. The sides in the 
above order are denoted by the letters 
a, h, Cj the angles hj A, B, G. 

40. When certain of these parts are 
given we are enabled to find the magni- 
tude of the remaining parts, and when 
we do this we are said to solve the 
triangle. 

From the propositions which prove 
the equality of triangles in Euclid 
(I. 4, 8, 26) we see that when either two sides and an included 
angle ; three sides ; or one side and two angles (three parts in 
each case) are given, enough is given to determine all the other 






parts of the triangle. For let A B G be a given triangle whose 
parts are known, make E F = B G, an angle D E F equal to B, 
and E D = B A and join D F. 
Then by EucUd (I. 4)— 

D F = AG, which is known ; 
ZFDE=A 
ZDFE = G ., * „ 

Similar proofs will hold for the other casjfi.. 

D 2 
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41. In & right-angled triangle one part, the right angle, is 
always known, we, therefore require only two additional parts 
in order to determine the remaining parts. 

Four different cases will occur. 



42. 

angle. 



(1) Given a and b, to find A, B, c; C being the right 
Since C is 90°, 

.". tan A = v, .'. A 18 koown ; 



but B = 90° - A, .-. B is known. 
-=- = sec A, ,\ c = h sec A, 



.*. c is known. 
Example, — Let a = 12, 




6 = 4 ^3, 



tan A = 



12 

4 v'a 



= V3, 



.-. A = 60° 

B = 90° - 60° = 30° 
c = 4 V3 sec 60° = 8 V3. 

43. (2) Given c and 6, we have to find A, B and a. 

Since C is 90°, cos A = -, .•. A is known, 
c 

.-. (90° - A), or B, is known, 

and a = c sin A, .*. a is known. 

Simil irly if c and a were given we could find A, B, and 6. 

Examjple. — Given c = 2 6 and h = 100 yards, to solve the 
triangle. 

cos A = - = -, .-. A = 60° 

C ad 

B = 90° - 60° = 30°, 
a = c sin 60« = 200-^ yds. 
= 17J-2 yds. 
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44. (3) Let a and A be given, we have to find B, b, e. 

B = 90° - A, 

6 = a cot A, which is known, 
c = a cosec A, „ „ 

Similar solutions can be found if a and B or & and A or & and 
B are given. 

Example.— Ijet a = 10, B = 45° to find A, 6, c. 
A = 90° - 45° = 45°, 
6 = a tan B = 10 X tan 45° = 10, _ 
c = o sec B = 10 X sec 45° = 10 V2 = 14-4. 

45. (4) Let c and A be given ; it is required to find B, a, h. 

B = 90° — A, which is known, 
a =e sin A, „ „ 

b = c cos A, „ „ 

A similar solution holds if c and B are given. 

Example, — The hypothenuse of a right-angled triangle is 
30 inches long ; one of the acute angles is known to be 30° ; it 
is required to find the sides and the other angle. 

The other angle is 90° - 30° = 60°. 

The sides are found from 

a = 30 sin 30° = 15, 

6 = 30 cos 30° = 30 X 4^ = 15 ^~3, 

46. We may be given- one side and the ratio of the other 
two, as in the following example. 

Example, — Solve a right-angled triangle when 

- = 7^a^<i« = 10-6. 
a 28 

.xr . 6 45 , 

We have - = — = 4 suppose ; 

a Zo 

.-. h = 4:5 k and a = 2Sk; 

but c^ = h^ + a^; 

that is 112 • 36 = 2025 P + 784 P 

= 2809 k\ 
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112-36 1 



Whence i^ = 



2809 25 



"J. 

.*. b s= 9 and a == 5'6. 

With our present knowledge we cannot find the values of 
A and 6, but we may write 

^ A 28 . • .,28 

tan A = —7, or, A = tan^ -— ; 
4o 4o 

45 
and similarly B = tan"*—. 



EXAMPLES VL 

Find the other parts of the triangle in the following cases), 
C being the right angle, and a, 6, c the sides opposite A, B, and C 
respectively. ^ 

(Assume V2 = 1-4, v^ = 1-73.) 

(1) a = 60, c = 70. 

(2) a = 6, b = 6. 

(3) 6 = 5, A = 60°. 

(4) 6 = 6, A = 46^ 

(5) c = 30, B = 30°. 

(6) e = 30, 6 = 15, 

(13) sec A =1 2, . 6 = 10 



(7) b = 173, 


B = 60°. 


■ (8) c= 14, 


A = 45". 


(9) e = 40, 


h = 34-6. 


(10) a = 12, 


e 2 


(11) sin A = 1 


a = 10, 


(12) tan A = 1, 


e = 28; 
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Find the sides only, when 

(14) B = tan-^ |, c = 25. 

(16) A = 006-* A, a = 24. 
(16) A = 8in->^,6=10. 

(18)|=g. a = 7. 



( 40 ) 



CHAPTER VII. 

EASY PROBLEMS IN THE MEASUREMENT OF 
HEIGHTS AND DISTANCES. 

47. Lot B denote the length of some vertical inaccesBible 
object, sncli as a flag-staff on the top of a tower, of height B M. 
SuppoBe an observer stationed at A, 
and let A X be a horizontal straight 
line through M, the foot of the tower. • 
Draw B Y horizontal through B, and 
in the same vertical plane as A B. 
Then the angle BAM, made by B A 
with the horizontal line A X, is called 
the angle of elevation of B with respect 
to A ; the angle Y B A is called the 
angle of depression of A with respect 
to B. Since B Y is parallel to A M, 
the angles Y B A, B A M, being alter- 
nate angles, are equal. The angle 
G A M is similarly the angle of eleva- 
tion of C with respect to A. The angle GAB, which is the 
difference of the angles of elevation at A of the points B and G, 
is called the angle subtended by B G at A. 

The angles of elevation and depression of objects are measured 
with instruments, an account of which is found in Treatises 
on Surveying. 

By means of such angles, and of lengths measured on level 
ground, the heights of inaccessible objects and their distances 
from the observer may be found. 

The reader ought to master the methods adopted in the 
worked-out examples, and then work out many questions for 
himself. 

In order not to confuse the beginner, the point of observation 
has been taken in the horizontal plane in the first two examples. 

Example 1. — The spire on the top of a tower 150 ft. high 
subtends an angle of 15° at a point 150 ft. from the base of the 
tower, measured along a horizontal plane. Find the height of 
the spire. 
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Let B M represent the height of 
the tower, AM the length measured 
along the horizontal plane, B C the 
height of the spire. Then the 
anjgle BAG = 15° by hypothesis. 



Now 



BM 150 



tan BAM = — = = zTT = i 

AM 160 ^' 

.-. Z BAM = 45°. 

.-. Z CAM = 45° + 15° = 60°. 
Again, 

CM ' ~ 

j-^ = tanCAM = tan 60° = ^3. 

.-. C M = A M V3. 
Or, BC + 150 = 150r^. a t50^ 

.-. BC = 150(V3- 1) = 150 x'-732 

= 109-8 ft. 




Example 2. — From the top of a cliflF300 ft. high the angles of 
depression of two ships 
in the same vertical 
plane as the observer 
are found to be 60° and 
30°. Find the distance 
between them. 

Let A be the station 
of the observer, B and 
the ships. It is re- 
qnired to find B C. 




BM « - 

^^cot30°=V3. 

CM ^ 1 

-TTr = cot 60° =-^ 

AM ^3 



BM = 300 V3 



CM=^ 
V3 



JOff 



0) 

(2) 



subtracting (2) from (1), B C = 300 T V3 — 1=\ 



= 200 V3 

= 346 • 4 nearly. 
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Example 3.— A man, whose eye is 5 ft. 6 in* above the ground, 

observes the angle of elevation of 
e the top of a fiag-staff to be 30°, and 
the angle of depression of the same 
point, as seen reflected in a pool of 
water, to be 46°. Find the height 
of the flagstaff. 

Let A be the position of the eye 
of the observer, P M the horizontal 
plane, B M the height of the flag- 
staff, C M its reflexion. 




Then NM = AP = SJ; 
— = cot 30° = /3" . . . 

AN 
CN 

dividing (1) by (2), and remembering that C M = B M, 



= cot 46° = 1 



(1) 

(2) 



BN"^^* 



or, 



BM + 5j^ 
BM- 6J 



= V3. 



11 



- (2 + V3) = 20-626 ft. nearly. 



EXAMPLES VII (a). 
(Assume ^2" = 1*4 and ^'S = 1-73.) 

(1) What is the altitude of the sun when the shadow of a 
vertical stick is the same length as the stick ? . 

(2) A man walks on level ground 100 ft. from the foot of a 
tower and flnds that the angle of elevation of the top of the 
tower is then 60°. Find the height of the tower. 

(3) A kite is flying with 140 yds. of string let out. Supposing 
the string to be fully stretched and at an angle of 46° with the 
horizontal, what is the height of the kite? 
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(4) At a point 240 ft. from the foot of a tower the angle of 
elevation of the top of the tower is 30°, and of the top of its 
steeple is 45°. Find the height of the steeple. 

(6) What is. the height of a lamp post when a Tertical stiok 
3 ft. long and 12 ft. from the post casts a shadow 4 ft. long ? 

(6) The straight line joining the eye of an observer to a bird 
makes an angle of 60° with the horizon ; after the bird has 
flown 100 yards horizontally away from the observer, the angle 
is only 30°. At what distance is the bird in the second posi- 
tion from the observer? 

(7) Find the perpendicular height of a moanfain whose 
summit, 2^ miles distant, has an elevation of 9° 18'. (Given 
sin 9° 18'= -1616.) 

(8) A ladder 39 ft. long reachee to a window 36 feet from 
the ground ; find the distance of its foot from the wall : also 
find the length of a support one end of which is nailed at right 
angles to the ladder and the other rests against the bottom of 
the wall. 

(9) The angle of elevation of a house on the bank of a river, 
observed from the opposite side, is 45°. The observer walks 
back 35 ft. and finds the angle of elevation is then 30°. Find 
the height of the house and breadth of the river. 

JIO) A man walking along a straight road observes from one 
estone a tower in a direction making an angle of 30° with 
that of the road ; at the next milestone the angle is 45°. How 
far is the tower from the nearest point on the road, and how 
far is the first milestone from the same point? 

(11) A path goes for 318 ft. straight up a hill at an angle of 
80°, and is followed by a flight of steps in the same direction 
200 ft. in length at an angle of 45° leading to the top. Show 
that the height of the hill is nearly 300 feet. 

(12) Two observers, one mile apart, observe a balloon in the 
vertical plane passing through them both at elevations of 22^^ 
and 67i° respectively. If tan 22^° = | find the height of the 
balloon above the ground. 

(13) A man on a cliff observes a boat at an angle of depres- 
sion of 30° making for the shore immediately beneath him. 
Three minutes later the angle of depression of the boat is 60°. 
How soon wiU it reach the shore ? 
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(14) The angles of elevation of the top of a tower at distances 
of 100 and 225 ft. from its base are found to be complementary. 
Find the height of the tower. 

(16) At a distance of 300 ft. from the base of a tower 150 ft. 
hi^h the angle of elevation of a flagstaff on it is 30"^. Find the 
height of the flagstaff. 

(16) From the top of a hill the angles of depression of the 

top and bottom of a house 30 ft. high are found to be 45° and 
g 

tan~* -, Find the height of the hill above the ground on which 
the house stands. 

(17) A person travelling southwards observes two objects 
in the S.B. After 8 miles travelling, one of them is N.E. 
atid the other E. Show that their distances from him are then 
4 V2 miles and 8 miles respectively. 

(18) A ship sails S.S.E. for 3 miles, and E.S.E. for 2 more. 
How far east is it of its starting point? Given tan 22^° = • 4. 

(19) From the top of a tower 108 ft. high, the angle of 
depression of the top and bottom of a column on the same 
horizontal plane are 30° and 60° respectively. Find the height 
of the column. 

(20) A man sailing due west observes two fixed objects 
directly north : after sailing 6 miles the directions of the 
objects make angles 60°, 30° with the ship's course. Find how 
far apart the objects Are. 



48i In the following examples the measurements are not 
necessarily all in the same plane. The actual work is not 
harder, but more 6are is required in drawing the figures so as 
to avoid confusion. 

Example 1. — A man at A (Fig. 1) observes the angle of 
elevation of the top of a flagstaff B C to be 45°. He then walks 
iOO ft, to D in a direction perpendicular to A B. 
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At D lie finds the angle of elevation of C to be. 30° 
height of the flagstaflf. 
Join D C and D B. 

Then A B = B C cot 45° = B C 

B D = B C cot 30° = B C V3, 
but since the angle B A D = 90° 
BD2 = AB2+AD2; 
or, 3 B C2 = B C2 + lOO^. 

2BC2 = 1002. 

BC =-= = 60^ = 70-7 ft. 



45 

Find the 



Fig. 1. 



Fig. 2. 





Example 2. — A, placing himself due west of a monntain, 
observes the angle of elevation of its summit to be o^ B stands 
due south of it at a place m miles distant from A and finds the 
angle of elevation of the summit at this point to be fi. Show 

that the mountain is . ft. high. fSee Fis, 2.) 

Vcot^a + cot^^ . 
Let C denote the summit of the mountain, D the point on the 
horizontal plane vertically below it, draw A D perpendicular to 
C D and B D perpendicular to the plane ADC containing the 
lines A D and C P, i,e, perpendicular to the plane of the paper. 
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2 

(8) If tan = -, find sin $ and cob and vers d, 

(9) Prove that tan* 60^ - 2 tan 45° = cot^ 30° - 2 sin^ 30** 

3 
— - coseo^ 45°. 
4 

a/3 

(10) If sin a cos a s ^, find two valnes of a. 

(11) If the circular measure of an angle be '031416, find its 
English and French measures (assume ir = 3* 1416). 

(12) Prove that sin^l^ - oos*^ = 7 tan^^. 
^ o 4 4 

(13) Find the number of French minutes in a degree, and also 
in 67° 27' 12". 

(14) The difference of the circular measure of two angles 

is — , and the ratio of the numbers of degrees in one to the 

3 
other is -. Find the angles. 
2 

(15) Prove that sec^ d t&n + 2 eeo d cosec + cosec* OcotO 
= sec^ cosec^ 6. What is the value of each side of the ex- 

TT 

pression when ^ = -? 

(16) Find the number of degrees in the angle at the centre 

of a circle whose radius is 25 ft, which is subtended by an arc 

/ 22\ 

of 30 ft. (assume v = —I. 

(17) From two places half a mile apart; at the same sea-level 
and in the same vertical plane with the top of a mountain, the 
angles of elevation of the latter are seen to be 45° and 35°. 
Given tan 35° = • 7, find the height of the mountain. 

(18) Solve the equation, 2 cos ^ = 3 — sec ^. 

(19) Construct the angle whose secant is a/T. 

(20) What is, roughly, the length of a flag which extended 
to its full length at the distance of half a mile subtends an 
angle of 35' at the eye ? (see § 14.) 

(21) Solve the equation, 3 sec^ = 2 cosec $. 

(22) A vertical staff throws a shadow of 20 ft. when the 
elevation of the sun above the horizon is 63° 26'. Find the 

height of the staff, knowing that cos 63° 26' = -r-. 

a/0 
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BID? B - cos^ A 



(23) Prove that 1 - tan* A tan* B = 



008* A cos* B 



(24) Express in degrees, &c., the angle whose circular 

. 7 TT 

measure is — --. 

(25) The sine of the least angle of a triangle is -, and the 

difference between the other two angles is 7° 30', Find all the 
angles. 

roiW p +1. + ^^®®® ^ ~" ^^^ ^ _ ^^^ -^ " *^^ -^ 
^ ^ sec A + tan A "" cosec A + cot A* 

(27) Show that to turn circular measure into seconds we 
must multiply by 206265, and to turn seconds into circular 
measure by -0000048. 

(28) The tangent of an angle is - ; find the other trigono- 
metrical ratios. 



(29) Solve the equations 



344 
cos* A + cos* B = -— . 

sin A sin B = ■-. 
5 



(30) A, B, C, D are four points in a straight line on a hori- 
zontal plane. At A and C are flagstaffs, which subtend angles 
of 60° and 30° respectively at B, and whose tops are in the 

' same straight line with D. A B = 100, C D = 40. Find B G. 

(31) When A = 60°, B = 45°, C = 30°, find the value of 

sin B cos B + sec A cosec C — tan A tan C 
cot A + cot C + V3~cot B 

(32) A man at a point A wishes to walk to a point B, four 
miles distant. In his way is a circular lake, the radius of 
which is one mile, the centre being midway between A and B. 
How far at least will the man have to walk in order to arrive 
atB? 

(33) Express 23^ 6' 25'' in degrees, &o. 

1 + a; 

(34) If tan A = , find sin A and sec A. 

^ ^ 1 — a; 

(35) Show that - J" f° " ^ f° = (sec 46° - tan 46°)'. 
'' ' Bin 45 + Bin 30° ^ ' 
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(36) Show that the sum of the tttngent and cotangent of the 
same angle is never less than 2. 

(37) Solve the equation, 6 oot* tf - 4 cos* = 1. 

(38) A man looking north observes that the edge of a flag 
known to be a mile on snbtends an angle of 10' at his eye ; the 
wind being south-west. Find approximately the length of the 

22 

flag. (Take IT = y; ^2 = 1-4.) 

(39) Construct an angle whose tangent is ^7. 

(40) A circular reservoir subtends at a certain point on the 
ground an angle of 60° ; at a point 100 ft nearer it subtends an 
angle of 90°. Find its diameter correct to a foot. 



( 51 ) 
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CHAPTER VIII. 

TEIGONOMETEICAL EATIOS OP THE SUM AND 
DIFFEEENCB OF TWO ANGLES. 

49. To express the sine, cosine, and tangent of the 
sum of two angles in terms of trigonometrical ratios 
of these angles. 

Let A and B be two angles whose sum is less than 90^ ; then 
we diall show that 

sm (A + B) = sin A cos B + cos A sin B . . . (a) 

cos (A + B) = cos A cos B — sin A sin B . . . (/3) 

♦o^/AJ_^^^ tanA + tanB 

*^(^ + ^) = l-tanAtanB ' • ' <y^' 




Let the angles X Y (A) and Y Z (B) he taken adjacent to 
each other as in the figure. Take any point P in Z ; draw 
P M, P N perpendicular to O X and O Y respectively ; draw 
N R parallel to X, N Q parallel to P M. 

E 2 
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Then zRPN = 90°- ZPNB= ZBN0=ZN0Q 
.-. ZEPN = A. 

(.)s»(a + b).™pom.^.5:^LZb 

NQ PB 
~OP"'"OP 

_ NQ ON PB PN 
"ON ' OP"'"PN ' OP 
= Bin A COB B + 008 A sin B. 

OT«.(A+B).«.POM=««.««^ 

OQ EN 
" OP~OP. 

OQ ON_BN PN 
~0N ' OP PN 'OP 
= COB A COB B — Bin A sin B. 

(y)tan(A + B) = tanPOM=?^ 

EM+PB NQ+PB 



\ 



OQ 


-MQ~ 


OQ-EN 


NQ 
OQ 


^OQ 
BN 
OQ 


NQ 
0Q + 


PB 
OQ 


1- 


NQ 


NQ 
• OQ 


* A ■ PB 
**'^^ + 0Q 







1 ♦ A KN' 
1-tanA.^Q 

Now since the triangles F B N, N Q, are similar, the sides 

opposite equal angles in each triangle bear each other an equal 

ratio, 

^, ^. PB EN PN ^ „ 

^^"^"^ OQ = NQ = ON = *^^- 



A / A I -D\ tan A 4- tan B 

tan (A + B) = — ~- — -. 

^ ^ 1 — tan A tan B 
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50. The last of these three results may be more easily 
deduced from the other two as follows : 

sin ( A + B) _ sin A cos B + COB A sill B 
Ian (A + B) - cos (A + B) " cos A cos B - sin A sin B 

sin A 008 B , cos A sin B 



cos A cos B cos A oos B 
sin A sin B 
"" cos A cos B 

(dividing numerator and de- 
nominator by cos A cos B) 

tan A + ^an B 



1 — tan A tan B' 



51. Example 1. — 

If tan A = i tan B = i show that A + B is 45°. 

TP ^ /A . TJN tan A + tan B 2^3 , 

For tan (A + B) = :; rr — ^ = r = 1 

^ ^ 1 — tan A tan B 1 

6 
but tan 45° = 1. .-. 45° is a value of A + B. 

Note, — It will be shown in Part III. that A -f- B has other 
values as well ; these, however, are greater than 90°. 

q r 

Example 2. — Find sin (A + B) when sin A = - and tan B = — . 

Since sin ( A + B j = sin A cos B + cos A sin B, we require to 
find from our data cos B, sin B and cos A. 

4 

cos A = // 1 — sin^ "^ = 5 

cos Jd = . ^ = T-5, 

V 1 + tan^ B 13' 

sin B = tan B X cos B = — X Y3 = ^3 

..,,_. 3 12 , 4 6 56 
...sm(A + B) = -X^ + ^X^ = ^. 
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Example 3. — To find the value of the sine of an angle of 75^. 

Since 30° + 45^ = 75° 

/. Bin 75° = Bin (30° + 45°) = Bin 30° cob 45° + cos 30° sin 45^ 

"2 • ^"^ 2 ' J2^ 2/2 ' 

Similarly cob 75^ and tan 75° can be found, and the valnes of 
the other ratios are at once obtained by applying § 17. 



EXAMPLES Yin (a). 

(1) Find the value of cos 75°. 

(2) Find the value of tan 75°. 

(3) Write down the values of cot 75°, sec 75°, and oosec 76^ 

Find the values of 

4 5 

(4) cos (A + B) when cos A = - and sin B = — . 

3 12 

(5) sin (A + B) when tan B = j and cos A = — . 

4 lo 

3 5 

(6) tan (A + B) when sin A = ^ and tan B = — . 

11 3 

(7) sin (A + B) when tan A = — and cos B = ^. 

24 4 

(8) cot (A + B) when cos A = — and cot B = -. 

11 7 

(9) sec (A + B) when sin A = — and sin B = — . 

Prove the following identities : — 



(10)^i(^L+4) = ootB-taiiA. 



cos A sin B 
sin (A + B) 
sin A sin B 



(11) ^J-ft^ = cot B + cot A. 



, ^N / . T»x cot A cot B — 1 
(12)cot(A + B)= ^tA + cotB - 

(13) sin (A + B) sec A sec B = tan A + tan B. 
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/^A\ * /* . Tix 1+ootAtanB 
(14) ten (A + B) = ^tA-tenB - 

(15)teu(45° + A) = l±^. 

(16) 2 sin (45° + A) = ^2 (sin A + cos A). 

(17) 

^^^^ Bin (0 + A) cos B ^ tan C + tan A* 
(i 9) cos (A + B) sin C + COB (C + A) sin B = cos A sin (B + C) 

— 2 sin A sin B sin C. 
(20) eos(A + B)BiuB-oo8(A + C)8inC = sin(A + B)cosB 

- sin (A + C) cos C. 



cos (A + B) COB C _ 1 — tan A tan B 
cos (A + C) cos B "" 1 - tan A tan C* 
sill (B + C) COS A _ tan B + tan C 



52. To express the sine, cosine, and tangent of the 
difference of two angles in terms of trigonometrical 
ratios of these angles. 




Let A and B be two angles each < 90° of which A is the 
greater, we shall show that 

sin (A — B) = sia A cos B — cos A sin B . . (8) 
cos (A — B) = cos A cos B + sin A sin B . . (c) 
4. /A T>\ tan A- tan B 
*^°(^-^) = l+tetaAtenB (^) 

Let the angles X Z (A) and Y Z (B) be taken as in the 
fignre so that O Y falls within the angle A Z, then the angle 
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X Y = A - B. Take any point P in O Y and draw P M and 
P N perpendicular to X and Z respectively. Ttrougli N 
draw N Q parallel to P M and N B parallel to X meeting M P 
produced in B. 

Then Z NPB = PNQ = complement of ON Q=NOQ = A. 

.-. (8) sin(A - B) = am POM = ^p = ^^ . 

_NQ_EP_NQ ON^_EP PN 

~ OP op~on'op pn'op 

= Bin A cos B — cos A sin B. 

/^ /A TJ^ T>rkTi;r OM OQ + QM 
(c) COB (A - B) = cos POM = ^p = ^p 

OQ NB 

~ OP "*" OP 

OQ.ON NB.PN 
ON.OP''"PN.OP 

= cos A cos B + sin A sin B. 

(0 tan (A - B) = tan P M = ^ = oq+qm 

NQ_EP 

_ NQ-BP OQ OQ 

"" OQ + BN" EN 

■•"OQ 
NQ BP . . EP 

0Q~OQ **"^_0Q 



, ,BN NQ- ^^ , EN 
' + NQ-OQ ^ + **^^-NQ* 

But since the triangles N P E and N Q are similar, the 
sides opposite to the equal angles in eaoh triangle bear to each 
other an equal ratio. 

BP EN_PN_. ^ 
•'• OQ ~ NQ - ON " ^^'^ ^' 

X /A -ON tan A - tan B 

.-. tan (A - B) = -— -— r-- r^. 

^ ^ 1 + tan A tan B 

This result may be deduced from the two former in the same 
way as in § 50. 
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53. Example 1. — To find the trigonometrical ratios of an 
angle of 15®. 

45° - 30° = 15° 

.*. sin 15° = Bin (45° - 30°) = sin 45° cos 30° - cos 45° sin 30° 

- _L . ^ - Jl_ . 1 - V^- 1 
~ V2 2 ^"2 2 " 2 V 2 ' 

Similarly the values of the cosine and tangent may be found. 
The cosecant, secant, and cotangent of 15° may be obtained 
by inverting the sine, cosine, emd tangent respectively. 

Example 2. — ^A, B, C, being angles in descending order of 
magnitude, show that — 

sin (A - B) sin ( B - C) _ sin (A - C) _ 

cos A cos B cos B cos C cos A cos C "" 

sin (A — B) sin A cos B — cos A sin B sin A sin B 

cos A cos B cos A cos B " cos A cos B 

= tan A — tan B ; 

similarly 



sin (B - C) ^ ^ ^ ^ sin (A - C) ^ . . ^ 

^T 7^ = tan B — tan C, — ^r -^ = tan A — tan C, 

cos B cos C cos A cos 

sin (A - B ) sin (B - C) _ sin (A - C ) 

cos A cos B . cos B cos G cos A cos 

= tan A — tan B + tan B — tan C + tan C — tan A = 0. 



EXAMPLES VIII (5). 

(1) Find the value of cos 15°. 

(2) Find the value of tan 15°. 

(3) Write down the values of cot 15°, sec 15°, and coseo 15° 
Find the value of 

(4) sin (A — B) when sin A = — and cos B = -. 
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Find the value of 

(5) tan (A — B) under the same conditions. 

4 7 

(6) COS (A — B) when tan A = - and sin B = — . 

o ^o 

24 11 

(7) oosec (A — B) when sin A = ;— and sin B = — . 

25 61 

3 4 

(8) cos (A — B) when cos A = - and cos B = -. 

u O 

24 5 

(9) cot (A — B) when tan A = — and sin B = — . 

fiO 1 9 

(10) sec (A — B) when sin A = — and cos B = — • 

bl lo 

Prove the following identities : — 

(ll) °°°y--g' = l + tanAtauB. 
^ ^ cos A cos B ' 

/io\ 4. /A T5\ **^ A cot B - 1 

(12) tan (A -B) = ^3^3^-^-^. 

(13) !!^^^) = cot B- cot A. 
^ sm A sin B 

(14) cos (A — B) sec A cosec B = tan A + cot B. 
1 + cot A cot B 



cot B — cot A 
tan A + 1 



(15) cot (A - B) = 

(16) cot (A -45°) = ^^^^^^.. 

(17) sin2 (45 + A) + sin^ (45 - A) = 1. 

(18) sin (A + C) sin B - sin (B + C) sin A = sin C sin (B - A). 
, . sin (A — B) cos __ tan A — tan B 

^ ^ cos(B-. B)cosA " i + tan B tan C 

(20) cos (B-C) sin A-sin (A - B) cos C = cos (A - C)sin B. 

(21) If tan A = 2 tan B, show that sin (A + B) = 3 sin (A - B). 

(22) If tan A = ^_ and tan B = '^ 



4-.V3 4+V3 

show that tan (A - B) = -375. 
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54. The methods of this Chapter may be extended to 
finding the trigonometrical ratios of the som of three 
angles. 

(1) sin (A+B-hC) = sin (A 4- F) cos C + cos (A + B)8in C, 
treating A + B + Cas (A + B) -f C, i.e. regarding A + B as one 
angle in the first expansion. 

= (sin A cos B + COB A sin B) oos C -f (cos A cos B — sin A 

sin B) sin C, 

= sin A cos B cos C + sin B cos C cos A + sin cos A cos B 

^ sin A sin B sin C. 

(2) cos(A + B +C) = cos(A + B)cosC-8in(A + B)sinC, 

= (oos A COB B — sin A sin B) sin — (sin A cos B + cos A 

sin B) sin C, 

=:oosAcosBco8C — sinAsinBcosC — sinBsinOcosA 

^ sin C sin A cos B. 

ra^ tan rA J-B-Ur^ - tan(A + B) + tanC 

(3) tan (A + B + C) - i _ tan (A + B) tan C 

tan A + tan B , ^ ^ 
+ tan 



1 — tan A tan B 



1 - tan A + tan B , „ 

7 r-T — ^ tan C ; 

1 — tan A tan B 

_ tan A + tan B + tan C — tan A tan B tan C 
1 — tan A tan B — tan B tan G — tan C tan A' 

If some of the angles are subtracted the same methods will 
still hold. For instance 



sin (A - B - C) = sin (A - B + 0} 

= sin A cos (B -f C) — cos A sin (B + 0), 

= sin A cos B cos G — sin B cos C cos A — sin C cos A cos B 

— sin A sin B sin C. 
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EXAMPLES VIII (c). 
Prove the following : — 

(l)^^i^L±B±^ = tanA + tanB + tanC 
^ ^ COB A COS B COS C 

— tan A tan B tan C. 
co8(A + B + C) ^ ,,t^ ^t BcotC 
^ ^ Bin A Sin B Sin C 

— cot A — cot B — cot C. 

Express in terms of the sines and cosines of the single 
angles — 

(3) sin (A + B - C). 

(4) cos (B + C - A). 

(6) Express cot (A + B + C) in terms of cot A, cot B, cot C. 

(6) Express tan (A + B - C) in terms of tan A, tan B, tan C. 

(7) If A + B + C = 90°, prove that cot A + cot B + cot C 
== cot A cot B cot C. 

(8) Also that tan A tan B + tan B tan C + tan C tan A = 1. 



55- The formulBB in the foregoing chapter may be deduced 
from one another as in the following example : — 

To deduce the expansions of the trigonometrical ratios of the diflference of 
two angles, when the expansions for the trigonometrical ratios of the sum of 
two angles are given. 

For instance, let it be given that 

cos (X + B) = cos X cos B — sin X sin B. 

Let X = 90° — A, then sin X = cos A, oos X = sin A. 

.-. cos(X + B) = cos (90° - A+ B) = cos {90° - (A - B) } = sin(A - B) 

.-. sin (A — B) = sin A cos B - cos A sin B. 

Similarly the expansion of cos (A — B) may be deduced from that of 
sin (B + X) by supposing X = 90° - A. 
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For the tangent we may proceed as follows : — 

Let Y = (A-B). .-. A = B + Y; 

,-r. -n^ tan A + tan Y 
tenA = t>,(B + Y)= ^_^,„B^„y 

.-. tan A - tan A tan B tan Y = tan B + tan Y, 
tan A — tan B 



whence tan Y = 

or. 



1 + tan A tan B' 
X /A T^x tan A - tan B 
^^°(^-^) = l + tanAta nB' 



In a similar way, when the formulsB for the difference of two 
angles are given, we may obtain the formulse for their sum. 



( 62 ) 



CHAPTER IX. 
MULTIPLE AND SUB-MULTIPLE ANGLES. 

56. To obtain the trigonometrical ratios of the 
doable angle in terms of those of the single angle. 

In the expansion of sin (A + B), patting B = A, we obtain 
sin (A + A) = sin A cos A + cos A sin A, 
or, sin 2 A = 2 sin A cos A (1) 

In the expansion of cos (A + B), putting B = A, we obtain 
cos (A + A) = cos A . cos A — sin A . sin A, 
or, cos 2 A = cos^ A — sin* A 

= oos^A - (1 - cos^A), or = (1 - sin* A) - sin* A 
.-. cos2 A = 2co8^A - 1, or = 1 - 2 sin^ A .... (2) 

In the expansion of tan (A + B), putting B = A, 
/AiA\ tan A + tan A 
*^<^-^^)= l-tanA.tanA 
2 tan A 
••*^^^^ = l-tan»A ^^) 

57. To obtain the trigonometrical ratios of the 
single angle in terms of those of the doable angle. 

From (2) in the preceding article we obtain at once 

1 - cos 2 A 
8iii'A = (4) 

l-fco82A 

cos* A = -jr (5) 

and dividing (5) by (4). ten^ A = ^~^^^ • • • (6) 



MULTIPLE ANGLES. 63 

But tan A is usually expressed in another way as follows : — 
sin A 2 sin A cos A sin 2 A 



tan A = 



cos A 



2cos2 A 



1 4- cos 2 A 



(7) 



a very useful form for finding the ratios T)f "half a given angle. 
For instance, knowing sin 30° and cos 30°, 



tan 16° = 



sin 30° 



= = 2-V3 



1 + cos 30° 2 + V3 
a result which has been found in another way in Examples 

vm. (h). 



58- On account of the special importance of the above 
formulaB we shall give geometrical 
proofs of them as well. 

Take any circle with centre O, 
draw the diameter EOS. Make 
an angle P E S = A, join P O, P S, 
and draw PQ perpendicular to 
E S. Then the angle P O S at the « I 
centre = 2 A, then O P = O E = 

OB = iES, and ZQPS = A. 
z 

(Eucl. iii.) 

PC 2P0 

„PS PQ o • A 




^oN oA ^^ 2 0Q BQ-QS 

RQ . PB QS • P S 
"PB . BS PS -ES 

= GOB A • 008 A — sin A • sin A 

= cos'' A — bin* A. 
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2PQ 

/ox * o A _ ^ Q - 2PQ _ »Q 
(3) taniA- ^- j^Q_Qg- Qg 

BQ 
2PQ 

^^ r, bat QS . EQ = VQ' 



QS • BQ (Eucl. vi. 8.) 

^ ~ KQ» 

2PQ 
B Q 2 tan A 



P Q* 1 - tan* A 
^ ~EQ5 

W ^^"'^-EQ'EO + OQ'OP + OQ 

PQ 

OP Bin 2 A 



O Q 1 + COB 2 A 



1+OP 



59, Example 1. — To express sin 2 A and cos 2 A in terms of 
tan A. 

, ^ , 2 sin A cos A , . 9 a i • a a i \ 

sin2A = 2sinAcosA =^^^X+^\^^' (sincecos^A + sin^ A = 1) 

2 sin A 
^^ ', (dividing numerator and denominator by cos^ A) 



sin* A' 



cos* A 

2 tan A 

"^ 1 + tan 2A" 

sin* A 

cos* A — sin* A cos* A 

Similarly <^os 2 A = ^^^, ^ ^ ^.^,^ - ^ ^.^^ a 

cos* A 
_ 1 ~ tan* A 
~ 1 4- tan* A' 
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24 

Rxsample 2. — Given tan 2 A = — , find tan A, 

. ^ . 2 tan A 24 

tan 2 A = r— rr = -ir^ 

1 — tan* A 7 

.•• 12 tan* A + 7 tan A - 12 = 0, 

(4 tan A - 3) (3 tan A + 4) = 0, 

whence tan A = j or I — - L 

Note, — The meaning of the negative value of tan A will be 
explained in § 78, 

Ikcample 3.— To show that tan (45** + A) + tan (45° - A) 
= 2 sec 2 A. 

tan m^ 4- A^ - tan 45^^ + tan A ^ 1 + tan A 

similarly tan (45° - A) = ^]j]^^^ > 

... .™(«» + A) + u.(«'-A) = l±^ + ^J:^ 

_ 2(1+ tan* A) 
" 1 - tan* A 

2 
*c3i2A* (See^iK«»»pfel.) 



EXAMPLES IZ (a). 

Find the value of sin 2 A, cos 2 A, and tan 2 A in eacli of the 
following cases : — 



(l)sinA = | 


(2)oobA = |. 


(3) tan A = ;^. 


(4)cobA = ^. 


(5) tan A = i. 


• (6)8inA = iJ. 
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Find Bin A, 006 A, and tan A when — 

(7) A = 22i^ (8) 006 2 A = ^• 

(9) Bin 2 A = |. (10) tan2 A = ^^. 

Prove the following identities : — 

/UN • O A 2oot A 

(ll)Bm2A = ^^^^,^. 

^•^* ^ A cot* A — 1 
(12)eo82A = 55jrA + l- 

(13) oot A - oot 2 A = ooseo 2 A. 

(14) 2 COB A = sin A sin 2 A + 2 006^ A. 

(15) sin* 2 A = 2 COB* A (1 - cofl2 A). 

(16) sec* A(l+8ec2A)^2Bec2A« 

(17) cot— = z r* 

^ ^ 2 1 — COB A 

(18) COB 2 A (1 + tan 2 A tan A) = 1* 
.^.. 1 +sing-coflg . 
(^^) l+Bing + co6g = ^2- 

/«/vN « A cot* A - tan* A 

(^^)^^-^= 2 + tan^A + cot*A - 

^,^ 1 +tan2 AtanA 1. ^. 

(21) — J 7—1 r-i— = 7T t*i^ 2 A. 

^ ^ tan A + cot A 2 

^onv , ^ 1 + sec 2 ^ 
(22)cotg^ L2e? ' 

(23)tan2g + 8ec2g = ^^+"!''f . 
^ ' cos tf — sin d 

(24) 2 cos* (46 - A) = 1 + sin 2 A. 

(25) tan2A = tan2Acot*A-2cotA. 

(26) cos (A +B) cos (A - B) + sin (A + B) sin (A - B) = 

1 - tan* B 
1 + tan* B' 

(27) tan* ^ + oot* ^ - 4 oot* A = 2. 



MULTIPLE ANGLES. 67 



(28) Bin 4 A = 4 cos A (sin A + 2 sin^ A). 

(29) oos4A = l-8 8m*Acofl«A. 

4 tan A — 4 tan' A 

(30) tan 4 A = i _ e ^^^ a+ tan * A' 



60. To express sin 3 A, cos 3 A, and tan 3 A in terms 
Of sin A, cos A and tan A respectively, 

8in3A =sin(2A+A)= Bin2AcoBA+oo62AsinA, 

= 2BinAco8Aoo8A + (l — 2 sin^ A)Bin A, 

by (1) and (2) in §56 = Bin A {2 COB* A + 1 - 2 Bin* A}, 
= Bin A {3 - 4 Bin* A}, 
= 3 Bin A — 4 sin' A. 
COB 3 A = cos (2 A 4- A) = cos 2 A COB A — sin 2 A sin A, 
= (2 COB* A — 1) cos A — 2BinAooBABinA, 
= COB A (2 cos* A — 1 - 2 sin* A), 
= cos A (4 cos* A — 3), 
= 4 cos' A — 3 cos A, 

^*^^ +tanA 
tan 2 A + tan A 1 - tan' A ^ 

tan3A-j_^^2AtanA ~" 2 tan A ' " 

^- l-tan»A -*^^ 

^ /..N . • 1.^ 3 tan A - tan' A 
by (3) in § 56 = -j— 3^;^^^^-. 

Example !• — ^To prove that • 

COB 3 A — sin 3 A = (cos A + sin A) (1 - 2 sin* A). 

eo63A— 8in3A = 4 cos' A — 3cosA— (3sinA — 4 sin' A). 

= 4 (cos* A + sin' A) - 3 (cos A + sin A). 

= (cos A + sin A) {4 (cob* A + sin* A - sin A cos A) ^ 3} 

= (cos a + sin A) {4 — 4 sin A cos A — 3} 

since cos* A + sin* A = 1. 

e: (cos A + sin A) (1 - 2 sin 2 A), 

since 2 sin A cos A = sin 2 A* 

f % 
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Eocample 2 shows that 

tan 3 A — tan 2 A - tan A = tan A tan 2 A tan 3 A, 

« A X /« A . A x tan 2 A + tan A 

tan 3 A = tan (2 A + A) = :; r — ^^ — r- 

^ ' 1 — tan 2 A tan A 

.*. tan 3 A — tan 3 A tan 2 A tan A = tan 2 A + tan A ; 

or tan 3 A — tan 2 A * tan A = tan 3 A tan 2 A tan A. 



EXAMPLES JX (h). 

Find the value of 

7 

(1) COB 3 A when cos A = -. 

(2) sin 8 A when sin A = -. 

o 

(3) tan 3 A when tan A = ~. 

2 

3 

(4) tan 3 A when tan 2 A = j (one value only). 

17 

(5) cos 3 A when cos 2 A = — „ „ „ 

Prove that, 

(6) cos 3 A = 2 cos A cos 2 A — cos A. 

(7) sin 3 A = sin A + 2 sin A cos 2 A. 

,^. cos 3 A + sin 3 A ^ , ^ . ^ * 

(8) . ' . . — r— = 1 + 2 sin 2 A. 

^ ^ cos A — Bin A 

/.x X o A <50t^ A - 3 cot A 
.(9)cot3A= 3^,.^,, > 

(10) 4 cos^ A flin 3 A - 4 sin^ A cos 3 A = 3 sin 4 A, 

,^ . cosecAsec2 A o a o 

(11) ^-T . sec 2 A=, 2. 

^ ^ coseo 3 A 

(12) sin 6 A - 5 sin 3 A = 16 sin« A - 10 sin A. * 
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*' 61. To find the sines and cosines of angles of IS"" and 

"^ Let 18^ = «. Then, since we know that 

Bin 36° = GOB 54°, its complement, 
or sin 2 a; = cos 3 a;, 

.••- 2 sin X cos a? = 4 oos^ « — 3 cos or, 

dividing by cos «, we get _ • 

2 sin 05 = 4 Qps? aj — 3 = 1 — 4 8in^;e« 
.*. 4 sin* a? + 2 sin 05 — 1 =0, 

By solving this equation as a quadratic, 

sin 05 = . 

4 

Now the sines of all angles between and 90° vary in value 
between and 1, i.e., are positive ; 

— a/ 6*— 1 
BO we reject the value — —^ which is negative. 

... sin 18° = ^^^^\ 
4 

,-. cos 72° = sin (90° - 72°) = sin 18° = ^^ ~ ^ 



cos 18° = ^1 - sin* 18° =a/i - ^^^,, ^^ ^' " 
^ V10 + 2V5 

; 4 . • ^ 

sin 72° = cos (90° - 72°) = cos 18° = ^^Q + ^V^ 

From these values the sines and cosines of 36° and 54° can be 
deduced. 

62. We have now the means of calculating the sines and 
cosines of 3° and its multiples, for T 

sin 3° = sin (18° - 15°) = sin 18° cos 15° - cos 18° sin 15°, 
sin 6° = sin (36° - 30°), 
sin 9° = sin (46° - 36°), 
sin 12° = sin (72° - 60°), 
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and any Idgher unknown multiple of 3^ may be expressed a9 
the sum of two known multiples. 

The approximate oaloulation of 'sin 8° may be performed as 
follows : — 

We find 

V6 = 2-4496, i/l = 2-2361 • . ; V2 = 1-4142, 

whenoe 

Bin 18^ = */±_zl = -8090 . . . 
4 

COS 18^ = -9510 . . 

Bin 16.0 = ^^^1^ = ^^7 ^^ = >2588 . . . 
2 V2 4 

Bin 150. ^^=^"^+^'^= -9659,.. 
2/2 4 

.\ sin 3*' = -3090 x '9659 - -2588 X -9610 = -2984 - -2461 

= -0623. 



EXAMPLES IX (e). 
Prove the following : — 



K'^f 


Sin 36^ 
tan 36° 


4 

1 _..,_ 


— • 


(2) 


= i^lO 


-2^6. 


(3) 


= V5- 


2>/5. 



(4) oot 18° = V5 + 2V5. 

(5) sin 54° oos 72° = sin« 30°. 

(6) tan 36° tan 72° = 4 cos 36° - 1. 

Calcnlate approximately — 

(7) cos 6°. 

(8) sin 78°. 

(9) tan 9°. 
(10) cos 24°. 
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CHAPTER X. 

BESOLUnON OP THE PEODUCTS OP TEIOONO- 
METBIGAL BATIOS. 

63. To express the products of the sines and cosines 
of two angles in terms of the sines and cosines of the 
8iun and difference of the angles. 

Let A end B be iwo angles, A being the greater. We have 

«n A ees B + cos A «a B = sin (A -f- B) • . • • (1) 

sin A cos B •• 006 A sin B = sin (A — B) • • • • (2) 

006 A coe B — sin A sin B = 006 (A + B) • . . • (3) 

oosAoosB + fiiaAainBsc cos (A * B) • • • • (4) 

adding (1) and (2) we get 
2 sin A COS B = sin (A + B) + sin (A - B) ... (5) 

subtracting (2) from (1) 

2cosAsinB = sin(A+B)-sin(A-B) ... (6) 

adding (3) and (4) 

2 cos A cos B = cos (A + B) + cos (A - B) « . • (7) 
subtracting (3) firom (4) 

2 sin A sin B = cos (A * B) - cos (A + B) . • . (8) 

Example 1. — 

2 006 eO*' sin 15^ = sin (OO** + IS**) - sin (60^ - 15^) by (6) 
= sin 75^ - sin *5^ 
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Example 2. — Simplify cos 6 A oos A + sin 4 A sin A» 

COB 6 A 008 A 3= ~ (ooB 7 A + 008 5 A) . . . .by (7) 

8in 4 A 8in A = - (oos 8 A — oob 5 A) • . . .by (8) 

.*. 008 6 A cos A + sin 4 A sin A 

= - (cos 7 A +*C0B 6 A + cos 3 A — COB 6 A) 

« -(cos7A + €Ob3A\ 

ample 3. — Show that 

tan A _ sin (A + B) + sin (A - B) 
tan B " sin (A + B) - sin (A - B)* 



tan A sin A . COS B 2 



i{(8in(A + B) + sin(A-B))} 



tan B COS A. sin B 1 r/ . /. t -dn • /a tjwi 
- {(sm(A + B) - Bm(A-B))} 

__ sin (A + B) + sin (A - B) 
"BinCA + B)-Bin(A-By 



EXAMPLES X. 

^Express the following products in terms of the sums or 
differences of the ratios : — 

(1) S cos 2 A cos A. 

(2) 2 sin 3 A cos 5 A. 

,.. ^ . 7A . 3A 

(3) 2 sin — sin -^ 

(4) 2 sin 3 A cos 2 R 

(5) 2 sin 5 A COB 2 A. 
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(6) COB — COS-. 

(7) sin 15° C50S 45°. 

(8) sin 45° cos 15°. 

(9) 2 sin (x + 3y) cob (a? - 3y). 

(10) 2 cos ^45° - ^) COB (45 + ^). 

Prove the following identitieB : — 
/-if\ X oAx A cos 2 A — COB 4A 
(")*^'^*^^ = coB2A + coe4A - 

(12) tan (A + 30O) tan (A - 30») = i^|^-|^. 

(13) tan (45° - A) tan (45° - 3 A) = J-^f^. 

(14) tan (45° -0 secA-tanA. 
tan('45° + ^^ Beo A + tan A 



(--^) 



(15) Bin (A + 2B)sin A -sin(B + 2 A)BinB = oos^B - oob« A» 

(16) cos2 A - Bin (30° + A) sin (30° - A) = |. 



( 74 ) 



CHAPTER XI. 

ON COMPOUNDING THE SUM AND DIPFEEENCB OP 
SINES AND COSINES. 

64. Fromi § 63 we liave the following results : 

sin (A + B) + sin (A > B) = 2 sin A COS B, 
sin (A + B) - sin (A - B) = 2 008 A sin B, 
COS (A + B) + COS (A - B) = 2 cos A cos B, 
008 (A + B) - cos (A + B) := 2 sin A sin B. 

Ifwepnt A + B = C 

a-b = d''*'"'^*' 

adding 2 A = C + D, or A = ~^; 

2 

C — D 
Bubtraoting 2B = C-D, orB= — ^r — . 

2 

Snlistitnting these yalues for A + B, A — B, A u^d B, we have 
8lnO + BinD = 2Bin ^^^ ooB ^~° . . (9) 

8inO-BinO=2coB5^t_?gin°-=J^ . . (lO) 

C 4- ID ■ C — D 
COBC + COBD = 2C08 — ^ — COB — = — . .(11) 

C -4- D C — D 

COBD - COB C = 2 Bin — ^ — ^^ — n — • • (^^) 

By means of these four formula^) we can compoimd the Bnm 
or difference of ike sines and cosines of two angles into prodncts 
of the half-sum and half-difference of the angles. 
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Example 1. — Simplify 

Bind $ + em5$ 
cob3$+ 008 5(^ 

sm 3 d + Bin 6 tf = 2 sin • cos 5 

= 2 sin 4 ^008^ 
similarly 006 3 $ + cob5 $ = 2oos40oo8^ 

sin 3 g + Bin 5 g _ 2sin4tfoosg 
**ods3d + oos5d~ 20084^0060 

- -r-^ = tan 4 A 

008 4 

Example 2. — Show that 
Bin0cos20 + sin20ooB50= ooe408in3 0. 

sintfoos2tf = i{Bin(2d + 0)-sin(2tf-tf)} =i(8in3fl - on«). 
Ji 2 

similarly 

sin2tf 0065 0= i (sin 7 - sin 3 0). 

.*. 8in0oos20 + sin2 0oos50 = -(8in30-8in0+8in7 0-Bin30) 

= - (sin 7 — sin 0), 
2 

=: OQS 4 sin 3 0. 



EXAMPLES XI (a), 
wing ( 

sin 4 A + sin 2 A 



Simplify the following expreseions by applying the formuliB 
of § 64. 

0) 



cos 4 A + 006 2 A* 
- . sin A + sin 3 A 
^ ' cos A — cos 3 A' 
fq\ < san 5 A — sin A 
' ^ cos A + 00s 5 A* 



sin 


7A + 


sin 


3 A* 


sin 


2A- 


sin 


4B 


OOB 


4B- 


cos 


2 A* 


fiin 


SA 
2 ^ 


sin 


7A 
2 
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,.. cos 3 A — COB 7 A 

(5) 



<^>^A 7A- 

. 5A .A 

sin — BID J 

(^)-Va— T- 

COS — — + COS — 
4 4 

008 5 A — COB —5— 

Bm 5 A 4 8m 



2 
oos2A4-2cob4A+co8 6A 
cob4A + 2oos6A+oos8A' 
cos A — sin A — cos 3 A + s'li 3 A 



(9) 

^^^^ sin2A + cos2A 

Prove the following : 

(11) coslOA 4- cos4 A + 2oos3 AcosA = 4cos4Acob^8 A. 

(12) sin 3 A + sin 6 A — 2 sin 4 A cos 6 A 

= 4 sin 4 A sin 3 A sin 2 A. 

. . sin A 4- 2 sin 3 A 4- gin 5 A _ 4 sin A — 3 cosec A 
^ ^ cos A — 2 cos 3 A 4- cos 6 A ~ 4 cos A — 3 sec A * 

<14) cos 3 A + sin 2 A == 2 sin ^46° - j^ cos ^45° - ^.^ 

. . sin A 4- sin 3 A 4- sin 5 A 4-'sin 7 A _ . . 

^ ^ cos A 4- cos 3 A 4- cos 6 A 4- ^8 7 A "" 

oos(.-3y)-oos(3.-y) ^ ^ ^^ 
^ ' sm 2 a? 4- Sin 2 y 

sin(x + 3y>+sin(3x+y) ^ ^^^ ^ 
^ ' sm 2 a 4- Sin 2 y - . 
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(18) cos 15° - Bin 15° =-=. 

. sin n A - Bin (n - 2) A . , ... 

^^'> oce(n-2)A-ooe«A = °°*("-^)^ 
. . IsmjA - B) + TOBiaA + /sin(A + B) _ 
^ ^ icoB(A - B) + woobA + icog(A+B) -^^^' 



65- On aooottnt of the importance of the theorems in § 64 we 
give direct geometrical proofs as well. 



O^ ' R Q F Z 



(1) The snm of the sines of two angles equals twice the prodact of the sine 
of the halfHram of the angles, into the cosine of the half-dinerenoe. 



A-B 



Let 


^VOZ = A, 




^YOZ =B, 


then 


-:::VOY = A-B 


Bisect 
then 


-:::VOYbyOX, 

^-^ "V rfc ir _ --^ V rk V ^ 



:X0Z=B + 



A-B A+B 



In X take an j point M and draw L M N perpendionlar to X, meeting 
O V in L, O Y in N. From L, M, N draw L B, M Q, N P perpendicnlar 
to Z, and from^ and N draw M K, N S, perpendicular t& L B. 
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The two triangles L M, M O N are equal, haying the side O M common, 
the angles L O M, M O N equal, and the angles at M right angles ; 

.-. LM = MN,andOL = ON. Euol. (L 26.) 

Also LK=:KS, andNT=:ST; BaoL (yL 2.) 

•Ml. •«•■•» li R . NP 

Then 8mA + BmB = ^ + ^^» 



LB+NPMQ+LK+MQ-MT 

" OL " OL • 

2MQ 
= ^^,(8inoe LK = KS = MT) 

_ 2MQ.0M 
"■ OM OL* 
= 2BinX0Z .oosXOY, 

- , A+B A-B 

= 2 sin — ;r — . 008 — - — . 
2 2 

(2) The sam of the oosines of two angles eqnals twio^the piodnot of the 
eosine of the half-sum of the angles into the oosine of the half-oiffeienoe. 
Using the same figure and oonstmction as before, 

A . T, OB^OP OB + OP 
cosA-fcosB = ^ + g^= OL ' 



oq-bq + oqh-qp 

OL 

g^^^^,[BincePQ = QB v NT = TS.] 
OL 




(3) The difference of the sines of two angles equals twice the ] 
the cosine of the half-sum of the angles into the sine of the haifn^^ 
Using the same figure and construction, 

\ ^ . ^ LB NP LB-NP LS 
»^^-^^ = OL""ON- OL =0L' 
2LK 

2LK.LM 
"Tm 517 
s=2coeELM.sinyOX. 
iSiKLM = 90° - LMK = KM O = MOZ = A±5. 



&0W 



. « o A+B . A-B 

8inA-smBs2ooB — jj — . sm — 5-— 
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(4) The difference of the cosmes of two angles eqnals twioe the prodvot of 
the sine of the half-sum of the angles into the sine of the half-differenoe. 

Use the same figure and constmction as before, bat notioe that the 
/ . 0P\ 
cosine of the smaller angle B ( viz. zr^ I is greater than that of the greater 

angle A (viz. \ O N and O L being equal ; in order, theiefoNb to obtaim 

a positiYe result we must subtract cos A from cos B, but in the fssnlt the 

A — B 

half-difference of the angles will be , since A is > B. 

2 



op or bp 2km 
on"ol" 

2Kld[.LM 



^»-««^ = ON-OL = OL'-Oir 



" LM .OL 

s2sinKLM.ainX0y» 

^ . A+B . A-B 
=:28m — i — .Bin 



2 



66. Certain kinds of eqnationa can be eolTed bv appliea- 
tions of the principles of this and the two preceding chaptera» 

Example 1. — Solve the equation 

oostf — ooe7^ = sin3tf. 
By application of § 64 (12) we get 

2Bin40sind0 = 8in3 0. 
.-. (2 sin 4 tf - 1) sin 3 ^ = 0. 

.-. sin 3 ^ = 0, whence fl = 0^ 



or, sm 4 e = -, 


n 


^6 = 1 


sinSd = 2 sin'd; 




'-h 


nsing § 60, we get 

3sintf-4sin3fl=: 2 iin« A 




••. 6 sin^ ^ = 3 sin tf, 






er, (2 sin^ tf - 1) sin ^ = 0. 






.*. sin ^ = 0, -idienoe = 


0, 




or, sinfl = -j^, „ Os^ 


ir 
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EXAMPLES XI (b). 

Solve the following equations : — 

(1) 000 4 + 006 2 ^ = COS ^. 

(2) 008 3 a; — cos 2 x + eos a; = 0, 

(3) cos a; "- 006 9 « = sin 5 a;. 

(4) cos a; -f COB 3 0? + <)0B ^ ^ + 006 7 a; = 0. 

(5) cos n a; + 006 (n — 2) a; = 008 x, 

/i!\x / , \x / \ l-co62a 

(6) tan (a + «) tan (a ^ «) = ^^^2 a 

(7) sin (« + a) = 2 006^ (« - a) - 1. 

(8) tan 3 ^ - tan = tan 4 ^ - tan 2 0. 



(9) sin m + 1 — 8in f?i = 008 n 6 — 006 n + 1 0« 
(10) tan2a; + tan3a?+V3tan2a;tan3a;= j/3. 



67. Sin A + cos B oan be expressed as a product of 

ratios by writing 

008 -B = sin (90° - B), 
thus sin A + cosB = sin A + Bin(90° - B) 

Again, 1 + sin A may be written 

sin 90° + sin A = 2 sin (45° + A) oos (46° - A). 

TT 7 1 Q- v^ ^^^2 A + 006 2 A ; 

Example 1. — Simplify . ^ . r-r, 

^ *^ "^ Bin 2 A — 008 2 A 

sin 2 A + 006,2 A = sinl2 A + sin (90° - 2 A) 

'= 2tjin45° . oos (2 A - 46°). 
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Similarly 

sin 2 A - cos 2 A = 2 cos 45° . sin (2 A - 45°). 
sin 2 A + cos 2 A _ ^ cos (2 A - 45°) 

•"" sin 2 A - cos 2 A " * sin (2 A - 45°) 

= cot (2 A - 45°). 

Example 2. — ^Prove by the principle of compounding that 

1 + cos 2 A = 2 cos^ A. 

2 A -4- 0° 2 A — 0^ 

1 4- cos 2 A = cos 0° + cos 2 A = 2 cos ^ — . cos 

2 2 

= 2 cos^ A. 



EXAMPLES XI (c). 

Express as products of trigonometrical ratios— 

(1) sin 2 A + cos 2 A. 

(2) cos A — sin A. 

(3) cos (A + B) + sin (A - B). 

(4) 1 + cos A. 

(5) 1+ sin 3 A. 

(6) 1 + 2 sin 2 A. 

(7) 1 - 2 cos 2 A. 

(8) 1 - V2 sin A. 

Prove the following identities : — 
r.N . n A 2 tan (45° - A) 

W^^^^^ = l-cotH45 + A 7 
' tan A + 1 _ sin (A + 45°) 

^ ^ tan A - 1 sin (A - 45°)* 

(11) tan ^ + sec tf = tan (^ + -j. 
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tan (J 4-^) 



^ ^ 1 - 2 sin 2 e 



tan 



(S-)' 



tan^+cot^ + 2 sin^ (^ + 45°) 

(13) 1 1 = 11 i 

\ y A A /A \* 

tan-^ + cot- - 2 8iii2(^-- 45°j 

.^ .. 2 cosec 2 ^ - 8ec ^ xo /^^ . ^^ 

^^^) 2oo8ec2^ + sec^ = ^^^U + 2> 
... 1 - V3siii2A _ sin (30° - A) ^ cos (30^ + A) 
^ ^ sin 2 A " sin A cos A 



68. To show that 
sin(A + B)sin(A - B) = sin^ A-sin^B = oos^B- cos^ A. 

sin (A + B) sin (A - B) = i {cos 2 B - cos 2 A} 

= i {1 - 2 Bin2 B - 1 + 2 Bin2 A} 

= Bin2 A - sin2 B = 1 - oos2 A - 1 + cos^ B 
= cos^ B — cos^ A. 



EXAMPLES XI (d). 

(1) Show that 

cos (A + B) cos (A - B) = cos^ A - sin^ B = cos^ B - sin^ A. 

(2) Show that 

sin 2 A sin 2 B = sin^ (A + B) - sin^ (A - B). 

(3) Show that 

tan (A + 45°) tan (A - 45°) = =-^^Vr 7- 
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(4) Solve the equations 

sin (A + B) sin (A - B) = i 

2 

. COS (A + B) cos (A - B) = 0. 

(5) Simplify 

{cos (A + B) + sin (A + B) } {cos (A - B) + sin (A - B) } . 

(6) Show that 

. (sin^ A - sin^ B)^ (cos^ A - sin^ B)^ 
sin2 (A + B) ■*■ cos^ (A + B) "" 

(7) Show that 

(sin2 A - sin2 B) cot (A + B) + (sin^ B - sin^ C) cot (B + C) 
+ Csin2 . gin2 A) cot (C + A) = 0. 



i^ 2 
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69. We collect for purposes of reference the principal 
formula established in the three preceding chapters. 

sin (A + B) = sin A cos B + cos A sin B. 
cos (A + B) = COB A cos B — sin A sin B. 

tan(A + B)= ^^ ^ + tan B 
^ ^ ^ 1 - tan A tan B 
tin (A — B) = sin A cos B — cos A sin B. 
cos (A — B) = cos A cos B + sin A sin B. 
4r fk ■n^ tan A- tan B 
r*^(^"^) = r+tanAtanB- 
/sin 2 A = 2 sin A cos A. 

cos 2 A = cos2 A - sin2 A = 2 cos^ A - 1 = 1 -2 sin^ A. 
2 tan A. 



(a) 



m{ 



tan 2 A = 



1 - tan2 A" 
These all obtained from (a) by putting B = A. 

rsin 3 A = 3 sin A — 4 sin^ A. 
' cos 3 A = 4 cos^ A — 3 cos A. 



(y)' 



\ ^ , 3 tan A - tan^ A 
I tan 3 A =- 



1-3 tan2 ^ . • 
By putting B = 2 A in (a) and substituting values given in (P). 

(2 sin A cos B = sin (A + B) + sin (A - B). 
2 cos A sin B = sin (A + B) - sin (A - B). 
2 cos A cos B = cos (A + B) + cos (A - B). 
2 sin A sin B = cos (A - B) - cos (A + B). 
From (a) by addition and subtraction. 

' sm C + sui I) = 2 sm — - — cos • 



(0 



Sin C — sm D = 2 cos — - — sm 

C 4- D 

C(^s C + cos D = 2 cos — - — cos 
z 

^ « . C + D . 

cos D — cos C = 2 sm — - — sm 

From 8 by writing C for (A + B) and D for (A - B.) 





2 




c 


- 


D 




2 




c 


— 


D 




2 




c 


— 


D 
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MISCELLANEOUS EXAMPLES ON PART IL 

Prove the following identities : — 

(1) (cot A - tan A) tan 2 A = 2. 

(2) sin 2 ^ + sin 4 ^ + sin 6 ^ = 4 cos tf COS 2 tf sin 3 0. 

(3) tan 2 A = tan 2 A cot^ A - 2 cot A. 

(4) cot A + tan 2 A = J tan 2 A coseo* A. 

(5) sin 35° + cos 65° = cos 5°. 

(6) sin 70° ^ sin 10° + sin 50°. 

(7) sin 4 A = tan 2 A (1 + cos 4 A). 

b 

(8) cos ^ + cos 2 ^ + cos 3 ^ + cos 4 ^ = 4 cos - cos tf cos — . 

sinA + 8in( A + B ) + sin(A + 2B) _ ^ .^ , j^^ 
^^^ cos A + cos (A + B) + cos (A + 2 B) ~ ^ ^^ ^ ^^' 

(10) cot :| - cot A = ^ 



2 sin A" 

/1 1\ 1 + <5^s 2 A cos 2 B 

(11) = oos^ A cos* B + sm^ A sin* B. 



3 

(13) If tan A = - find the value of 3 cos 2 A + 4 sin 2 A. 

4 

(14) If sin B + sin C = a, cos B + cos C = &, 

show that tan — - — = -r. 
2t 

(15) If sin 2 ^ = 6, tan ^ = a, then 2 a = 6 (a* -f 1). 

(16) Prove that sin* 6, J sin 2 ^ and cos* 6 are in geometrical 
progression. 

(17) If tan A = J, tan B = J, show that 45° is a value of 
(A + B). 

(18) If cot - = 2 + V3 fiad cos A. 

(19) Show that sin 2 A can never be greater than 2 sin A. 
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(20) K tan A, tan B, cot A, are in aritlunetioal progression, 
then sin 2 A = cot B. 

(21) If sin (A - B), sin B, sin (A + B) are in G. P., then 
sin A = V2 sin B. 

(22) Solve the equation 1 - cos 2 j^ = V2 sin ^. 

(23) If tan a = y*^, sin J )8 = f, find sin (a + P). 

(24) If tan ^ = -, prove that a cos 2 ^ + 6 sin 2 ^ = a. , 

(25) Eliminate from the equations cos + Eon $ = a, 
sin 2^ = 6. 

(26) Show that cos 3 A — sin 3 A is divisible by cos A + sin A. 

(27) SimpUfy 

{cos (A + B) + sin (A + B)} {cos (A - B) - sin (A - B)}. 

(28) If a, )8, y, are in A. P., show that sin a + sin y = 

2 sin j8 cos (fi — a). 

(29) If tan = 2 tan 0, 

show that sin (^ + <^) = 3 sin (6 — <^). 

(30) If ^ = ^^^, a tan A + 6 tan B = (a + &) tan ^^^. 
^^ocosB ^ ^ 2 

(31) Solve the equation sin^ 6 + sin* 2^ = 1. 

Prove the following identities : — 

(32) tan 60'' - tan 40° - tan 20° = tan 20° tan 40° tan 60°. 

(33) ein 10° + sin 20° + sin 40° + sin 60° = sin 70° + sin 80°. 

(34) sin2 (45 + A) + sin* (45 - A) = 1. 

(35) tan 50° + tan 40° = 2 sec 10°. 

(36) (cos A+sin A) (cos 8 A+sin 3 A) = cos 2 A (1 + 2 sin 2 A). 

(37) 4 cos« ^ + 4 sin« ^ = 1 + 3 cos* 2 6. 

(38) cos 10 A + cos 4 A + 2 cos 3 A cos A = 4 cos 4 A cos* 3 A. 

(39) 2 cos 2 A cos A - 2 sin 4 A sin A = 2 cos 3 A cos 2 A. 

(40) sin* (A + B) + sin* (A - B) = 1 - cos 2 A cos 2 B. 

(41) sin 9 A - sin 6 A + sin 3 A = sin 6 A (2 cos 3 A - 1). 

(42) tan (45 + A) - tan (45 - A) = 2 tan 2 A. 

(43) cos (a + )8) cos (a - ^) + sin (a + ^) sin (a - )8) = 

1 - tan* p 
1 + tan* p' 
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.... cos 9° + sin 9° ^ ^ .^ 

(^) Ao ^— Ko = tail 54°. 

^ "^ cos 9 — Bin 9 

(45) cos 6 A = 16 (oos^ A - sin* A) - 15 cos 2 A. 

tan 5 A — tan 3 A 2 tan A 



(46) j^ 



tan 5 A tan 3 A 1 - tan* A* 



a . 3 a 

- cos ~ + COB -TT- 

. - V COS g + 008 3 g 2 2^ 

cos 2 g - g 

C08- 

(^8) sec 2 A - i tan 2 A sin 2 A = ^^' f "^ ^""^ f . 
^ ^ ^ cot* A - tan* A 

, . cos 2 A — cos 4 A cos A — cos 3 A sin A 

^ ^ sin 4 A — sin 2 A sin A — sin 3 A "" cos 2 A cos 3 A* 

(50) (sin ^ - cos ^)* + (sin ^ + cos ^)* = 3 - cos 4 ^. 

(51) cot* g — tan* g = 4 coseo 2 g cot 2 g. 

(^^) -(»»" +0 -('»•-!) = 1^. 

(53) 8 sin a sin 2 a sin 3 asin 4g = 1 — cos 6 g — cos 8g +ooslOa. 

(54) cos 2 A + cos 2 B + cos 2 C + cos 2 (A + B + C) = 
4 cos (B + C) cos (C + A) cos (A + B). 

(55) cot (A + B) + cot (A - B) = ^-3^,f:^. . 

. cosec* — 

(56) tan A + cot =^ = 



2 - A ^ A- 
cot --tan- 

,^„. 2 sin ^ - sin 2 ^ ^ „0 
<^^') 2sin^ + sin2^ = ^^ 2' 

(58) sin (0 - g) sin (^ + a) - sin (0 - )8) sin (^ + )8) = 
sin* fi — sin* g. 

,^_. sin A + 2 sin 3 A + sin 5 A . . . ,« . 

(59) T — -r— — r- = - tan 3 A cot* A. 

^ ^ cos A — 2 cos 3 A + cos 5 A 

(60) 4 (cos^ A — sin^ A) = 4 cos 2 A — sin 2 A sin 4 A. 

(61) cos A + cos B + cos (A + B) + cos (B + C) = 

A+B+C C A-B 
4 cos cos — cos — - — . 
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(62) If cos (A - B) = A coseo Cf + B) ^^^ sin (A - B) = 
^V sec (A + B), find sin A and sin B. 

(63) Solve the equation tan ^ - 2 tan 2 ^ + tan 3 tf = 0. 

(64) If tan2 0=1 + 2 tan^ 0, then cos2<^ = l + 2cos2^. 

(65) Show that sin 27° lies between ^ aUd J. 

(66) 11 a + 13= e show that 

oos^ a + cos^ )3-2oo8aoos)8c508^ = sin* 0. 

(67) Given tan A = J tan B = t^, find the value of 
sin (A + B) + cos (A - B). 

(68) IfsinA = tanB, 

then sin (A — B) cos B = sin 2 B sin* — . 

2 

(69) Prove that 2 cos 11° 15' = \/ 2 + V2 + V2^ 

(70) If cos (6 — a), COS df COS (6 + a) are in harmonical 

progression, show that cos tf = j/2 cos -. 

2 

(71) If cos (A - C) cos B = cos (A - B + C) prove that 
tan A, tan B,,tan C are in harmonical progression. 

(72) Eliminate from the equations 

4 X = 3 a cos ^ + a cos 3 ^, 
4 y = 3 a sin — a sin 3 6. 

(73) Solve the equation cos 2 » tf + cos 2 (n — 1) tf = cos ^. 

(74) If 8 sin A sin B sin C = 1, and A + B + C = 90°, prove 
that cos .2 A + cos2B + cos2C = f. 

Prove the following identities : — 

_^. tan ^ + sec ^ ^ fir e\, 
^ ^ cot ^ + cosec 6 \4 2/ 2 

(76) sin* 6+4: cos* ^ = (1 +008* ^-sin 2 ^ (1 +cos« ^ +sin 2 6). 

(77) (3 sin A - sin 3 A)* + (3 cos A + cos 3 A)* = 
4 (4 - 3 sin* 2 A). 

(78) ta,Ji^(j + «) (1 - Bin2 ^) = tan* f^ - o\ (1 + sin 2 6). 

(79) sin 2 a + sin 2 ^ + sin 2 y - sin 2 (a + )8 + y) = 
4 sin (a + /8) sin ()3 + y) siii (y + a). 



EXAMPLES. 89 



(81) (1 - sin 0) (1 - sin ^) = |i 






(82) cos 6° cos 54° - sin 36° sin 24° + cos 66° cos 6° = j. 

(83) 4 sin i (A + B + C) cos i (B + C- A) cos J (A-B + C) 
sin i (A+B-C) = Bin2 A+sin^ B-sin^ C+2 sin A sin B cos C. 

(84) (tan 4 A + tan 2 A) (1 - tan^ 3 A tan^ A) = 
2 tan 3 A sec^ A. 

(85) cos 3 A = 4 cos A sin (30 - A) sin (30 + A). 



/I , . 2 1 - COS 2 a tan^ - 

, cos^ a COS 6 + sm^ a 2 

^ ^ C082 a cos ^ - sin2 a ^ 7 ~7^' 

cos 2 a — tan^ — 

/Q^^ A n ^ot2 ^ - 6 + tan2 ^ 
C^^)^^^^ = cot^^ + 2 + tan^f^ ' 

(88) i tan - + T tan - = i cot - - cot tf. 
2 24 44 4 

2 (sin A + Bin B) 

{tan|+tan|}|l+tan^tan|}. 

(90) |l + V2 sin ^ J - e^ = 4 cos^ | (1 - sin ^). 

If A + B + C = 90°, prove the following identities : — 

(91) sin 2 A + sin 2 B + sin 2 C = 4 cos A cos B cos C. 

(92) 1 - sin2 A - sin^ B - sin^ C = 2 sin A sin B sin C. 

(93) cos2 A + cos2 B - cos* C = 2 cos A cos B sin C. 

(94) cot A + cot B + cot C = cot A cot B cot C. 



(95) Solve the equation sin 9 ^ + sin 5 ^ + 2 sin* ^ = 1. 

(96) If tan ^45° - ^"j = tan* B . 
then V sec A + tan A + V sec A — tan A = 2 cosec 2 B. 
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(97) If Bin A be the geometric mean between sin B and cob B, 
prove that cob 2 A = 2 sin (45° - B) cos (46° + B), 

(98) Find cos x from the equation 

tan a tan x = tan* (a + a;) — tan'* (a — x). 

(99) cot A = (a^ + a^ + ay, cot B = (a + a'^ + 1)*, 
tan C = (a-» + o"' + o"')*» show that A + B = C. 

(100) If cot — 77"^ = i^ , prove that each of these is 

^ ^ . 2 a — ocosa^ 

hsin fi 

also equal to 7 ^. 

^ a — D cos p 
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CHAPTER XII. 

CONVENTIONS OP SIGNS. 

ABC 

70. Let A B C be three points 

on a straight road. Let AC = a, AB = 6. Then a man 
walking from A to B and back again to A, although he has 
walked a distance 2 &, has made no progress. If we assume 
then that from A to B should be called + 6, and from B to A 
— &, we have a means of measuring the progress, +6 — 6 = 0. 
Again, if the man had walked from A to C, and then returned 
to B, his progress would be a — (a — 6) = 6, which we see to be 
geometrically true. 

71. Again, if a ball be thrown vertically upward to a 
height hj and returns to its place of projection, although it has 
traversed a distance 2 h, it is neither higher nor lower than 
before. If we assume, then, that the upward direction is positive, 
and the downward negative, we may say that the change of 
height is + ^ — A = 0. If a stone be thrown 150 feet vertically 
upwards from a cliff 100 feet high, and fall on the beach, its 
path may be thus described — ^it has first travelled + 150 feet, 
and .then - 250 feet. .-. its final position is 150 - 250 = - 100, 
i.e., 100 ft. below the point of projection. 

72. These ideas are embodied in the following convention : 
Let X X' be a horizontal line, Y Y' a vertical meeting the 

first in 0. (See Fig. 1, p. 92.) 

Then the horizontel distance of any point to the right of Y Y' 
is counted a positive length, that of any point to the left of 
Y Y' a negative one. 

Again, the vertical distance or height of any point above 
X O X' is counted positive, the vertical distance of any point 
below X X' is assumed to be negative. 
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CONVENTIONS 



73. A similar conveHitioii is adopted with respect to angles. 

In Trigonometry an angle is always measured by the angular 
distance traversed by a line O Q revolving from its initial 
position O X, As was noticed in § 3 this method of measuring 

Fig. 1. 



Fig. 2. 




angles can be extended to angles of any size; for instance, 
when we speak of an angle of 945° we mean that the line Q 
has revolved twice completely from OX (720°) and then 
through 225° more. (See Fig. 2.) . 

Further, if Q revolve from O X in the opposite direction to 
the hands of a watch, the angle traced out is considered positive ; 
if in the same direction as the hands of a watch the angle is 
considered negative. Thus, if in the figure O Q, Q' revolve 
in the directions indicated by the arrows through angular 
distances A, the angle Q X is called A, and Q' X is called 
— A. 




74. Each of the four spaces into which the plane of the 
paper is divided by the straight lines X X', Y Y' (con- 
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sidered of anlimited length) is called a qnadrant ; X T is 
called the first qoadrant, Y X' the second, X' Y' the third, 
and Y' X the fourth. . 



EZAJIPLES XIL 



(1) IfOA = o,OB=6,AC = a!,0 A B U 
write down the algebraical values fur the distances C, C B, 
B A, (0 B - B G), (0 C - C B), (A C + C B). 

(2) If Q M be the perpendicular from Q on X X' as in 



M X 



this figure where QM = 2, 0M= 3, draw diagrams showing 
the position of Q in the following cases, taking any unit of 
length you choose. 



MQ= -2, 
MQ= -2, 
M Q = + 2, 
M Q = - 3, 
MQ= +4, 
M Q = + 6, 
M Q = - 3, 



0M= +3 

0M= -3 

0M= -3 

0M= -1 

0M= +2 

0M= -4 

M = + 2. 
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(3) In what quadrant will Q be in each case after revolving 
from X throngh the following angles 

• 12.5°, - 60°. - 212«, 1'. - ^, 250«, 972°, - ^^, 

- 1100°, 4^. 1310., i^^ 

(4) Draw diagrams showing the following angles as exactly 
as yon can — 

- 120^ 160«, - ^, ^, 1200^ - 750«, - ^, 3735°.' 
4 o o 

(5) A stone is whirled ronnd uniformly at the end of a string 
so as to make 45 revolutions per minute. Draw a figure 
indicating its position at the end of — 

the 45th second. 
2 min. 20 sees. 



n 
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CHAPTEE XIII. 

TEIGONOMETEICAL EATIOS OP ANGLES OP ANY 

SIZE .♦ 

75. General definition of Trigonometrical Ratios. 
Let the straight line O Q, revolving from the initial line X 
take up its position in any one of the four quadrants. Prom Q 

Y V 





draw a perpendicular Q R on X O X', then we obtain in each 
case a right-angled triangle QOR, and the trigonometrical 
ratios of the angle Q O X (A) are formed by the ratios of the 
sides .0 R, R Q, Q, of the triangle QOR. 

* Extension of Chapter III. 
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Thus in every quadrant — 

. .. RQ . OQ 

BmA = ^, co8ecA = ^, 

A OR ^ OQ 

cos A = j:r-pzt sec A = -pr-^, 



OQ* "^^"OR' 

RQ ^. OR 

OR' ""*^ = RQ- 



76. In each case R Q^ + R^ = Q' (Euc. i. 47) : and so, 
dividing out by Q* 

RQ^ OR^^l 

Q2 "^ O Q2 • 
or cos^ A + sin^ A = 1 ; 

similarly by dividing out by R Q^ and O R*-* successively we get 
the formulae 

cosec^ A = 1 + cot^ A, 

sec^ A = 1 + tan2 A, 

which formulae we established similarly in Chap. III. for angles 
in the first quadrant only. 

77- In applying the convention of signs we only use it for 
lines parallel to X X' and Y Y'. 

The revolving line O Q is always considered a posi- 
tive length. 

78- Remembering this we see 

(1) That R Q is positive when Q lies in the first and second 
quadrants, negative when it lies in the third and fourth; 

.*. ^jTt or the sine of any angle we may be considering, is 

positive in the first and second, negative in the third and 
fourth quadrants. 

(2) O R is positive when Q lies in the first and fourth 
quadrants, negative when it lies in the second and third. 

O R 
.*. jYo' ^^ *^® cosine of any angle we may be considering, is 

positive in the first and fourth quadrants, negative in the 
second and third. 



OF ANGLES OF ANY SIZE. 
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RQ 



(3) jyf.9 or the tangent of the angle under consideration, will 

be positive when B Q and Q have the same sign, t.6., in the 
first and third quadrants; negative when they have unlike 
signs, in the second and fourth quadrants. 
The following table sums up these results : 



X'- 



2nd Quadrant. 




Ist Quadrant. 




sine + 
cosine — 
tangent — 

r 




sine + 
cosine 4- 
tangent -f 


v 









' ' ' A. 


3rd Quadrant. 




4th Quadrant. 




.sine — 
cosine — 
tangent .+ 




sine - 
cosine + 
tangent — 






^\' 





EXAMPLES Xin. 

What is the sign of the value of each of the following 
trigonometrical ratios ? 

(1) tan 105°. 

(2) cos 295°. 

(3) sin 150°. 

(4) cos 240°. 

(5) cosec (- 35°). 

(6)tan^^. 
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3; 



(7)8eo(-^). 

(S)~t(-l|^) 

(9) COB 840^. 

(10) sin (-560°). 

(11) seo-^. 
(12)cc«(-l|5) 
a3)tan(-E.) 

(14)tan?l^. 

(16) Bin 1000°. 

(16) sin (- 1000°). . 

(17) oot (^2 na- + -^j(n being a positive integer). 

(18) sec (2^rTlw-|). 

(19) 8in(2n»-.-^J^), 

(20) tan(^»B--|). 
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CHAPTEE XIV. 

VAEIATION OF THE VALUES OF THE TBIGO- 
NOMETEICAL RATIOS. 

79- Variation in the value of the sine as the angle 
changes. 

By reference to the adjoining figure we see that as OQ 
revolves, the length of Q M varies from to O Q, and having 
regard to signs that 

from 0° to 90° sin Q M changes gradually from to 1, 
„ 90° to 180° „ „ „ 1 to 0, 

.„ 180° to 270° „ „ „ Oto - 1, 

„ 270° to 360° „ „ „ ^ 1 to 0. 



( 


M 


\ 

M 1 


^ 

yi^ 


r 


/ 


Q 

M M 


Q 


X, 


c 




/ 


/ 


\ 


s 


\ 


f 


)/l X 



X 



80. Variation in the value of the cosine. 

From the same figure we see that as Q revolves the length 
of O M varies from Q to ; and that 

H 2 
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VABIATION OF VALUES OF 



from 0° to 90° COB Q M changefl gradually from 1 to 0, 
„ 90° to 180° „ „ „ to - 1, 

„ 180° to 270° „ „ „ - 1 to 0, 

„ 270° to 360° „ „ .„ . Otol. 

81 . Variation of the value of the tangent. 

QM increases as OM diminislies, and vice vend; in tlie 
initial position and when OQ has revolved through 180°, 
QM = 0, OM = OQ: when O Q has revolved through 90° or 
270°, QM = OQ, OM = 0. Therefore, from ' 

0°to 90° tan Q mT = ^TTjrj changes gradually from Oto a, 

[see § 34] 

90° to 180? „ „ * „ „ -oc.toO, 

180° to 270° „ „ „ „ Otoa, 

270° to 360° „ „ „ „ -a too. 

Note. — ^It ought to be noticed that Trigonometrical Batios 
change from + to — or from — to + as they pass through the 
values or a. 

82. The variation of the other ratios can be found in a 
similar way, and the results may be tabulated in the following 
form: — 



Angle. 


0° to 90°. 


90 to 180°. 


180° to 270°. 


270° to 360°. 


sin . 


Otol 


ItoO 


Oto -1 


.-ItoO 


cos . .• 


ItoO 


Oto -1 


-ItoO 


Otol 


tan. . 


Oto a 


— a to 


Oto a 


-a toO 


cot . 


a toO 


Oto -a 


a to 


Oto - a 


sec . . 


1 to a 


-a to -1 


-1 to -a 


oc tol 


cosec • 


oc tol 


1 to oc 


-a to -1 


-1 to -a 



83. We are now able to trace the change in value of 
trigonometrical expressions as the angle involved varies through 
all possible values. 



TBIGONOMETKIOAL RATIOS. lOJ 

Example 1. — Trace the change in value of cos SObb varies 
from to 180°. 

^hen^ = 0° SO*' 60° 90° 120° 160° ' 180° 

3^ = 0° 90° 180° 270° 360° 450° 640° 

cofl3^=l 0-1010-1. 

Example 2. — Trace the change in value of tan $ + cot$ asO 
changes from 0° to 180°. 

We begin by expressing tan $ + oot in terms of a single 
ratio, thus — 

X A , J. A Bin* . costf sin«* + oos«tf 2 

tan 4- cot = ;: + -; -z = ; 7 7 — = . ^^ 

cos^ sm^ sm^oos^ sm20 

90° 
180° 
a 

N.B. — When the value is a it changes from + to — , or 
biee versa; thns it increases from — 2 to — a, then decreases 
from + a to 2. 

Example 3. — Trace the changes in valne of cos a; + sin a; 
between any limits of x. 

Write cos a; + sin a; = cosaj + oosf-— aj = 2cosj cosf»— j) 
= V2 cos (a; — ^j* ^^^ then proceed as in Examples 1 and 2. 



when fl = 0° 


45' 


2tf = 0° 


90' 


2ooeec2^ = a 


2 



135° 


180" 


270° 


360' 


2 


X 



EXAMPLES XIV. 

Trace the changes in the value of the following expr^ions : 

(1) sin 2 ^ as ^ varies from 0° to 180°. 

(2) tan - as 8 varies from 90° to 180°. • 

(3) COS (j + 2tfj as tf varies from 0° to 180°. 
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(4) Bin ^fl - j) as ^ varies from 90° to 450° 

(5) sec - as fl varies from 0° to 360°. 

(6) cosec ^2 tf + ^j as tf varies from 180° to 360° 

(7) cos a; + sin a; as » varies from 0° to 180°. 

(8) cos X — sin a; as a; varies from 45° to 225°. 

sin a? ^ ^ ^^^^ ^^^^ ^o ^ 3gQO 
^ "^ 1 +< 



cos X 



(10) Bin» + cos(- — ajjasa; varies from - to — . 

(11) sin (tt sin a?) as x increases from 0° to 2 ir. 

(12) sin (tf + a) - sin (^ - a) as ^ increases from 90° to 270°. 
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CHAPTBE XV, 



CONNECTION BETWEEN THE TBIGONOMETRICAL 
EATIOS OF VARIOUS ANGLES. 

84- Since after any niunber of complete revolutions the 
line tracing ont an angle retnms to its original position, it is 
obvions that the trigonometrical ratios of any angle A are the 
same as those of 

A + 360°, A + 720°, eto. 

and of . A - 360°, A - 720°, etc. 

In general the ratios of A are the same as those of (n 360° + A), 
or, as it is more often written, 2nv + 0, wh^re n is any positive 
or negative integer, and ^ is A expressed in circular measure. 



sin 1500° = sin (4 X 360° + 60°) = sin 60° = 4^ 
tan — j^ = tan {^'^ + 2) = tan 7 = !• 



85* To find the trigonometrical ratios of an angle 
-^ A in terms of those of A, whatever magnitude A may 
have. 








Y, 
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^ X, 




Let Q reTolying from its initial position O X trace ont any 
positive angle. Let OQi revolving from OX trace out the 
same angle in a negative direction. Then we shall have four 
figures according as Q is in the 1st, 2nd, 3rd, or 4th quadrants. 
Take Q = Qi, and draw perpendiculars from Q dnd Q^ on 
X X'. Then the triangles Q M, Qi M will be equal to 
one another in all respects, but M Q and M Qi will be always 
opposite in sign : so we have in each case 



sin (— A) = sin Qi X 
cos (— A) = cos Qi X = 



OQi 
OM 



MQ 
OQ 
OM 
OQ 



= — sin A I 



= TwT = COS A ^ (a) 



tan(- A) = tanQiOX 



= ?^i MQ^ 



OM 



OM 



tan A) 



86. Qi in the above figures also represents the position 
taken up by a line revolving from X through 360*^ — A ; 
therefore the trigonometrical ratios* of Q^ X are tho^ of 
360° — 0, Whence we obtain at once from (a) : — 



sin (360° - A) = - sin A 
cos (360° - A) = cos A 
tan (360° - A) = - tan A 



(^) 



87- To find the trigonometrical ratios of 180'' - A 
in terms of those of A> whatever magnitude A may have. 
Definition. — 180°— A is called the supplement of A. 

Let a line OQ revolving from the initial position OX in 
either direction trace out an angle A. Let Qi revolve through 
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180° in poEdtive direction and then through an angle — A. 
Then we shall have four figures according as Q is in the Ist, 
2ndy 3rd, or 4th quadrants. 








Fig 


.2. 










V 








Q 






Qf 






• s 


\ 








X. 


M 





1 


i 


X 







Fig 


.3. 








. 


^ 


f 








• 
M 


N 




X/ 


< 


0/^ 
3 


< 


»r 


X 



V, 

Fig. 4. 




Take Qi' = Q and draw perpendiculars Q M, Q^ N on 
X Xi- Then Q M 0, Qj N are equal right-angled triangles, 
and we have in each case 



ON 



MQ 

OQ 

-OM 



= sin A 



sin (180°- A) = 

«.(m'-A) = ^-^^ 

.»(.80--A) = §| = -»«=-U.aJ 



= — COS A 5 (y) 
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Example.-^m 160° = sm (180° - 30°) = sin 30° = i 

008 150° = cos (180° - 30°) = - oob.30° = - -^, 

tan 150° = tan (180° - 30°) = - tan 30° = - -^. 

88* Putting A = -w B in the foregoing results we see that 

sin(180° + B)= sin (- B) = - sinBj 

cos (180° + B) = - cos (- B) = - cos B I (8) 

tan (180° + B) = - tan (- B) = tan B J 

Formnlad which we might have obtained independently in 
a manner similar to that of § 86. 

Example.— ^in 225° = - sin 45° = r^, 

V2 

cos 240° = - cos 60° = - i 
tan 225° = tan 45° = 1. 



EXAMPLES XV (a). 
Find the values of 

(1) sin 270°. ,^. 5 IT 

(2) tan 750°. ^'^ "^ " ^• 
(3)sec^^ (7)cosec(.^135°). 

(4) cot 315°. (^)**^(--f) 

(5) sin -^. (9) cot '^- -^^ 

(10) versin 690°. 

(11) sin 405° - cos 585° + sec 1215°. 
. tan 780° +' tan 495° 

^ ^ 1 + cot (- 390°) cot 225°* 

(13) Prove geometrically the results of § 88. 

(14) SimpHfy sin (360°- $) + sin (180°- ^) + sin (180° + tf), 
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(15) Prove that sin (/? - y) + sin (y - o) + sin (o - /S) « 

.. a — )8.)8 — y.y — a 
r- 4 sin — — ^ sin "^ ^ sin -^-77 — . 
^ J ^ 

(16) Prove that cos 03 - y) + cos (y - a) + cos (a — /3) = 
A P " y y — a a— J8 

4 00s - ^ cos ^—T cos jr-i 1. 

^ J Z 

(17) Prove that tan (a - )S) + tan 03 - y) + tan (y - a) = 
tan (a — P) tan (fi — y) tan (y — a). 



89- To prove that sin A = cos (90** - A), <fcc., for all 
values of A.* 




Lei Q revolving from ife initial position trace out any 
angle A, positive or negative : then let Qi trace out first an 

* This theorem has been proved for the special case when A is less than 
90® in §'29. 
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angle of 90° in a positive direction, then an angle A in the 
negative direction. 

Then make O Qi = Q and draw Q M, Q^ N perpendicular 
to X X^. Then in whatever quadrant Q falls, Qi will be 
in the same or the opposite quadrant, and Q M, Qi O N being 
equal triangles (since the angle Q M is always the comple- 
ment of the angle QiON) we shall have MQ = ON, NQj = 
O M both in sign and magnitude. 

Therefore 

and similarly for the other ratios. 

90* We can in like manner prove the relation between 
the trigonometrical ratios for (90° + A), (270° + A), (270° - A), 
and those for A, or we may deduce them thus : — 

sin (90°+A) = cos (—A) (by preceding theorem) = cosAby§85. 
COB (90°+A) = sin(— A) „ „ =;— sinA ,, 

tan(90°+A) = cot(-A) „ „ = -cotA „ 

sin (270°+A) = -sin (90° +A) by § 88 = -cos A by this section. 
coe(270°+A)=-cos(90°+A) „ = sinA 
tan (270°+ A) = tan(90°+A) „ =-cotA 

sin (270°-A)= -sin (90°-A) „ = -cos A by §89. 
coe(270°-A)=-cos(90°-A) „ =-smA „ ' * 
tan (270°- A) = tan (90° -A) „ = cotA „ 

But the geometrical proofs, as independent, are preferable. 
Eira»»pfe.— flin 106° = sin (90° + 16°) = cos 15° = — ^' 

cos 240° = cos (270° - 30°) i= sin (- 30°) = - 5. 
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EXAMPLES XV (h). 

(1) Prove geometrically that oob (90° + A) = » sin A f or 
all yalues of A. 

(2) Also that Bin (270'' + A) = - cos A. 

(3) Also that tan (270° - A) = cot A. 

Simplify the following : — _ 

(4) cos (270° + A) + sin (180° + A) + cos (90° + A). 

(5) tan (270° - A) - tan (90° + A) + tan (270° + A> 

(6) sin (90° + A) + COS (180° + A) + sin (270° + A), 
cos (270° -A) sin (1 80° + A) 

(^) sin (270° + A) + "^^ ^^^^ " ^^ " cos (180° -A)- 

(8) sin 300° + cos 240° + tan 225°. 

yrvx 2 IT 5 -JT . . 4 IT 

(9) sec -^ — cosec -5- + tan — -. 

o 00 

Prove the following identities — 

(10) sin (185° + A) sin (135° - A) = i cos 2 A. 

(11) sin (270° - A) sin (180° +.A) = i sin 2 A. 

(12) cot ^-^— j = . , ; ., Y 

,, „. sin 441° + sin 1 71° , „, „. 

(13) „„o s;^ = cot 216°. 

■' COB 361 — COB 279 

(U) .„.(?^')-»..(i^«).4^I+i?^(,.,). 
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CHAPTER XVL 

GENEEAL VALUE FOE ANGLES WITH GIVEN 
TEIGONOMETEICAL EATIOS. 

91* To find an expression for all the angles which 
have the same sine as a given angle 6. 




Let Q X be the given angle B. Then the only other 
position, Qi, which will make -^r-^ the same in magnitude 

and sign as j^, will be when Qi lies in the second quadrant 

and Qi Xi = 0, that is, Qi O X = ir - ^ 

The first of these positions, O Q, will be attained after the 
revolving line has traced out angles 

By 2x4-^, 47r-f-^, 6ir+^, &c., in a positive 1,^\ 



or, 



direction 

— 2 7r+^, — 47r+^, — 6 7r+^, &c., in a negative 

direction 



)(2) 



The other position, Qi will be attained after revolution 
through angles 

IT— ^, Stt— ^, Stt— ^, 7 IT— tf, &o., in a positive) ,o\ 



direction 

or, — TT — ^, — Sir— ^, — Stt— ^, — Ttt— ^, &c., inanegative 

direction 



'Iw 
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. All these angles, and no others, are obtained by giving to 
n all possible integral values (including zero) in the formula 

n^ + i^iyO; 

for when n is even, (— 1)" is positive, and we eet + 0, as in 

(l)and(2); 

when n is odd, (— !)• is negative, and we get — ^, as in (3) 

and (4). 

Therefore n ^ + (— !)• ^ is said to be the general formula 
for all angles which have the same sine as 6. 

92. To find an expression for all the angles which 
have the same cosine as a given angle 6. 




Let QOX be the given angle 6. Then the only other 

ON 
position, Q^, for which yr^^ will be the same in sign and 

magnitude as -TTri^ ^^^ ^ whenO Qi lies in the fourth quad- 
rant and Qi X = QOX, that is, when the line has revolved 
through an angle 2 tt — ^. 

The position Q will be attained after the revolving line 
has traced out angles 

^, 2v+0, 4^+0, 6ir+^, &c.,in a positive ),-n 

direction . .]^ ^ 

or, — 2 7r+^, — 47r+^, — 6 7r+^, &c., in a negative) y2\ 

direction . . | > ^ 

The position Qi will be attained after revolution through 
angles 

2ir— ^, 4 7r— ^, 6 7r— tf, &a, in a positive ),gx 

direction . .p -^ 

or, — ^, — 2 IT — tf , — 4 IT — tf , — 6 IT — tf , &c., in a negative) v.>. 

direction . .jW 
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All these angles, and no others, are obtained bj giving to » 
all possible integral values (including zero) in the formula 

2iiir-± e. 

Therefore 2 n r ± 6 is said to be the general formula for all 
angles which have the same oosine as 6, 

93* To find an expression for all t&e angles which 
have the same tangent as 6. 




Let QOX be the given angle 0. Then the only other 

N Q 
position O Qx for which -Tyrp ^^ill ^ the same in sign and 

magnitude as ^^r^ is when O Qi lies in the third quadrant and 

QiOXi = QOX. 

The position Q will be attained after the revolving line 
has traced out angles 

e, 2 IT + e, 4 «-+ Of 6 IT + ©» &o., in a ppsitivel • ^n 

direction . . ) ^ ^ 
— 2ir + 0, — 4ir + e, — 6ir4-^» &0., in a negative! ,2^ 

direction . »]^ ^ 

The position Qi will be attained after revolution through 
angles 

IT + e, 3v + e, 5 IT + e, 7 «■ + e> &0'» ^ a positive) ,gv ' 

direction . . ( ^ -^ 
— X + 0, — 3 7r-(-0, — 5ir+ 0, — 7 ir + ^> &c., in a negative) ^ . n 

direction . .p '^ 

All these angles, and no others, are included in the formula 

nir + e 

where n is zero or any integer, positive or negative. 

.'. nir + 9 is said to be the general formula for all angles 
which have the same tangent as 0. 
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EXAMPLES XVI (a). 
Give tlie general value of ^ in the following caseB : — 

(l)co6tf=i. (9) Bin (j +«)=-. 

(2)^0 = ^. (iO)coe(tf-^)=-L. 

(3)tan<>=.-i; . (n)tan(^ + tf) = 0. 

(4)8eoO=.^. ^ ' "^^ ' . 

(5)coB2tf = 0. (12) oot(tf-j)= oc. 

(6) cot 3^ = 1. , 

, (13) Bin 2 tf = cos ^. 

(7) Bin 2 tf = - i ^ 

^ 2 (14) COB (tf - a) = 1. 

(8)00860 40 = 4=. (15)tan3tf = oota. 

V3 (16) Bin(tf+«) = C0s(tf-a). 



94. We now see that the number of solutions of any 
trigonometrical equation is unlimited. 

Let hb take the equation — 

tan» 6 - (V3 + 1) tan tf + ^ 3 = 0. 
Solving in the ordinary way we find tan 6 = ^/s or 1. 

Now - and j are the angles in the first quadrant, whose 

tangents have these values. 

If, however, we wish to give a general solution of this 
equation, i.e., to include all the angles whose tangents are 

. ^3 and 1, we must write = nir + -, or n tt + ^, where n 

denotes any integer from zero onwards. We see, therefore, 
that there is an unlimited number of solutions, the successive 
values of which, in this case, form two series in arithmetical 
progression whose comiaon diiOference is tt. 

I 
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ExamyU !• — Solve the equation- 
cos 2 ^ - V3 ©o» ^ + 1 = 0, 
1 + cos 2 ^ = 2 cos3 

.•. COB d = 0. 

or, cos d = ^TT-* 
The lowest yalnes of tf are - and -. 

2 D 



.'. the general solution is 

Example 2. — Solve 
4 V2 (1 - COB 
This may be written 



tf = 2n7r + ^,or2TO7r±-. 



4 V2 (1 - COB ^) + V3 sec^ I = 2 (^6^+ 2) tan 1 



whence, multiplying up, 

4 V2 (1 - C0B« tf) + 2 V3"= 2 (V6> 2) am ^, 

^^' _ _ _ 

4 V2Bina«-.2(V6 + 2)Bin« + 2 V^ = 0; 

whence, solving in the ordinary way, we find 

^* = -2-^^71' 

.•. The lowest values of tf are - or -, and the general solutions 

o 4 
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EXAMPLES XVI (&). 

Solve the following equi^tioius, giving the general values in 
each case. 

(1) 2 sin + 2 coseo e + 6 = 0. 

(2) cos 5 + cos 3 d + cos e = 0. 

(3) 1 + V3 tana e = (1 + V3) tan 6L 

(4) cos + V3'sin = 2. 

(5) 2 sin + sin 2 = 2 (1 + cos 0)3. 

(6) sin ^ = V2 sin ?^. 

2 



,_. /I + sin3 ^ , Vl + cos3 e ^ IT 
W V-^— +V 2 = ^^'^ 3- 

(8) 1 + cos ^ + cos 2 ^ + cos 3 d = 0. 

(9) (cos ^ + coi3 3 ^) (tan ^ + tan 2 tf ) = 2 sin 5 tf. 

(10) tan (3 a + a) + tan (a? + 3 a) = 2 tan 2 (a? + a). 

(11) V2 sin (a; - 30°) + V2 cos (a? - 30°) = ^3. 

(12) tan ^ + tan 4 ^ + tan 7 tf = tan tf tan 4 ^ tan 7 tf. 

Construct the angles (ff) for which the three following 
equations are true. 

(13) 12 tan ^ - cot ^ = 1, 

(14) tan 3^ + tan ^= 0. 

(15) sec* ^ + 5 tan2 ^ + 11 = 0. 

(16) Show that the values of ^, derived from the equation 

sin|> $ + mi q$ = 0, constitute two arithmetical progressions, 

2 V 2 v 

the common differences of which are — ; — and . 

p + q p^q 



I 2 
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CHAPTER XVir. 

EXTENSION OP THE FOEMULiE OF CHAPTEE VIII. 
TO ANGLES OF ANY MAGNITUDE. 

95. Sin (A + B) = sin A cos B + cos A sin B^ when 
A + B is less than 180^ but greater than 90^ 

Let Q X = A; Qi Q = B. From any point Qi in Qi 
draw Qi M, Qi N perpendicular to Q, O X respectively. 

Through M draw M E, M S perpendicular to Q^ N and X 
respectively. 




The angle EQiM=^-QiME = EMO = MOX=A. 

m. • /A^-R^ NQ, _ NE + EQ, MS E Q, 
Then sm (A +B) = ^^^ - — oqT" " 0Q,+ 0^,' 
_MS OM EQi OM 
■" OM'OQi OM'OQi 
= sin A cos B + cos A sin B. 
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, 96. Cos (A - B) = COS A cos B + sin A sin B, when A 
and B are each less than 180^ 

Let Q X = A, Q Qi = B, then Q^ X = A - B. From 
Qi any point in Qi draw perpendicularB Q^ M, Q^ N on Q 
produced and on X respectively. 

Erom M draw M S perpendicular to X, M B perpendicular 
to Qi N produced. 









Y 








'»^ 








.^ 


Q* 




v,^ 


^-•— ••«, 

"<I^~. 


&" 


y 




X, ■ 


s. 




^ 




/ 


N X 




M 


^ 


^ 














^ 



On '^i take S^ = S and draw M^ S^ perpendicular to 
O Xj meeting Q in M^. 

Then coe(A - B) = cob Q^ X = g-^ = —^yk . 

^ ^ , ^B _ OS-OM MB-MQi 
OQi + OQi OM-OQi'^MQi-OQi* 



OM 
OQi 

MB 



= ooB Qi M = 008 (180" - B) = - cos B. 



g-^ =BinMQ,B=BinQiON=8in(180''-A) = BinA. 

^^ = Bin M O Qi * Bin (180° - B) = sin B. 

/. COS (A — B) = (— cos A) X (— cos B) + sin A sin B 
= cos A cos B + sin A sin B. 
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97. We are now able to expand sin (A ± B), cob (A ± B), 
tan (A ± B) where A and B are angles of any magnitude. Fot 
A may he written m 180° ± C, B may be written n 180° ± D, 
where C and D are each less than 90°. ..-. C + D less than 180°. 

The reader will understand the methods by the following 
examples : — 

Example 1. — Expand sin (A + B) when A lies between 180® 
and 270* and B between 270° and 360°. 

Here A =180° + C, B = 360° - D, where and D are each 
less than a right angle. 

•'• bin A = — sin G sin B = — sin D. 

cos A = — cos C cos B = cos D. 

Sin (A + B) = sin (640° + C - D) = sin (180° + C - D) 

= — sin (0 — D) =: — sin C cos D + cos sin D 
= sin A cos B + cos A sin B. 

Example 2. — Expand 'tan (O + <f>) when 9 = nw + a^ 
= m TT — )8, a and p being each less than a right angle. 

tan (0 + <^) = tan {(m + «) ^ + a - )8} = tan (a - j8) 

tan a — tan P 

1 + tan a tan fi' 

Now tan s tan (nv + a) = tan a by § 93. 

tan = tan (in ^r — )3) = — tan )3. 

X /^ . JN tan 0+ tan ^ 

•r. tan (e + <^) = - — r — ' ■ . > 
^ ' ^^ 1 — tan • tan <f> 

Example 3. — To prove that 

sm X + Bin Y = 2 sin — - — cob — - — 

when X lies between 270° and 360°, Y between 90° and 180°. 

Here X = 360° - A, Y = 180° - B, where A and B are each 
less than a right angle. 

sin X + sin Y = sin(360° - A) + sin (180° - B) 

= — sin A + sin B 

^ A+B . B- A 
= 2 cos — 2 — • «n — y- 

now (A + B) = 540° -.(X + Y). 
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/. cos A+^ = coe(270° - ^±^) = - sin?^. by 5 90. 
and, B-A = X-T- 180^ 

'^:lA = Bin(l^-90A= - ooB^r^by §S 85. 89. 

. ^ , . ^r «.X + Y X-T 

/. am X + BUI Y = 2 sin — - — • cob — 5 — • 



sin ' 



08. All the formulaB of Chapter Ylli. can he thne extended. 
Any special case can of course be proved geometrically; for 
example: 

Prove that tan — = r when A lies between 90° and 



180° 



2 1 +oosA 




Let Q X be eqnal to A ; with as centre, and with any 
radius describe a circle Q M X, cutting X O produced in M. 

Join Q M, then the angle Q M X = -^. Draw Q N perpen- 
dicular to M. 

Now tan4=^^- ^^ 



2 ~MN MO-NO 
ON 

OQ ain (180° r- A) 

MO MO - 1 _ cos (180° - A) 
OQ OQ 

sin A 
1 -+ cos A' 
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EXAMPLES Xyil(a> 

ProTe geoxnetrically the fonnTil«B for the following ex* 
pAnsionB : — 

(1) COB (A + B) = COB A COB B — Bin A.bis B, when A + B 
lies between QO]* and 180°. 

(2) tan (A + B) = -- . .p , under the same limita- 
tions. 

(3) sin ( A — B) = sin A cos B — eoa A Bin B, when A aznl 
B are both less than 180^ 

(4) tan (A — B) = r—r-i r-r — t7» wader the aame Umi* 

^ "^ ^ ^ I + tan A tan B 

tationa 

(6) tan 4 = , ^'^^A * when A lies between 18<Pand270^ 

^ ^ 2 1 +COB A 

A B-vn A 

(6) ^t TT = , 7, when A liea between 9(f and 180^ 

^ ^ 2 1 — COB A 

Establish the formuln for the expansion of — 

(7) cos (A - B), when A lies between 270^ and 360% 
B between 180^ and 270^. 

(8) tan (A - B), when A lies between 90^ and 180% 
• B between 180P and 270^ 

(9) cos (A + B), when A lies between 18tf* and 270P» 
B between 360** and 450**. 

(10) sin (A + B), when ^ = Biir-a,B = liir + /?. 

(11) sin (A - B), when A = «ir + a» B = 2«ir - j^. 

Prove the following : — 

(12) cosA + oosB = 2coB — ^r — cos — - — , when A lies 
between 90"^ and 180% B between 270"* and 360% 

(13) sin A — sin B = 2 sin — 5 — oos — - — ^ when A lies 

JB JB 

between 180*" and 270% B between 360^ and 450°. 
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(14) ooB B — COS A = 2 sin — - — sin — - — , wlien A Iiea 
between 270° and 360°, B between 90° And 180°. 

(16) sin (A + B) + sin (A — B) = 2 sin A oos B, when 
A = 200°, B = 80°/ 



Trigonometrical Properties connecting the Angles of a 

Triangle. 

99. Many identities inTolying three angles A, B, C, oaa 
be obtained when A, B, C are the angles of a triangle ; for .they 
are then connected by the relation A + B + C = 180°, so that 



we may write A + B = 180° - C, or ^^^ = ^90 - ^^, &o. 
= sin fdQP^ ^) = ooB^ ... S 89 



A + B 

Bin 



COS —2— = oos(^90° - ^ = Bin 2 . • • »» 

Bin (A + B) = sin (180° - C) = sin C . . . § 87 
cos (A + B) = cos (180° - C) = - cos 0. • „ 

The nse of these modifications will be best understood by the 
following examples :-^ 

Example 1.— sin2A+8in2B+8in2G = 48inA8inBsinO 
where A, B, are the angles of a triangle. 

8in2A+sin2B + sin20 

= 2 sin (A + B) cos (A - B) + 2 sin C cos C 
• = 2 sin (180° - C) cos (A - B) + 2 sin C cos 

= 2 sin C {cos (A - B) + cos C} - 

= 2 sin C {cos (A - B) + cos (180** - A + B) } 
= 2 sin C {cos (A - B) - cos (A + B) } 
= 4 sin A sin B sin C. 

JSra9iipZe2.— 'COS^A4-cos^B+co8'C+2co8Aco8BcosC = l| 
when A + B + = 180°. 
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Here we have 

*ooB (A + B) = COB (180'' - C) = -ooe C, 
,*. cos A ooB B * am A sin B = - oos C, 
or. 



OOB AcosB + ooeC =8inA8inB= ^I^oob^A ^l — ooe* B ; 

aqtiaring, we get 

oofl» AocN9>B + 2ooeAooeBooBO + cob» 

= 1 - 008« A - 00B« B + 00B« A 008^ B, 

or, oofl* A + oofl* B + oos' C+2oo6Aco6Bco6C = l« 

ABO 
Example 3. — Show that sinB+sinC— 8inA=:4oo8— sin-sin-, 

when A + B + C = 180^ 

sin B + sin C ~ sin A 

_ . B + C B-0 ^ . A A 
" 2Bin— ^— oos— ^ 2 sin - cos ^ 

^28in(90--^)ooBl^-2*in^ooB^ 
Aj B-C . A) 

, A( B-C B + Cl 

^ A . B . C 
= 4coB^«n^8m-. 

Example 4. — 
Tan A+tanB+tan C = tan A tanBtanC, when A+B+CI = 180^ 

We have 

tan (A + B) = tan (180° - C) = - tan C 

• tan A + tan B _ _ x^ p 

1 - tan A tan B " ^ ' 

whenoe, multiplying up, we obtain the required result* 
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EXAMPLES XVII (h). 

Froye the following identities, when A, B, C, are the angles of 
a triangle. 

(1) cosA + co8B + cobC = l + 4sin -sin — sin—, 

,^, A B ABC 

(2) cot - + cot - + cot -= oot - cot - cot -. 

ABC 

(3) cosA + cosB — cobC = 4co8— cos -sin- — 1. 

2 2 2 

(4) tan ~ {sin A — sin B + sin C} =4 sin 77 sin — sin — . 

2 2 2*2 

(6) sin2 A + sin« B + sin^ C 
= 2 sin BsinCcos A+2sinC sin A cos B+2 sin A sin B cos C. 

(6) cot A + cot B + cot C 

= cot A cot B cot C — coseo A oosec B coseo C. 

(7) cosA+cos B+sin C = 4coe (45°-^) cos (45°-?) sin ^. 

(8) cos - + cos - + COS - 

/1«0° - A\ /I80° - B\ /180° - C\ 
^4cos(_^— jcos(— ^p-jcc8(-^— > 

(9) cos A + sin B + sin C 

• =4coBfcos(45°-|)cos(46°.f).l. 

(10) sin (A + 2 B) + sin (B + 2 C) + sin (C + 2 A) 

..A-B.B-C.C-A 

= 4sm — ^ — srn — ^— sin — —. 

(11) sin^ A + sin? B + sin^ C =« 2 + 2 eos A cos B cos C. 

(12) cos A cosec B.cosec C + cos B coseo C coseo A 

+ cos C cosec A cosec B = 2. 

(13) eot A + -.-^A^ = cot B + ^^. 
^ "^ Bin B sm C sin C sin A 

(14) If in a triangle sin C = 2 cos B sin A, prove that it is 
isosceles. 
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CHAPTER XVIIL 
POBMUL^ FOB THE DIVISION OF ANGLES. 
100. To prove that 
A 



2 Bin ^ = ± VI + sin A + VI - sin A. 



2oos^= ±Vl + slnA7VI-B^A. 

A A 

We know that an' - + ooe« ^r = 1, 
2 2 

A A 

also that 2 sin — oob -^ = Bin A ; 

2 J 

A A A A • 

adding, sin' — + 2 gin — cob— + cos* — = 1 + sin A, 



. A . A 



whence ain -^ + ooe ~ = ± ^ 1 + sin A . • • (1) 

subtracting, sin' —- — 2Bin--oos~ + cos* — = 1 — sin A, 

A A A A 



whence sin -^ "- <x» o" = i V^T^-'sinrA . . (2) 



adding (1) and (2), 



^ 

2 sin — = ± Vl + sin A ± ^1 — sin A, 



subtracting (2) from (1), 



^ 

2 cos — = ± Vl + sini qp Vl — sin A. 



FORMULiB FOR DIVISION OF ANGLES. 125 

101. * In order to find out which signs to give to the right- 
hand members of these expressions, we may proceed as follows : — 

If the limits between which A must lie are given, we know 
fhe sign of sin f -^ + 45° j ; therefore we also ]aiow the sign which 

must be given to ^1 + sin A. Similarlywe can find the sign 

of j^l » sin A, which is the same as that of sin f -^ » 45° J, 



Eocample 1. — Show that 2 cos — = j^{l + sin e) — V(l — sin O) 

when & lies between -jr- and -;r-. 

Here 17 + 7 ^^ between -^ and 3 tt, 

TT - 6 TT 

"2 -4 " ^"^ " "2"' 

Between these limits sin f — + •j) and sin I- — - j are both 

'd 6 Q 

positive. Therefore sin — + cos — and sin — — cos — have posi- 

tive values. 

^ Q 

••., sin — - + COB — = i/1 + sin e. 



sin — — cos— = ij\ — sin 9. 
2 2 

Subtracting, we obtain the required result. 

A 

Eosample 2. — Determine the limits between which — must 

2 

lie in or^er that 



2 sin — = ^(1 + sin A) — j^(l — sin A). 
2 
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DIVISION OP ANGLES. 




Here we maj aigne simply as 
A foUowB:— 



sin -- + cos ~ =; VI + sitt A* 



sin-^ - cos— ss — Vl — MBL A. 

So the sign c^ the right-hand 
side depends on cos — ; it. is 

A 

posltiYe when cos — is positive^ 

negative when cos -^r is negative. Therefore cos — mnst be 

A 
positive and greater than sin —• 

Jd 

This is only the case when the bounding line of the angle 

lies between the bisectors of the first and fourth quadrant, 

viz. when — lies between n-SeO"* + 46° and n. 360''— 45°, where 

JL 

n is any integer. 



EXAMPLES XVni. 

(1) Given A = 830°, find sin 4 

(2) Evaluate cos 202 J°. 

(3) Find the sine and cosine of 101° 15'. 

Find sin A and cos A in terms of sin 2 A when 2 A lies 
between 

(4) .90° and 270°. 
(6) 270° and 450°. 
(6) 990° and 1170°. 
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(7) - 630^ and - 720°. 

(8) - 460° and - 640°. 

(9) - 720° and - 810°, 

A " 

Within what limits mnst — lie in the following cases :— 

(10) 2C0B-- = VI + sin A - Vl - sin A. 

(11) 2 cos -jr = - VI + sin A + VI -sin A, 
. A 



(12) 28in-=!-Vl + B»nA+Vl-»>nA. 



A 
(3) Find the value of sin — in terms of sin A when A lies 



MISCELLANEOUS EXAMPLES. 

(1) Prove that cos 2 (/3 - y) + cos 2 (y - a) + oos 2 (a - ^8) 
s= 4 cos (a — ^) cos ()8 — y) cos (y — <i) — 1. 

(2) Show that 16 cos 6° cos 42° cos 66° cos 78° = 1. 

(3) Find the value < 
between 900° and 990°. 

(4) Solve the equation, cos x + cos 3 a? = ;r* * 

(6) If a tan = h^ a and b being positive and 6 between -r- 

4 

3 TT ' 

and -^y fijnd the values of sin 4 and cos -. 
Z 2 

(6) Show by a diagram that when cos $ has a given value, 

6 
008 - has two possible values. 
2 . • . 

(7) Prove that if A + B + C = 0, 

sin^ A = sin2 B + sin^ + 2 cos A bin B sin 0: 
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(8) Prove tliat tan 15° + tan 76° + tan 135° = 3. * 

(9) What values of satisfy simultaneously the following 
equations : — 

see = - 2, cot tf = -=. 

(10) Evaluate tan (45° + A) tan (135°+ A). 

7 40 

(11) Find 008 (A + B) when cos A = — , sin B = — . 

^o 41 

(12) Solve the equation, sin a + cos « = iJ2 oos x. 

O A 

(13) Given sin A = - and A between 90° and 180°, find sin -. 

o 2 

6 7 

(14) The cosines of two angles of a triangle are — and — 

Id Ao 

respectively ; find the tangent of the third angle. 

(15) Show that cos 12° + oos 108° + oos 132° = 0. 

(16) If tan A be given, and a and a! are the corresponding 
values of tap — , show that aa^ - — 1, 

(17) Solve the equation, 

sin (x + *a) + oos (» + a) = sin (a; — a) + cos (a; — a). 

(18) If A + B + C = 0, then 

• oot A + cot B + cot C = cot A cot B cot C — cosec A cosec B cosec C. 

(19) Prove that cos f + ^ j - cos Te + -^ = j/ScobB. 

(20) Trace the chants in sign and magnitude of sec 2 A as 
A varies from to 270\ 

\(21) When A + B + C = 90°, show that 

tan A tan B + tan B tan C + tan C tan A = 1. 

(22) If sec tf tan $ = 2 ^3", find $. 

(23) Prove that sin 2 (^ - y) + sin 2 (y - a) + sin 2 (o - ^) 
= — 4 sin (j8 — y) sin (y — a) sin (a — ^). 

(24) Determine the correct signs in the formula for finding 

sin-— when A lies between 810° and 990°. 
2 
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(25) If A + B + C = 0, then 

CAB 
8in(B + C) + 8in(0 + A)-Bm(A + B) = 4 sin - coe - oos -. 

It It £t 

3 24 

(26) Given, in a triangle, sin A = -, oos B = ;r-, find oob C. 

o lo 

(27) If cos a d + 008 5 d = 0, show that the varions possible 
values of 6 form two Arithmetical Progressions. 

(28) If A and B are acnte angles whose sum is greater than 
90°, show that tan A tan B > 1. 

(29) Show that 

sin 66° sin 6° + cos 48° oos 12° + oos 76° cos 15° = 1. 

(30) C and D are points on a circle on the same side of the 
diameter A B. Prove that AC • BD + AB -CD = ADBC. 

(31) if A + B + C = 180°, then 

^ 180° + A ^ 180° + B . , 180° + B , 180° + 

cot :; cot 1- cot cot ■- 

4 4 4 4 

. • , 180° + C , 180° + A , 

+ COt ;; cot = 1. 

4 4 

(32) Solve the equation, 

008 4 e + 2 oos — COS — = cos e. 

Il I 

aA3 — 1 

(33) Trace the changes of sign in sin a; + — — oca a, 

It 

where x varies from 0° to 360°. 

24 

(34) If sin A = - — , and A lies between 270° and 360°, find 

A A 

sin — and ooq -jr. 

A li 

(36) Show that 
ta^ (^mir + ^j + tan (^n IT + ^j + tan ^rir + -^j = 3, 

m, n, r, being integers. 

(36) If A + B + C = 0, prove that 
tan(A-C)+tan(B-C)+tan3C = tan(A-C)tan(B-C)tan3C. 

(37) If A + B + C = 0, prove that 

oos^ A 4- cos2 B - cos^ C = 1 + 2 sin A sin B cos C. 
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(38) Trace tlie changes in value of -— as varies 

1 T" cos 

from (2 n + 1) TT to (2 n + 6) IT. 

(39) Prove that if A + B + = 720% 

sin — + sin — + Mil "o = 4 sin — sin — sin —• 
J is iS 4 4 4 

(40) If a sin^ os + bsinfl^cosfls + c cos* a: = d, 

and tan 2x = , 

c^ a 

show that 6* ^ (c - a)2 = (2 d - a - cf. 

(41) If sin (a — ^), sin a, and sin (a + jS) are in Harmonical 
Progression, prove that sin* a = 2 cos* ^. 



(42) Find the least value of "^.^.t^Jl + ^^ ~ "° A 

Vl — sinA Vl+8inA 
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PART IV. 



CHAPTER XIX. 
LOGAEITHMS. 
102. Given the following table : 

21 = 2 2« = 64 2" = 2048 2i« = 65536 

22 = 4 2^ = 128 2" = 4096 2i» = 131072 
2? = 8 28 = 256 213 ^ 3192 21^ = 262144 
2* = 16 2» = 512 21* = 16384 2i» = 524288 
2» = 32 210 = 1024 2" = 32768 22® = 1048576 

We can perform the multiplication of any powers of 2 within 
these limits hj addition only, division by subtraction only, 
raising to a given power (or involution) by multiplication, 
extracting a root (or evolution) by division. 

Example 1. — Multiplication. 

8 X 256 X 512 = 2^ x 2^ X 2» = 23 + 8 + »= 220 = 1048576. 

Eoeample 2. — Division. 

524288 -4- 2048 = 2i» 4- 2" = 2i»-ii = 28 = 256. 

Example 3. — Involution. 

86 = (23)6 = 23'*«= 218 = 262144. 

Example 4. — Evolution. 

V32~768 = V215 = 2* = 2^'= 8. 



K 2 
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EXAMPLES XIX (a). 
Using the table given above find tbe values of tbe following. 

(1) 624288 -T- 612. 

(2) V"262r44, 

(3) 612 X 131072 -f- 16384. 

(4) (262144)*. 

(5) V 16384 X 262144. 



(6) V2'* X 21* X 2« X 2i» ^ 2i«. 

(7) Assximing that money put out at oomponnd interest 
doubles itself every 16 years, find the value 240 years hence of 
6 shillings so invested. 

(8) A blacksmith suggests charging one farthing for the 
first nail put in a horse's shoes, one halfpenny for the second, 
one penny for the third, twopence for the fourl^, and so on, 
doubling the amount for each successive naiL What would be 
the charge for the nineteenth nail ? 



103. The extension of the above processes to all numbers 
is the object of logarithms. 

The calculated tables which enable us to apply them to 
practical purposes are called Logarithmic tables. 

104. Definition, — If a' = m, x is called the logarithm of m 
to the base a ; in other words ** the logarithm of a number to 
a given base is the index of the power to which that base must 
be raised to make it equal to the number." 

This is written x = log^ m. 

Note 1. — The logarithm of unity to any base is 0. 
For a* = 1 
.•.log.l=0. 
whatever a may be. 

Note 2. — The logarithm of the base is unity. 
For a^ = a 
.-.log. a = 1. 
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Example 1. — Find the logaritlmi of 243 to base 3. 
Here 3* = 243 = 3» 
/. a? = 6. 

Example 2. — Find log4 2. 
That is find the logarithm of 2 to the base 4. 
Here 4* = 2 
or 2*- = 2 

/. 2 » = 1, or a? = -. 

Example 3. — ^Find log2^256, that is, the logarithm of 256 to 
the base 2^2^. 

Here (2V2)' = 256 

or (^2*)' = 256 

thatifl2'«' = 2» 

3 a; . 16 

3 
Example 4. — Find the base when log 8 = - ; 

Q 

that is when the logarithm of 8 is ;r 

S 

Here a^ = 8. 

.-. a? = 8» = V"8^ = 4. 
Example 5. — ^Find the base when log 24^3 = 3. 
Here x^ = 24V''3 

. X = (24V'3)^= (8/27)* = 2V'3. 
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EXAMPLES XIX (h). 
Find the logarithmfi 

(1) to base 2 of 8, 32, 256, 512. 

(2) to base 3 of 9, 81, 729. 

(3) to base 4 of 8, 16, 32, 128, 512. 

(4) to base 2^2 of 2, 16, 64, 128, 512. 

(5) to base 3/3 of 3, 27, 81, 243. 

Find the base when — 

(6) log 9 = 2. 

(7) log 27 = I 

(8) log 8 =2 

(9) log 125 = 6. 

(10) log 144 = 4. 

(11) log /7 = i. 

(12) log 2 = |. 

(13) log 9 = 1-5. 



105. Theorem 1. 

The logarithm of the product of two or more nnmbers 
is equal to the sum of the logarithms of each of the 
numbers. 

(1) Let there be two numbers m and n, and let a be the base. 
We have to show that 

log. TO » = log, TO + log, n. 

Let m =^ a'^n = a^ .\ mn = a■*^ 

then by the definition of a logarithm 

loga m n = X + y = log. m + log, n. 
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(2) If there be more than two factors in the product, 
as OT, n, p — 

log. mnp = log. (mn) X p ^ log. mn + log^p by (1) 

= log. m + log, n + log. p. 

In the same way the theorem can be extended to any number 
of factors. 

106. Theorem 2. 

The logarithm of a quotient is equal to the logarithm 
of the numerator minus the logarithm of the denomi- 
nator. 

Let — be the quotient, a the base ; we have to show that 
n 

log.^ = log.«-log.«. 

.Let w = a", « = o^ .-. — = (f-^ ; 

n 

then, by the definition of. a logarithm^ 

lOga — = X - y = lOga m - lOga XL. 

So we should have 

log.— - = log. m n-log.|)2 = ^og« «»+log« »-logi.i>-log. q. 
pq 

107. Theorem 3. 

The logarithm of any power of a number is equal to 
the logarithm of the number multiplied by the index of 
the power. 

Let m be any number, a the base ; we have to show that 

log. mr = r log; m. 

Let m = a' ; 

raise each side to the power r, and where r is perfectly unre- 
stricted in sign or magnitude ; . 

.*. to'' = a**; 

.*. by the definition of a logarithm 

loga m' = p X = r loga m. 
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Exafi^le 1. — Simplify 

101og.| + 7log.^ + 41og.| 

10 log. I = 10 log. 3 -10 log. 2 (1) 



2 

18 



7 log. 4 = 7 log. 6 - 7 log. 18 

= 7 log. 6 - 7 log. (2 X 3«) 

= 7 log. 6 - 7 log. 2 - 14 log. 3. . (2) 

48 
4 log. 55 = 4 log. 16 X 3 - 4 log. 6» 

= 4 log. 2* + 4 log. 3 - 8 log. 6 
= 16 log. 2 4- 4 log. 3 - log. 4 . . (3) 
adding (1), (2), and (3) 

10 log. I + 7 log. A + 4 log. g = (10 - 14+4) log. 3 

+ (_ 10 _ 7 + 16) log. 2 + (2 + 7-8) log.5 
= - 1(^ 6 - log; 2 = - log. 10. 

Example 2. — ^Express iii elementaiy form 
(the base, being the same throughout, is immaterial). 






= 2 {^^S a + log** - log (a-6) - log c^} 
= ^{loga + 3log6-log(a-6)- 51oge}. 



2 

Example 3.— Given logio ^ = '30103 and logjo 3 = -4771213, 
find the logarithm to base 10 of /^/tke* 
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Here 

= |{log3»-log2»} 

= i {6 log 8 - 7 log 2} 

= i {2-3856065 -2-10721} 

= i of -2783965 
= '0927988. 

108. Theorem 4. 

To find the relation between the logarithms of the same fmmher 
to different bases. 

Let m be the xiumber, a and h two bases ; it is required to 
find the relation between log^, m and log^ m. Denote them by 
X and y respectively, then a* = 6^ = m, 

.-. X = log. »i, y = logb m 
Now, Eince a* = 6* 

••• ^ = io&^; 

. .'. « = y log. 6, 
that is loga m = log|^ m x log. b ; 

similarly log,> m = log. m X log,> a. 

Example 1. — Find the relation between the logarithm of a 
number to a base, and the logarithm to the base i*aised to any 
power, i.e,, find the relation between the logarithm of m to the 
base a and the logarithm of m to the base a\ 

Here 

log. m = logj m X 1(^. a" 

= logj TO X r log. a 

= r logjf m (since log. a = 1 as in § 104). 

Thus logio w = 3 logjooo ^ 
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Example 2. — To show that 

log, h X logb c X logo a = 1. 
Let log, 6 = a?, log^ c = y, log; a = ». 
. • . h = <f, e = l^f a = (f. 
Now e = 1^ = (^a'y = a■^ 

so' a = if = (ar^y = a"*", 

• ' . xy z Si 1» 



EXAMPLES XIX (c). 

Express the following logarithms in their most elementary 
form. 

(1) log an* (6) log 225. 

(2) log «•/«-. (7)logV.72. 



(3)log^i^. (8) log J ^441 

(4)logy^'. Wlog( 

. («'-«')* (10) log^; 



2 45 X 128 X 81 > 
121 X 143 ) 



(6) log' 



3^138^ 



r ^ ^'01 



Given logio2 = -30103, logi,3 = -4771213, lo§io7 = -8450986, 
find tiie logarithmB to the base 10 of the following. 



(11) 128. (19) 

(12) 252. V "7= 

(13) 294, '^ 



</i2- 



(14) 3-6. (20) y7-2 X 3V7 
(16) 124-4. ^ -7 X 2/2* 

(16) V2i6. (21) 3 ^ 60». 

(17) /49 (22) tan 60°. 
->yjg- (23)00800 45°. 

(18) /22-4- (24) ^'60°. 
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CHAPTEE XX. 
LOGAEITHMS— con/tntte(i. 

109. Common Logarithms, or those in ordinary use, are 
oaloulated to the base 10. 

Note, — ^When no special mention is made of the base it is 
assumed to be 10, thus log 7 means logjo?. 

110. From the following table it is' clear that all powers 
of 10 have integral logarithms, and that sDccessive powers 
of 10 which are in Geometrical Progression have logarithms 
which are in Arithmetical Progression. 

log 10000 = log 10* = 4, 
log 1000 = log 103 = 3, 
log 100 = log 102 ^ 2, 
log 10 = log 101 = i^ 
log 1 = log 10« = 0, 

log — = log 10-1 == _ 1^ 
^"^i^ =logl0-3=-3, 

111. Any number therefore which is not an exaot power 
of 10 must have a logarithm intermediate in value between 
the logarithms of the powers of 10 between which it lies. For 
examf)le, 157 lies between 10^ and 10^, therefore its logarithm 
must be 2 + some fraction. This fraction is calculated in 
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Mathematical Tablen to soYen places of decimals and is 
obviously only an approximation, as no power of 10 is equal to 
157 exactly. 

112. Definition. — ^The inlegrdl part of any logarithm is called 
the oharacteristic^ the decimal part the mantissa. 

113. ^ OUT work we often come across a negative logarithm : 

for instance, log - = log 1 — log 2 = - '3010300. But it is 

fonnd convenient always to make the mantissa positive^ 
and to have a negative characteristic if necessary : 

thus - • 3010300 = - 1 + • 6989700, which is writteni • 6989700, 

so- 2 -4982753 = - 3 + -^017247, which is written 3"- 5017247. 

114. The characteristic can always be determined by 
inspection. 

1. When the number is greater than unitff, suppose the in* 

tegral part of it has n figures, then it lies between 
10" ~* and 10"; so its logarithm lies between » — 1 
and n. That is, the characteristic is n — 1, *or one 
less than the nnmber of figures in the integral 
part of the given number. 

2. When the number is less than unity^ suppose it a decimal 

with n cyphers immediately following the decimal 

point, then it must lie between -— and ^^^ that is, 

between 10" "and 10-<"+^ Therefore the logarithm 
lies between — n and — (n + 1), and is — (» + 1) + 
some fraction ; so, remembering § 113, we see that the 
characteristic is negative and greater by unity than 
the nnmber of cyphers at the beginning of the 
decimal 

Examples. — The characteristic of the logarithm of 2734*257 
is 3, and the characteristic of the logarithm of * 0000368 is 5. 

115. The mantissa of a logarithm depends only on 
the sequence of figures contained in the given numberi 
and not at all on the value which those figures represent : thus 
the logaritl^ms of 2583400, of 25-834, of -00025834, 'have all 
the same mantissa, and differ only in their characteristic. This 
will be made clear by the following theorem. 
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lie. Theorem.— When the logarithm of any number is 
given, we can determine the logarithm of the same number 
mnltiplied or divided by any power of 10. 

Let N be the number, and let log N = a. 

Then log (N X 10") = log N + log 10* 

=: a + m, 
log (N -f- lO') = log N - log lO' 
= a — p. 

We see, therefore, that if we multiply or divide a number by 
an integral power of 10, the mantissa will remain unaltered, 
and there will only be a dliange in the characterifitio. 

Example 1.— Given log 2 = '30103, find log 20000 and 
log '00002. 

log 20000 = log (2 X 10*) 

= log 2 + 4 log 10 
= log 2 + 4 
. = 4 '30103. 
log '00002 = Jog (2 -1. 10?) 
= log 2 - log 10*^ 
= 6-30103. 

Example 2.— Given log 6606-8 = 3-8133676, find log 66-068. 
66-068 = 6606-8^100. 
.-. log 65-068 = log 6506-8 - log 10^ 
= 3-8133676 - 2 
= 1-8133676. 

117. In Mathematical Tables the digits of the mantissee 
alone are given, and we mnst supply the characteristic. For 
instance, in the tables we find opposite the number 69391 the 
figures 7737206, which means that the mantissa is - 7737206 ; 
but the number lies between 10000 (10*) and 100000 (10*). 
.-. the characteristic is 4. .-. log 69391 = 4-7737206. 

118. When a logarithm with negative characteristic has 
to be divided by a number which is not an exact divisor of the 
characteristic, we have to proceed as follows in order to keep 
the characteristic integral : — 
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StippoBe the logarithm 2*30103 has to be divided by 7. 
Write it - 7 + 6*30103, and then perform the divisidn. This 
gives 



or, 







-1 + 


•76729, 


» 




T- 76729. 


Examjples 
We find 


.—Find 


log 6 


= -7781613. 






.% log -6 


= 1-7781613. 




log4/-6=ilog-6 


T- 7781613 
5 








-6 + 4-7781613 
" 5 








= 1-9666302. 


From the tables 
•028804. 


we find that '9666302 is the lo| 




• 
■ • 


1-9566302 


= log -9028804. 






.-. ^"6 = 


•9028804. 



EXAMPLES XX. 

(1) What are the characteristics of the logarithms of 287 • 5, 
•269, -0037, 2-63, -00046, 38, lOt, ^3896, 4^(687)3. 

(2) Subtract 2-83472 from 4-10427, and divide each of them 
by 6. 

(3) Multiply 3-2698106 by 4, and divide the result by 9. 

(4) Given log 16 • 662 = 1 • 1946698, write down the logarithms 
of 156250. 1565-2. -0015652, ^, and ^. 

• (6) Given log -040673 = 2-6082371, write down the 

logarithms of 40673, ^40673, V 405 -73, ,^\„^ , and ^ _ . 
^. ^ '40-573' ,5/4-0573 
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Given log 3 - '4771213, log 4 = -6020600, log 7 =» '8450980, 
log 11 = 1-0413927, find the logarithms of 

(6) -21. (14) 4 ^"oi: 



(7) '077. 



6 



(8) '22. (16) . /-4L=. 

(9) '016. ^ ^1*' 
(10) -00231. (16) Bin 46°. 
(11)-^. (17) tan 30°. 

VI -1 (18)008 30°. 

g 

(12) --==. (19) Vsin 30° sin 60°. 

V~4~ fon\ .V cot60°ta£'30^ 

(13) ^j=. (20) V ^450 ' 

Given the same four logarithms, find x in the following 
cases to two decimal places : — 

(21) 3« = 7. (23) 4*-- = 21»*-. 

(22) 11*-* = 12*. (24) 3«- X 6»-* = 7*-* X ll'"'. 
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CHAPTEK XXI. 
EXPLANATION OF MATHEMATICAL TABLES. 

119. It will be assmned throngliont the present cliapter 
that when a nnmber is increased by a small quantity the 
increase of the logarithm is proportional to the increase 
of the nnmber. For instance, that if the logarithm of 22613 
is 4*3543582 and that of 22614 is 4-3543774, the logarithm of 
22613*5 will be midway between these two valaes, viz. 
4*3543678. This is called the Principle of Proportional 
Parts. 

The proof requires the application of methods beyond the 
scope of this book. 

120. Trigonometrical Eatios are numbers, therefore their 
Ic^arithms follow the ordinary rules of other numbers ; but as 
all sines and cosines and many tangents and cotangents are less 
than unity, and therefore have their logarithms negative, it is 
usual to add 10 to them and they are printed in the Tables in 
that form. 

The symbol L is used for any logarithm with 10 added, thus 
L sin 20"" means 10 + log sin 20 . In the Tables we find 
L sin 20°= 9-5340517; , 

.-. log sin 20° = 9-5340517 - 10 = - -4659483. 

121. Ii^ Books of Tables the logarithms of all the natural 
numbers are given from 1 to 99999 and logarithms of trigono- 
metrical ratios of the angles between 0° and 90° increasing by 
a diflFerence of 1' ; thus log 87663 and L sin 35° 41' can be found 
directly. These logarithms are calculated to 7 places of decimals. 
Such books also contain the actual values Tcidled the ** natural 
values") of the trigonometrical ratios of all angles from 0° to 
90°: we can look out in them, for instance, the value of the 
cosine of 13° 27', and find it to be -9725733. 
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Explanations of tho Tables are always given in the books 
themselves, so we give here examples only of the four principal 
purposes for which they are used. 

122.. (1) To find the logarithm of any seven figured 
number. 

Find log 4436728. 

From the tables 

log 4436700 = 6-6460601 

log 4436800 = 6-6460699 

diflference for 100 = -0000098 

Let difference for 28 s x 

then = 

•0000098 100 

whence a? = '0000027, 

,-. log 4436728 = 6-6460601 

+ '0000027 

= 6-6460628 

Note, — The work is entirely independent of the position of 
the decimal point in the number. Thus, had we been asked to 
find the logarithm of 44-36728 we should have proceeded as 
above quite regardless of the decimal point, and made the 
characteristic in the result 1 instead of 6. If we had been 
asked for the logarithm of -004436728 we should similarly have 
found it to be 3-6460628 (see § 114). 

123. (2) Find the number corresponding to the 
logarithm 3-7678642 (a) 

From the tables 

log 5859'5 = 3-7678606 . . . (J3) 
log 5859 -6 = 3-7678680 
difference for • 1 = -0000074 
„ a?= '0000036 

X being the difference between the number required and 6859 • 5 
and '0000036 being found by subtracting (fi) from (ct). 

•IX -0000036 

,-. X = ■■ — =• '048: 

'0000074 

.-. the number required = 5859-5 

+ -048 
= 5869-548 
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124. ApplicaUons of these two methods. 

(a) Find approximately the fifth root of 2639147. 

Using tables, we find log 2639147 = 6-4214635. 

.-. log V 2639147 = i (6-4214636) = 1-2842927. 

Then, as in § 123, we find that the number whose logarithm 
is 1-2842927 is 19-24388; 

.-. V 2639147 is 19-24388. 

(/}) Find y^. 

We find log -07 = 2-8460980; 

.•• log Ip^ = j (2-8450980) 

= |("7 + 5-8460980) 

= r- 8360140. 

Then from the tables we find thatl * 8350140 is the logarithm 
of -6839337; 

.% y^^= -6839337. 



(1) Given 



find 



(2) Given 



find 



(3) Given 



find 



(4) Given 



find 



EXAMPLES XXI (a). 

log 96513 = 4-9845858, 

log.96514 = 4-9845903, 

log 96513-36. 

log 40621 =4-6087506, 
log 40622 = 4-6087613, 
log 40621-27. 

log 2-3778 = -3761753, 

log 2-3779 = -3761936, 

log 237-7864. 

log -31710 =1-5011962, 

log -31711 = 1-5012099, 

log -03171058. 
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(5) Given 



find 



(6) Given 



find 



(7) Given 



find 



(8) Given 



find 



log • 063516 = 2-8028831, 

log -063517 = 2-8028900, 

log 6-351672. 

log 79-564 = 1-9007166, 
*diff. = 55, 

log -007956464. 

log 8-5782 = '9333962, 
diff. = 50, 

log 8578-236. 

log 1564-5 = 3-1943756. 
diff. = 277, 

log -1564586. 

Find X in the following six cases (to 7 significant figures) : — 
(9) log X = 2-5650732, given log 36734 = 4-5650682, 

log 36735 = 4-6650800. 

given log 868-11 = 2-9385748, 

log 868-12 = 2-9385798. 

given log -46710 =: 1-6694099, 

log -46711 = 1-6694192. 

given log 18190 = 4-2598327, 
log 18191 = 4-2598566. 

(13) log X = '1437829, given log '013924 = 2-1437640, 

diff. = _ 312. 

(14) log X = 3-7243875, given log -53014 = 1-7243906, 

diff. = 82. 

(15) Given log 8-5762 = -9332949, 

log 5-5519 = -7444416, 
log 5-5518 = -7444338, 
find the number of figures in the value of (857 62)^^, and cal- 
culate ( - 00085762)12 to 7 places of decimals. 
(16; Given log 299 = 2-4756712, 

log 300 = 2-4771213, 

log 2 = -30103, 

m 
find the nearest integers to the value of 2a>. 

* Means that the difference between log 79564 and log 79565 = -0000055. 

L 2 



(10) logo; = 1-9385782, 

(11) log a? = 1-6694125, 

(12) log a? = 3-2598372, 
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(17) What will £1000 amount to if put out at compound 
interest for 10 years at 4 per cent. ? 

Given log 1-04 = -0170333, log -14802 = 1-1703204, 

log -14803 = 1-1703497. 

(18) Wliat is the compound interest on £10,000 for 12 years 
at 5 per cent. ? 

Given log 105 = 2-0211893, log 1-7958 = -2542580, 

log 1-7959 = -2542822. 

(19) Given log 2 = -30103, log 103 = 2-0128372, find how 
many years will elapse before a sum of money doubles itself at 
3 per cent, per annum compound interest. 

(20) Given log 3 = -4771213, log 62403 = 4-7952055, 

log 1-38 = -1398791, log 62404 = 4-7952124, 

find the value of v/ —= — . 



125. (3) To find the logaritlimB of the Trigono- 
zxietrical ratios of any angle.* 

(a) To find L sin 42° 31' 47". 
From the tables — 

L sin 42° 31' = 9-8298212 
L sin 42° 32' = 9-8299589. 
.-. difference for 1' or 60" = -0001377, 
.-. difference for 47" = |J of -0001377 

= -0001079. 
L sin 42° 31' 47" = 9*8299291. 

()S) To find L cot 37° 28' 33". 
As before, from tables we find — 

difference for 60" = -0002616. 
.-. difference for 33" = |^ of -0002616 
;= -0001439. 

* Note that sines, tangents, and secants, and therefore their logarithms, 
increase as the angle increases; cosines, cotangents, cosecants, and their 
logarithms, decrease as the angle increases. 



TABLES. 149 

So L cot 37° 28' being 10-1155428 

subtract for 33" •0001439 



Loot 37° 28' 33" = 101153989 

126. (4) Given the logarithm of a Trigonometrioal 
ratio^ find the corresponding angle. 

(a) Find the angle which corresponds to the logarithmic 
tangent 9-8941987. 

• From the tables we find — 

Ltan 38° 5' = 9-8941114; diff. for 1' = •0002601. 
but L tan 38° 5' a" = 9 • 8941987 



difiF. fora?" = -0000873 



... a- = ?IL X 60" = 20": 
2601 ' 

••. the required angle is 38° 5' 20". 

(P) Find the angle which corresponds to the logarithmic 
cosine 9-9428976. 

From the Tables — 

L cos 28° 44' = 9-9429335; diff. for 1' = - -0000693 
but L cos 28° 44' «" = 9-9428976 



diff. for a" = - -0000359 



... . = ||x60"=3r; . 
.-. the required angle is 28° 44' 31". 

127- Natural Sines, Cosines, &c., are the values fur- 
nished in Mathematical Tables of all Trigonometrical Batios of 
angles between 0° and 90°, ascending by a difference of 1'. 

These values are approximations given correct to 7 places of 
decimals, except in the isolated cases which can be expressed 
as terminating decimals. 

Eieample. — sin 30° = ^ = '5, 

COB 30° = 4^ = -8660254. 
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The principle of Proportional Parts holds for the natural 
Trigonometrical Ratios, and enables ns to find the angles correct 
to tenths of secondA, when the values of the Hatios are given or 
vice verBd. 

Example 1.— Find sin 36° 14' 43-5". 
From the tables — 

sin 35° 14' = .6769076 
sin 35° 16' = -6771462 
/. difference for 60" = -0002376 
.-, difference for 43-6" = *|^ of -0002376 

=t -0001722. 
.-. Bin 35° 14' 43-5" = -5770798. 

Example 2.— Given the natural cosine of an angle to be 
-3246671, to find the angle. 
From the tables — 

COB 71° 3' = ^3247429. {^flf-j;-,f 
COS 71° 3' a?" = -32 46671 
diff. for x" = - -OObi^^S' 
1758 



2761 



X 60" = 38-3". 



.'. the required angle is 71° 3' 38-3". 



EXAMPLES XXI (&). 

(1) Given L cos 53° 48' = 9-7712976, 

L cos 53° 4a' = 9-7711249, 
find L cos 63° 48' 46", 

(2) Given L sin 22° 29' = 9-6826345, 

diff. for 1' = 3062, 

find L sin 22° 29' 36". 

(3) Given L tan 38° 11' = 9-8956719, 

diff. for 1' = 2600, 

find L tan 38° 11' 27", 
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(4) Given L cosec 42° 32' = 10-1700411, 

L cosec 42° 33' = 10-1699034, 

find L oosec 42° 32' 15". 

(5) Given L cos 81° 20' = 9-1780721, 

difiF. for 1' = 8296, 

find L cos Sr 21' 50". 

(6) Given L tan 61° 24' = 10-2634301, 

diff. for 1' = 3006, 

find the angle whose logarithmic tangent is 10*2636209. 

(7) Given L cot 30° 16' = 10-2339051, 

L cot 30° 17' = 10-2336149, 

find the angle whose L cot is 10 * 2337594, 

(8) Given L sin 72° 40' = 9-9798158, 

diff, = 394^ 

find the an^e whose L sin is 9-9798348. 

(9) Given cos 55° 20' = -5688011, 

cos 55° 21' = -5685619, 

find cos 55° 20' 25". 

(10) Given cosec 18° 4' = 3-2245230, 

diff. for 1' = 28727, 

find cosec 18° 4' 10". 



(11) Find the value of \/ ^^^-^, where 
^ -^ V 8in ±> 

A = 42° 14' 32" . L sin 42° 14' = 9-8274671 • 

L sin B = 9-3985762 . L sin 42° 15' = 9-8276063 • 

log 16386 = 4-2144730, 

log 16387 = 4'2144995. 



(12) Find the value of ^16 cos^ A, given 

A = 11° 37' 18" L cos 11° 37' = 9-9910119 

log 2 = -30103 diff. for 1' = 260 

log 24852 = 4-3953613 
diff. for 1 = 175 
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CHAPTER XXn. 

PK0PEETIE8 CONNECTING THE TEIGONOMETRlCAIt 
BATIOS OP THE ANGLES OP A TEIANGLE WITH 
THE SIDES. 

K.B.— In all oases the lengths of the sides opposite the angles A, B, C, are 
denoted hja^htt. 

128. !• In any triangle the sides are proportioiial to 

the sines of the opposite angles : i.e. -. — ^ = -:— ^ = -: — —. 
^^ ^ ' bulA smB «inC 

Fig. 2. 





Prom one of the angrtlar points, A, of a triangle A B C» dra^w 
A D perpendicular to B C, produced if necessary. 

Then AD = AC8inACD» 

also AD = ABBinABD. 

.*. A C sin A C D = A B sin A B D, 

that is 5 sin C = e sin B 

(since A C D is C in Fig. 1, and the supplement of C in Pig. 2). 

h e 

sin B " Bin C 
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In a similar way, by drawing a perpendicular from C on the 
opposite Bide, we can show that 



sin A 
h 



sin B' 
e 



sin A siu B sin G 

If the triangle has a right angle at C, as in 
Fig. 3, it is obvions that 

sin B = -, and sin A = -. 
c c 



e = 



sin B sin A' 



which is the same result as (a), since in this 
case sin = 1. 

The theorem is therefore universally proved. 




129. n. In any triangle ABC, show that 

a = b cos C + c cos B • . . • (fi) 
b = c cos A + a cos O .... (7) 
G = a cos B + b cos A .... (S) 

Using the figures of the preceding section, we have — 
(1) When C is an acute angle 

BO=BD+Da 
but BD ^ DC 



-Y- = cos G 




= cos B; 



/. a = 6 cos + ^^ cos B. 
(2) When G is an obtuse angle 

BC = BD-CD, 



but 

BD 
c 



CD 

= cos B, -r- = 00s AG D = cos (180° - G) = - cos 0; 

.•. G D = c cos B, and .•. G D = — 6 cos G. 
.-. a =? c cos B + b cos C* . 
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(3) When G Ib a right augle, 

BC = ABcobB, 
or, a =: e oos B, 

= c cos B + ^ COB C ; 
since cos C = cos 90° = 0. 

The theorem therefore holds nniversally. 
In a similar way, by drawing perpendiculars from B and C 
on the opposite sides, formid» (y) and (3) can be proved. 

130. These last results, and many others, can be deduced 
at once from the relationa 



h 



(a) 



sin A sin B sin C ' * * 

(1) To deduoe 

a = bco6C + cooeB, 

we know that 

sin A = sin (B + C), 

viz., that 

sin A =: sin B cos C + cos B sin C% . . . 08^ 

From (a) we may suppose 
sin A=:ak 

sin B = b A; > where i is a constant, 
sin = ck 

Substituting these values in ()3'), we get 
A;a = ib2»co6G + ^^cosB, 
or, a = h cos + ^ cos B. 

(2) Prove that 

aH-fc2 ^ 1 + COB (A - B) cos C 

• o2 + ca ■" 1 + cos (A - C; cos B' 

From (a) we obtain by ordinary algebraical methods 

a^ + b^ _ sin^ A + sin^ B 

a^ + c2 "■ sin2 A + sin* C 
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Then 

2 BJn^ A + 2 sin^ B 1 - cos 2 A + 1 - cos 2 B 

2 sin2 A + 2 sin^ 0""l-.cos2A4-l-cos2C 
_ 2 - (cos 2 A + 008 2 B ) __ 2 -• 2 cos (A + B) cos (A - B ) 
■" 2 -. (cos 2 A + cos 2 C) "" 2 - 2 cos (A + C) cos (A - C) 
_ 1 +co8(A-B)cosC /since cos ( A + B) = - cob CX 
l + cos(A-C)cosB \and cos (A + C) = - cos B/- 
^Mch establishes the required relation. 



EXAMPLES XXII (a). 
Prove the following relations in a triangle :— 
sin^ A rf sin B sin C a'^ + hc 



(1) 



sin^ A — sin B sin C a^ ^he 



(2) a cos —^ — = (h + c) sm -. 



. B + C 

sin — - — 



(3) 



6-c~" . B - C 

sin — - — 



A B C 

(4) (a + 6 + c) sin — = 2 a cos — cos - . 

(5) (a — 6*) (1 + cos C) = c (cos B — cos A). 

(6) (62 _ c2) sin A = a2 sin (B - C). 

(7) a 6 sin C (cot A - cot B) = 6^ _ a^. 

(8) a cos B — 6 cos A = c cosec^ C (sin^ A — sin^ B). 

(9) a cos A + 6 cos B + c cos C = 

2 a cos B cos C + 2 & cos C cos A + 2 cos A cos B. 

(1 0) a sin A + ^ sin B + c sin C = 

^■^2-qrp-qr^ . ^sin^ a + sin^ B + sin2 C. 

(11) If a, 6, c be in Arithmetical Progression, prove that 
cosec (B + C), coseo (C + A), cosec (A + B) are in Harmonical 
Progression, 
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(12) If ^ = ^, Bhow that ooe C = ^ZnAi. 

(13) If D be any angle, prove that 

a sin (D - B) + b Bin (D + A) = c sin D. 

(14) Also that b 008 (D - C) + c COB (D + B) = a COB D. 

(15) If A : B : C :: 2 : 3 : 4, then^^t-^ = cos^ 

(16) If a, b, c be in Arithmetical Progression show that 

cot - = 3 tan -. 

(17) Prove that cos A + cos B + cob C 

.A B-C..B C-A,.C A-B 
= Bin-coB— ^— + fim-ooB — ^ V^-a^-^^^ — ^ — * 



but 



or 



131. III. To show that in any triangle ABC 

c» = a^ + b« - 2 a b COB C . . . (X) 

a^ = b^ + c> - 2 b c cos A . . . (ft) 

b« = c'* + a* - 2 c a cos B . . . (v) 

(1) ^When C is an acute angle, 

AB2 = BC2 + AC2-2BC-DC; (Euo. iL 13) 

5^ = 0080; /. DC = 6cobC. 
A \j 

^a = a'* + b* - 2 o 6 cos C. 
Fig. 4. Fig. 5. 

A A 
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(2) When G is an obtuse angle, 

A Ba = B C2 + A C2 + 2 B C • C D; (Euo. ii. 12) 

C D 
l)ut -r-7^ = COS A C D = COB (180° - -C) = - COS C ; 

.-. C D = - 6 COS C, 
or c2 = a2 + 5a - 2 a5 COB a 




(3) When C is a right angle, 

AB2 = BC'» + AC2; (Euo.i47) 
or .c2 = o2 + 62 =-a2 + 52 _ 206 cos C, 

since cos C = cos 90° = ; 

.*. the theorem holds universally. 
(/a) and (v) can be proved similarly. 

Note.—{fi), (7), (5), and (A.), (fi\ (v), are not independent sets of formuls, 
but either series may be deduced from the other as follows :— » 

(1) Adding (/*) and (v) we obtain 

o* + 6* = a» + 5* + 2c»-26coo6A-2caoo8B: 
or 2(^ = 2&ccosA + 2caoosB; 

or c = 6oosA4-aoo6B. 

(2) Multiplying (8) by c, (7) by 6, (jS) by a, we obtain] 

c* = 6 c cod A + o c cos B, 

6* = a&cosC + &ccosA, 

a' = a c cos B + a 6 cos C, 
subtracting the last two results from the first 

<.«-.6«-a«= -2a6co8C; 
or c« = 6* + a* -2 06 COB a 
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132. From the formulae 0^), (v), and (X) we obtain 

cos A = jrr , cos B = J5 , cos C = ,r-j- , 

2oc 2ca 2ao 

whioli enable ns to find the angles of any triangle when the 
sides are given. 

Example. — ^Find A, B, and C when 

a = 4, b = 2 ^"2, <5 = 2 + 2 V 3. 
62 4. c2 - a^ 8 + 4 + 8 VF+ 12 - 16 



cos A = 



cos B = 



26c 8^2(^3 + 1) 

^ 8 + 8^3 ^ 1_. . ^^^^o 
8^2(^3 + 1) V2' " 
(.2 + a2 - 52 4 + 8 V"3 + 12 + 16 - 8 



2ca 16(^3 + 1) 

^ 24 + 8/3 ^ V3. 
" 16(^3 + 1)"" 2 ' 
whence C = 180° - 30° - 46° = 105°. 



B = 30°. 



133. IT. To express the cosine, sine, and tangent of 
the half-angles of a triangle in terms of the sides. 

W^^= 2hc ' 

, 2 5 c + 62 + c2 - a2 
,. l + cosA = 261 

_ (6 4- c)2 - gg _ (6 + c + g) (6 + c -a) 
26c ■" 26c 

Let o + 6 + c, the perimeter of the triangle, be denoted hj' 
2 «, then 6 + c - a = (2 » - 2 o) ; 

•A o 2^ 2«(2« - 2o) 
••. 1 + cos A = 2 cos2 ~ = — ^— ^ ; 

J Z C 

„ A « (« — a) A /s (s — a) 



AND SIDES OF TBIAK6LES. 159 

(2) Again— 

1 - cos A = 1 ^rj^ = r-7 ■ — 

_ a2 , (5 , cy _ (g 4. e - 6) (g + 6 - c) . 

26c " 26c * 

^ . , A (2 « - 2 6) (2 « - 2 c) 
.-. 1 - COB A = 2 Bin2 -. = ^^ ^ ^ ; 

Z iB C 



2 6c 2 be 
. A 

"°2 ^(s-h)(,-c) . V»(«-a) . 

2 V B (s - a) 

B B 

^ote. — The yalues of cos- , sin ^f ^^'•f <^c^ ^ dedooed from those of 

A A 

cos , COS - , &c., by writing B for A, 1> for o, c for 6, a for e. 

» = jr * which will remain unaltered. 

The changes indicated are called oyclio ehanges, a quantity like a which 
remains unchanged is called symmetrical. 

134. V. To express the sine of an angle of a triangle 
in terms of the sides. 

A A 

sin A = 2 sin — ' cos — 

^ 2 . i^SEMEf) X ^^^^S5 from (2) and (1) 



2 Vg(g-o)(8 - 6).(8-c) 
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EXAMPLES XXn (b). 
Prove that in a triangle 

(2) 008 A + ^— i:^ oofl B + cos C = 0. 

^ a c 

ABC 

(3) (b + c-a)tan— = (c + a-b)tan — = (a + b — c)tan -. 

wu.4u..2u«.f.(.-:)(t-5)(.-:> 

(6) (a + 6 + c) (ooe A + COB B + COB C) = 

2a cob2 :| + 2 6 co8« I + 2c oofl» ^. 

(6) c« oofl« B + 6' cos« C + 5 c cos (B - C) = 

5 008 A + ^^ A cos B + a 6 COB C. 

(7) Find A when 6 = 2, c = 3, a = ^1. 

(8) Find C when a = 2 V 2", 6 = 3, c = jJT. 

B 

(9) Find tan — when a = 4, 6 = 8, c = 6. 

(10) Find Bin - when a = 3, 6 = 5, c = 6. 

(11) Find Bin A when a = 4, 5 = 2*4, c = 3-2. 

(12) Find Bin A when a = 24, 5 = 70, c = 74. 

(13) Find all the angles when o = V 6", h = V 3"+ 1, c = 2. 

(14) Find the greatest angle of a triangle when the sides are 
V 2, 6, and ^4: + 2h + h\ 

. (16) It (a^ + 6^) COB 2 A = 52 - a\ prove that the triangle is 
right angled. 

(16) If D be the middle point of B C and the angle B > C, 

prove that 

7»a — 1.2 
cotADB = 



2 a c sin B' 
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(17) tan 77 = ^, tan -. = — ; find tan C and show that 
a + e = 2h. 

(18) If COB A + cos B + COS C = 4, then a + h = 4c. 

(19) If the bisector of the angle BAG meet B C in D, then 

AD = =-- — oo6~. 
+ c 2 

(20) If A - B = 90°, show that 2 c'^ = (a + 6)-« + (a-fc)-^. 

(21) lfa:b:c::2m:m^^l:m^+l, show that C = 90^ 

(22) If _ 

(2+V3) (af c-b) (a+6-c) = (2- V3) (a+h+e) (h+c-^a), 
show that A = 30^ 

(23) From the relation a* = 6' + c^ - 2 6 c cos A, prove that 
a is less than h + c. 

(24) From the vertices of a triangle ABC perpendiculars 
AD, BE, C F are drawn on the opposite sides. Show that 
D E, E F, F D are c cos 0, a cos A, 6 cos B respectively. 
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CHAPTER XXIII. 
SOLUTION OF TEIANGLES. 

135. We haye shown in Chapter YI. how to solve right- 
angled triangleB with certain data ; the examples there given 
required only very simple calculationa. 

For more complicated cases it is best to use logarithms in our 
work, thus substituting addition for multiplication, aod sub- 
traction for division. For instance, if we had to find c from 

the formula c = -r-^, where a = 237-42 and A = 32° 17', the 
sm A 

division of 237*42 by •6341065 would be laborious: with the 

use of logarithmic tables our work could be simplified as 

follows : — 

log c = log a — log sin A = log a — L sin A + 10 

= 2-3766173 - 9-7276278 -f 10 
= 2-6478895, 

and we find that the number whose log is 2 - 6478895 is 444-518 ; 
that is c = 444-518. 

Examj^le l.^Given c = 312-4768, A = 37° 41' 36", solve the 
triangle bright-angled at C). 
With tne help of tables, we find 

log 312-4768 = 2-4948177, 
L sin 37° 41' 36" = 9-7863502, 
L cos 37° 41' 36" = 9-8983383. 

Then (1) a = c sin A. 
.-. log a = log c + log sin A = log c + L sin A — 10 

'= 2-4948177 + 9-7863502 - 10 
= 2-2811679, 
and so from the tables a = 191*0592. 
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(2) & = e COS A. 

.'. log h = log c + I^ cos A — 10 

= 2-4948177 + 9-8983383 - 10 
= 2-3931560, 
and so from the tables b = 247*2612. 

(3) B is of course the complement of A, and so B = 52° 18' 24". 

Example 2. — Solve a right-angled triangle in which 
a = 71-829, b = 80-918 (C is the right angle). 

(1) With the help of tables, we find 

log 71-829 = 1-8562998, 
log 80-918 = 1-9080451. 

Then tan A = -, 



80, L tan A = log a — log 5 + 10 

= -8562998 - -9080451 + 10 
= 9-9482547. 

Whence from tables, which give L tan 41° 35' and 
L tan 41° 36', we calculate A to be 41° 35' 40-9". 

(2) B, being the complement of A, is 48° 24' 19-1". 

(3) From tables, we calculate 

L sin 41° 35' 40 -9" = 9-8220745. 

Then c = - — j-, 

sin A 

so, log c = log a — L sin A + 10 

= 1-8562998 - 9-8220745 + 10 
= 2-0342253 

Whence we find c = 108-1995. 

136. When two sides are given, whose ratio can be easily 
calculated, we can solve the triangle, without logarithms, by 
the use of tables of the natural values of the trigonometrical 
ratios (see § 127). 

Example, — Solve a triangle, right-angled at C, in which 
c =4, a = 3-4682. 

M 2 
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(1) Here 

. . a 3-4682 o/»-^. 
sm A = - = — - — = -86705, 
e 4 

and from the fablefl of natnral smefl which give sin 60° T = 
•8670417 and sin 60° 8' = -8671866, we calculate -86705 to be 
the Bine of60°r 3-4". 

.-. A = 60° r 3-4". 

(2) We find cob 60° 7' 3-4" = -49822. 

b = cooBA = 4x -49822 = 1-99288. 

(3) B (the complement of A) = 29^ 52' 56-6". 



EXAMPLES ZZin (a). 
Find in a triangle, right-angled at C, 

(1) the other parts when e = 16i/3, h = 24. 

(2) the other sidoB when c = 18, A = 15°. 

(3) the angles when a = 4- 72518, e = 6 ; 
given sin 51° 58' = -7876524, 

sin 51° 57'= -7874732. 

(4) oandc when h = 12-73, A = 42° ; 
given 

L tan 42° = 9 • 9544374 log 11 • 4621 = 1 • 0592658 

L sin 42° = 9 • 8255109 log 1 • 71 29 = • 2337320 

log 12- 73 = 1 • 1048284 log 1 • 7130 = -2337574 . 

(5) The angles when a = 12-487, 6 = 7-9824; 
given 

log 12-487 = 1-0964581 L tan 57° 25' = 10-1944197 

log 7-982= -9021117 L tan 57° 24' = 10-1941413 

(6) 6 when a = 83-45, <5 = 217-54; 
given 

log 300-99 = 2-4785521 log 200-9 =2-3029799 

log 134-09 = 2-1273964 log 200-89 = 2-3029583 
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What additional logarithms must be given in the following 



(7) c = 247 -85,6 = 71^24', 

log 247-85 = 2-3941889 L sin 71° 24' = 9-9767022 

Loos 71° 24' =9-6037353, 
find a and b. 

(8) log a = 3-5965971 L Bin A = 9-7692187 

LsinB = 9-9079576, 
find h and c 



137. In the general solution of triangles, not right-angled, 
four oases will present themselves. We may be given — 

(1) one side and two angles ; 

(2) two sides and the angle included by them ; 

(3) three sides ; 

(4) two sides and an angle opposite to one of them. 

138. I. Oiven the side c, and two angles A and B, 
find C, a, and h. 

C = 180° — (A + B), and is therefore also known. 

Now -At- = -r^ = -r^. (§ 128.) 

sm A sin B sin C ^ "^ 

.-. (1) a = — ; — 77-, whenoe, if the calculations are simple, we 
^ ^ sin C ^ 

at once find a ; or taking logarithms 

log a = log e + 1* sin A — L sin C, 

J /o\ - c sin B 

and (2) h = . ^ . 

^ '^ sm G 

or, log h = log « + I' Bin B — L sin C. 

.'. G, a, and h are expressed in terms of the known quan- 
tities. 

Example. — Given c = 4315*74, 

B = 63^ 21' 58", 
G = 51° 37' 24", 
find A, a, and &. 
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Since A = 180° - B - C, we find at onoe that A= 65'' 0' 38", 

and by oaloulation from tables, we find 

log 4316-74 = 3-6350552, 
L Bin B = L Bin 63° 21' 58" = 9-9512837, 
L Bin G = L sin 51° 37' 24" = 9*8942863, 
L Bin A = L Bin 65° O' 38" = 9-9673130. 

Then(l) a e c Bin A 

Bin A sin G am G 

.-. log a = log c + L sin A - L Bin C. 

3 •6350562 

+ 9-9673130 

13-5923682 

- 9-8942863 
log a = 3-6980819 

and so from tables a - 4989*78. 

(2) Similarly log 6 = log c + L sin B - L sin G. 

3 •6360562 

+ 9-9612837 

13-6863389 

- 9-8942863 
log 6= 3-6920526 

and 60 from tables b = 4921*01. 



EXAMPLES XXIII (6). 

(1) A = 30°, B = 45°, a = 6/2, find h and G. 

(2) B = 60°, G = 76°, b = 2^3; find a, c, and A. 

(3) A =. 23° 35', B = 120°, a = 8, find h and G. 

Given sin 23° 35' = -4. 

(4) G = 64° 10', A = 30°, e = 18, find a and B. 

Given sin 64° 10' = *9. 
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(5) B = 45°, C = 10°, a = 200, find h. 

Given L sin 56° = 9-9133645, log 1-7264 = -2371414, 
log 2 = -3010300, log 1-7265 = -2371666, 

(6) B = 29° 17', C = 135°, a = 123, find c. 
ven 

log 12? = 2-0899051, log 3211 = 3-6066403, 

log 2 = -3010300, diflF. for 1 = 1362, 

L sin 16° 43' = 9-4327777. 

(7) B = 26° 30', C = 47° 16' a = 1662, solve the triangle. 
Given 

L sin 73° 46' = 9-9822938, log 7678 = 3-8862481, 

L sin 47° 16' = 9-8658868, diff. = 57, 

L sin 26° 30' = 9-6496274, log 12636 = 4-1016096, 

log 1662 = 3-2180100, diff. = 344. 

(8) A = 89° 9' 24", B = 64° 33' 26^ a = 16236, solve the 
triangle. 

Given 

L sin 89° 9' = 9-9999522, log 12414 = 4-0939116, 
L sin 89° 10' = 9-9999541, log 90179 = 4-9651064, 
L sin B = 9-9109936, log 9018 = 3-9661102. 

L sin (A + B) = 9-7721909, 
log 16236 = 4-1828710, 

(9) Two angles and the adjacent side of a triangle are 

y — a, a — j8, and a {cos (a + )8 — y) — cos (c^ — )8 + y)} ; 
find the other sides and angle. 



139. n. Given the sides h, c, and the angle A, find 
the angles B, C, and the side a. 

Two methods of solution are applicable — 

a. When the calculations are simple ones we can find a from 
the formtda, 

a2 = 6^ + c^ - 2 6 c cos A, 

and then find B or from the relations -: — r = -: — s = —- — 7^- 

sin A sm B sm C 
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But the ooBine formula is not stiitable for logarithmio calcnla- 
tion, and ao, 

p. Generally, we prooeed as follows : — 

Since ^A a) 

Bin G c 

we have, subtracting unity from eacb side of (1), 
sin B — sin C _ 6 — c ^ 
sSTC" " ""T"' 

similarly adding unity to eacli side of (I)* 
sin B + sin G h + e 



By diyision, 



or, 



or, 



sin G c ' 

sin B — sin G h ^ c 
sinB + sinG^ft + c' 
. B-G B+G 

2 sin — ;r-- . OOS —5 . 

2 2 — c 

B-C . B + C ^ h+V 
2cos— y-.sm— ^ 

, B-G 

tan 



tan 



2 _ I - c 



B-G h^e . B + G 
Hence tan -^ = ^-^^^ . tan -^, 

B-0 b-o ^A ,^. 

tan-^- = ^-p^cot^ ... (2) 

B — G 

From (2) tan — ~ — can be found in terms of the known 

quantities, 5, c, and A; therefore — - — is known. And — ^r — 

is known since B + G = 180° — A; therefore B and G are 
known. 

To find a we can use the formula, * 

ah - sin A ,«^ 

sm A sin B sin B ^ ^ 
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Taking logarltlims of (2) and (3) we obtain 

L tan 5-^ = log (6 - c) - log (6 + c) + L oot ^ . (2)' 

log a = log 6 + L sin A — L sin B . . . . (3)' 

Noie.— The following method is Bometimes adopted to find a : — 

sin A sin B sin G sin B + sin ' 

Bin A • (& + c).2singC0Sg - 

/. a=(&+o)gi^B + sinC = „ . b + F=T)- 

2 Bin — 2 — • ®^ — 2~ 

. B + A. • 

But sin — 2 — = COB -g » 

(6 + o) sin "2 
• «= B-C ' 



oos- 



2 



A B-0 

log n = log (& + o) + L sin -Q — L cos — 5 — • 



Bkcamph a.— Given = 2^3, 5 = 3 + ^3, = 60°, solve 
the triangle. 

Here 

(52 = o2 + 62 . 2 a 6 cos C 

= 12 + 12 + 6 V3 - 2 V3 (3 + a/S) [since 2 cos 60° = 1] 

= 12 + 12 + 6V3-6V3-6 

= 18. 

.-. c = 3 V2. 

asinC 2^3 a/S 1 
And sin A = —^ = __ x — = ^. 

.-. A = 45°. 

And B = (180° - A - C). 

.-. B = 75°. 
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Examph /8.— Given A = 66° 15* 47-6", b = 65634-02 ft. 
e = 86388*92 ft, solve the triangle. 

(1) With the help of tables we oalculate — 

log (h-e) = log 20245-1 = 4-3063200, 
log (6 + c) = log 91022-94 = 4-9591509, 

A 

L cot - = L cot 28° r 53-75" = 10-2719229. 

B — C A 

.-. L tan — - — = L cot TT + log (6 — c) — log (b + e) becomes 
2 J 

= 10-2719229 + 4-30632 - 4-9591509 

= 9--619092. 

Fxx>m tables we find this to be the value of 
L tan 22° 35' 14-1". 
B-C 



2 



= 22° 35' 14-1" 



also, ?4^ = 90°-4; ... ?-±-5 =. 61° 52' 6-25" 

2 Ji Z 



B = 84° 27' 20-35" 
O = 39° 16' 52- 15" 



(2) To find a we use the formula, 
h sin A 
sinB • 



a = 



(6 + c) sin 2 
or else, a = __-. 

cos 



2 
Taking the latter, we calculate from tables — 

Lsin^l = 9-6734800, 
L cos ^^^ = 9-9653408, 
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A B — C 

whence log a = log (6 + c) + L sin 77 — L cos — - — 

= 4-9591509 + 9-6734800 - 9-9653408 
= 4-6672901. 
So we find a = 46482 • 57. 



EXAMPLES XXIII (c). 

(1) If o = 3, 6 = 8, = 60°, find c. 

(2) o = V^ + 1, ft = V^ - 1, = 60% solve the triangle. 

(3) Two sides of a triangle are 5 and 6 feet, and the included 
angle is 53° 8', solve the triangle. 

Given tan 26° 34' = 4; tan 10° 18' = -182. 

(4) 6 = 12, c = 6, A = 70°, find B and C. 

Given 

cot 36° = 1-428148, tan 25° 27' = -4759048, 

tan 25° 28" = -4762616. 

(5) c = 60, a = 48, B = 54° 36' 24", find the other angles. 

Given 

cot 27° 18' = 1 • 9374645, tan 12° 8' = • 2149900, 

cot 27° 19' = 1-9360825, tan 12° 9' = -2152944. 

(6) 6 a 128-6, c = 27, A = 25° 30', find the other angles. 
Given 

log 2-03 = -3074960, L tan 70° 52' = 10-4597547, * 
log 3-11 = -4927604, diff. for 1' = 4082, 

L cot 12° 45' = 10-6453598. 

(7) a = 43 ft., h = 11 ft., C = 44°, find A and B. 

Given log 2 = -3010300, L tan 55° 42' = 10-1661177, 
log 3 = -4771213, L tan 65° 43' = 10-1663891, 
L cot 22° = 10-3935904. 
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(8) 6 = 14, c = 11, A s 60^ solye the triangle. 

°^^®^ }^ ^1 as above, log 1-2767 = • 10609 

L tan 11° 44' = 9-3174299, L cos 11° 44' = 9-9908291, 
L tan 11° 46' = 9-3180640, L cos 11° 46' = 9-9908029. 

(9) 6 s 131, e s 72, A = 40°, find B and C. 
Given 

log 6 - 9 = • 7708620, L tan 38° 36' = 9 - 9021604, 
log 2-03= -3074960, di£F. for 1' = 2591, 

Lcot20° := 10-4389341. 

(10) a = 284, b = 482, C := 37°, solve the triangle. 

Given log 198 = 2 • 2966662, L tan 37° 41' = 9 - 8878554, 

log 766 = 2-8842288, L tan 37° 42' = 9-8881165, 

L cot 18° 3tf = 10-4754801, log 284 = 2-4533183, 

L sin 33° 48' 46" = 9 - 7465603, (log 307 • 06 = 2 - 4872232, 

L sin 37°= 9-7794630, tdiff. = 141. 



140. in. Giyen the aidea, a, b, o, find the angles. 

(a) When the calculations aie simple we can use the 
62 4- c^ - a* 

formnla cos A = ^-r , and either of the two similar 

Zoo 

ones as in § 132. 

(fi) When the triangle has to be worked by logarithms, we 
can nse any of the formulae for finding the half-angleSy 
which are all well adapted for logarithmic calculations. 

For example, &om 

we deduce at once 

A 1 
log tan -^ = 2 {^^S C« - &) + log (« - c) - log a - log (a - a)}; 

or, 

A 1 

Ltan — = 10 + - {log(«-6) + log(«-c)-log«-log(«-a)}. 
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Examplea. — Given a = 229-464, 

h = 152-976, 

c = 127-48, 
soIyo the triangle. 

Here we find s = ^"'"^''^^ = 254-96. 
2 

From tables we get — 

log 8 = log 254-96 = 2-4064721, 

log («-«)= log 25-496 = 1-4064721, 

log («-&) = log 101-984 = 2-0085321, 

log («-c) = log 127-48 = 2-1054421. 

Then 

A 1 

L tan - = 10 + - {log («-6) + log («-c)-log a-log (a-a)}, 

= 10 + ^ {4-1139742 - 3-8129442}, 
= 10-1505150. 
And so from tables, we oalcnlate 

4 = 54° 44' 8-2", 

A = 109° 28' 16-4". 

Similarly, 

B 1 

L tan - = 10 + 2 {log(«-<^) + log («-a)-log «-log («-&)}, 

= 10+1 {3-5119142 - 4-4150042}, 

= 10 - -4515450 = 9-5484550, 

and so from tables 

^ = 19° 28' 16-4", 
2 

B = 38° 66' 32-8". 

.-. C = (180° - A - B) = 31° 35' 10 • 8". 
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SXAMPLSS XXin (cZ). 

(1) a = 6, 6 = 7, c = 8, find B. 

(2) a = 13. 6 = 5 V2, c = 17, find A. 

(3^ The Bides of a triangle are a feet, b feet, and A/a^ + ab+h^ 
feet m length, find the greatest angle. 

(4) a = 3, & = 6, c = 7, find the smallest angle. 
Given cos 26^ 12* = -9048271, 

cos 25^ 13'= -9047032. 

(5) a = 13, 6 = 40, c = 45, find the angles. 
Given 

tan 29° 46' = % tan 52^ 6' = % 
7 7 

(6) a = 32, 6 = 40, c = Q6, find the greatest angle. 
Given 

log 207 = 2-3159703, L tan 23° 42' = 9-6424342, 

log 1073 = 3-0305997, . L tan 23° 43' = 9-6427773. 

(7) a = 131, b = 106, e = 75, find A. 
Given 

log 2 = -3010300, L tan 45° 32' = 10-0080857, 

log 3 = -4771213, L tan 45° 33' = 10-0083384, 

Ic^ 13 = 1-1139434. 

(8) a = 4, 6 = 5, c = 6, find B. 

Given 

log 2 = -30103, L cos 27° 53' = 9-9464040, 

Loos 27° 54' = 9-9463371. 

(9) a = 60, 6 = 160, c = 180, find all the angles. 
Given 

log 2 = -3010300, L tan 9° 35' = 9-2274706, 

log 7 = -8450980, diflF. for 1' = 7689, 

L tan 30° 36' = 9-7718801, diff. for 1' = 2883. 
(10) a = 275-35, b = 189-28, e = 301-47, find A. 

Given 

log 38305 = 4-5832555, log 19377 =. 4-2872865, 

log 10770 = 4-0322157, log 8158 = 3-9115837, 

L tan 31° 45' = 9-7915635, diff. for 1' = 2823. 
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141. IV. Given two sides a and b^ and the angle A 
opposite to one ^f them; find B^ C; and c. 

but if sin A 



From 



we have sin B = 



sin A sin B a 

is greater than a, sin B will be greater than unity, which is 
impossible ; therefore, to make the solution possible, h sin A 
must either be equal to a or less than a. 

(1) When 6 sin A = a, sin B = 1 .% B = 90°. 

(2) When 6 sin A < a, sin B has a given value less than 
unity; but there are two angles less than 180° which have a 
given sine, one being the supplement* of the other : so there 
will be two values of B which will satisfy the given conditions. 
On this account lY. is called the ambiguous case in the 
solution of triangles. 

When we find two values of B we shall of course find two of 

C, and then two of c from the formula c = — : — — . 

sin A 



142* We can also make this clear geometrically. 

C 




Let XAC be the given angle, AC a given side b. From 
C draw C N perpendicular to A X. 
Then C N = 6 sin A. 
Let a be the other given side, then — 

(a) If a is less than C N ( = C M) a circle described with 
C M as radius will not meet A X ; therefore the triangle will 
be impossible if a < C N, which is h sin A. 

(j8) If a is equal to C N^ a circle described with C N 
as radius, will just touch A X at N. Therefore if o =• 6 sin A, 

♦ See page 104, § 87. , 
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only one triangle will be possible, which will have a right 
angle at N. ' « 

(y) If a Is greater than O N but less than b, a circle 
described with a as radins» will cnt AX in two points, 
B and B'. We therefore have two triangles, CAB and C A F, 
each haying two sides equal to a and h respectively, and the 
angle opposite to a equal to A. 

TheangleABC = 180^-CBB'.= 180^-CB'A. 

That is, the two values of B are supplementary. 




(S) If a is greater than b there is only one triangle, 
because in the triangle A B', although C B' = a, the angle 
opposite it is 180^ — X 

143- Note. — The whole subject may be treated as follows : — 
In any triangle a^ s b^ + ^'^ — 2 & e cos A; if a, 6, and A are 
known, this beoomes a quadratic in c, namely, 

c^ - 2 tc cos A + 6^ - a» = 0. 

Therefore from the Theory of Quadratics there will be two real 
values of c if 

6^ cos« A > 62 - a^ or, a^ > ft^gina A, 
or, a > & sin A ; 
two equal values of c if a = b sin A ; 

no real values of c if a < & sin A. 

If Ci and C2 be the two real values, when there is ambiguity, 
we have at once from the Theory of Quadratic Equations—- 

Ci + Cj, = 2 6 cos A . . . . (ly 

Ci Ca = 6» - o^ . . . . . {2} 
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Example, — ^In tlie ambiguous case, if c^ and Cj be the values 
of the third side, and c^ + Cj Cg + c^ = a^, show that A = 60° 
or 120°. 

From (1) Cy^ + 2 €^c^ + c^^ = 4: h^ cos^ A 

and we have given c^^ + Cj Cg + ^a^ = a? 

subtracting c^ C2 =4 h^ oos^ A — a^. 

Therefore from (2) 6^ - a^ = 4 6^ cos^ A - a\ 

.'. cos^ A = -7, .'. cos A = ± -, 
4 2 

or, A = 60° or 120°. 



EXAMPLES XXIII (e). 
[Where there is ambiguity always give both solutions in fall.] 

(1) a = 2, 6 = V^, A = 45° ; solve the triangle. 

(2) 6 = 3, c = 3 J2, B = 30° ; solve the triangle. 

(3) h = 146, a = 178, A = 41° 10'; find B and C. 
Given 

log 178 = 2-2511513, L sin 41° 10' = 9-8183919, 

log 145 = 2-1613680, L sin 32° 21' 54" = 9-7286086. 

(4) a = 8, 6 = 7, A = 120°; find B and C. 

Given log 2 = -3010300, L sin 49° 16' = 9-8795287, 
log 3 = -4771213, L sin 49° 17' = 9-8796375, 
log 7 = -8450980. 

(5) c = 320, a = 468, C = 32° 15'; find B. 

Given log 2 and log 3, L sin 32° 15' = 9-7272276, 

log 13 = 1-1139434, L sin 51° 18' = 9-8923236. 

(6) If in the preceding question the values of c and a be 
interchanged, find A and B ; given in addition 

L sin 21° 23' = 9-5621316. 

N 
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(V) a = 250, 6 = 240, A = 72° 4' 48"; find the other angles, 
log 2-5 = -3979400, L sin 72° 4' = 9-9783702, 

log 2-4 = -3802112, L sin 72° 6' = 9-9784111, 

L sin 65° 69' = 9-9606739. 

(8) Show that the difference between the two values of c, 
when a, 6, and A are given, is 2 ^a^ — b^mi?A. 

(9) If the given angle A be 45° and Cy and Cj, the two values 
of the ambiguous side, show that the cosine of the angle be- 

2 c c 
tween the two positions of a is ^ ] ^^ . 

V + V 

(10) Given a, 5, and A, if Cj, c^, be the two valutas of the 
third side, and B^, B^, the angles opposite the side 6, show that 
(pi — Cj) cot A = Ci cot Bj — Cj cot Ba. 



( 179 ) 



CHAPTEE XXIV. 
MEASUEEMENT OF HEIGHTS AND DISTANCES. 

144* In Chapter VII. we gave some easy examples on 
practical measurements. The principles established in the 
later chapters enable us to solve mf)re complicated problems, 
and. the calculations required can often be simplified by the 
help of logarithms. 

As before, no definite rules for solution can be laid down, but 
we shall divide the subject into three sections, giving a charac- 
teristic example in each case. 

A. Measurements all in the same plane. 

145. The calculations can often be made from right-angled 
triangles ; if not, the formula which we should always try to 
apply is, 

sin A "" sin B "" sin C 
as it is simple and easily expressed in logarithmic form. 

Example. — Find the distance of each of two inaccessible forts 
from a certain points 

p 




Let A be the given point, P and Q the forts. Measure off a 
distance A B = a in any direction in the same plane as A, P, 

N 2 
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and Q. Then meaHure the angles P A Q (a), B A Q (fi), at A, 
and A B P (v), P B Q (8), at B. 

Then in tne triangle P A B we have, 

A P AB 

aiu ABP "ainAPB' 

AP a 

bin y " bin (180'' - a — )8 — y)* 

., AP = ^^^ 



Bin (a + yS + y) 
Similarly, in the triangle A B Q, 
A Q A B 

Bin ABQ ~ sinAQB* 
AQ a 



Bin(y + 8) Bin (180° - /3 - y - 8)* 
. A O - a «" (y + 8) 

•• ^ '^ - SToT+TTl)* 

Suppose we have measured A B to be 200 yards, and the 
uiigled 

a = 42^ 27', fi = 58° 13', y = 32° 19', 8 = 43° 54'; 

then log A P = log 200 + L sin 32° 19' - L sin 47° 1' 

[sin 132° 69' = sin 47° 1'] 

= 2-3010300 + 9-7280275 - 9-8642452 

(from tables) 

= 2-1648123. 

Whence A P = 146-16 yards (from tables). 

Also log A Q = log 200 + L sin 76° 13' - L sin 45° 34' 
= 2-30103 + 9-9873103 - 9-8537381 

(from tables) 
= 2-4346022. 

Whence A Q = 272*02 yards. 
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EXAMPLES XXIV (a), 

(1) A man walking towards a clmrcli observes the nave to 
be 30° in elevation, and the spire behind it 45°. After walking 
75 feet further, he sees the nave hide the spire at an elevation 
of 60°. Find the height of both nave and spire. 

(2) From the end of a pier, 300 yards long and at right 
angles to the shore, a vessel is observed in direction E.S.E., and 
from the shore end of the pier it lies in direction S.E. The 
shore runs E.N.E and W.S.W. Find the distance of the vessel 
from the shore. 

(3) The topmost stone of a tower 201 feet high is one foot 
thick. Show that it subtends an angle of 6' at a place on the 
ground 100 feet from the foot of the tower ; having given 

tan 63° 27' = 2, tan 63° 33' = 2-01. 

(4) A man who is walking on a level plain towards a tower 
observes at a certain point that the elevation of the top of the 
tower is 10°, and, after going 50 yards nearer to the tower, that 
the elevation is 15°, 



Having given 




L sin 15° = 9-4129962, 


log 25-783 = 1-4113334, 


Lcos5° = 9-9983442, 


log 25.-784 = 1-4113503, 



find the height of the tower in yards to four places of decimals. 

(6) Two objects, A and B, were observed from a ship to be 
at the same instant in a line with a bearing N. 15° E. The 
ship then sailed N.W. for 5 miles, when it was observed that 
A bore E., and B N.E. Find the distance between A and B. 

(6) At a point a feet from the foot of a tower of height h 
standing on a horizontal plane, the angle subtended by the 
tower is equal to that subtended by its spire. Show that the 

height of the spire is ^ ^ , ^ . h. 

(7) A person standing on the bank of a river observes that 
the top of a tower on the edge of the opposite side subtends an 
angle of 55° with a horizontal line drawn through his eye. 
Receding backwards 30 feet, he then finds it to subtend an 
angle of 48°. Find the breadth of the river. 

L sin 7° = 9-08589, log 3 = -47712, 

L sin 35° = 9-75859, log 1-0493 = -02089. 
L sin 48° = 9-87107, 
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(8) A person at a diBtance a from a tower, whicli stands on a 
horizontal plane, observes that the angle of elevation (a) of its 
highest point is the oomplement of that of the top of a flagstaff 
on the top of it. Show that the length of the flagstaff is 
2 a cot 2 ou 

(9) The top mast of a yacht is seen from a point on the deck 
to Kubtend the same angle A that the part of the mast below it 
docs. Shew that if the top mast be a feet high, the part below 
it is a cos 2 A. 

(10) A tower stands on a horizontal plane, and two observers 
at a known distance (c) apart on either side of it, observe its 
elevati(jn8 to be a and fi. Shew that ike height of the tower is 
c sin a sin P oosec (a + /3). 

(11) In the previous question, if c = 100 yards, a = 46° 51', 
P = 67° 34', find A, having given 

L sin 46^ 51' = 9-8630644, L sin 57° 34' = 9-9263507, 

L sec 14° 25' = 10-0138955, 

log 6357 = 3-8032522, log 6358 = 3-8033205. 

(12) A man walking along a straight road running in a 
direction 30° east of north, observes that he is due south of a 
certain house. A mile farther on he is due east of it, and a 
church on the opposite side of the road is N.E. of him. Three 
miles farther on he is due north of the church. Find the 
distance between the house and the church, and the angle 
which the line joining them makes with the road. Given 
sin 23° 8'= -3928. 

(13) A man standing between two towers, 200 feet from the 
base of the higher, which is 90 feet high, observes their* 
altitudes to be the same. He walks 70 feet nearer to the 
shorter tower, and now he finds that the altitude of one is 
double that of the other. Find the actual height of the second 
tower, and his original distance from it. 

(14) The captain of a ship observes a lighthouse in a direc- 
■ tion making an angle of 47° 30' with that in which he is 

sailing ; continuing in the same course for a mile he then 
observes the angle to be 55°. Determine at what distance Jie t 
will pass the lighthouse. 
Given 

L sin 55° = 9-9133645, L sin 7i° = 9-1156977, 

L sin 47i° = 9-8676309, log 4-627 = -6652977. 

(15) A man climbs a mountain. From A to B the slope is 
30°, from B to C 15°, from C to the summit 75°. He measures 
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A B = 2000 feet, B C = 2600 feet. The rest is too rongh to be 
measured, but he sees from the sniuinit A and B in one straight 
line. Find the height of the mountain correct to a foot. 

(16) D E is a pillar on a horizontal plana A B C D is a 
Btraight line in the plane. The height of the pillar subtends 
an angle ^ at A, 2 ^ at B, and 3 ^ at C. If AB = 60 feet, and 
B C = 20 feet, find the height of the pillar, and the distance C D. 

(17) AB is a liorizontal line of length 400 yards; from a 
point in A B a balloon ascends Tertically, and after a certain 
time its altitnde is taken simnltaneonsly at A and B. At A it 
is 64° 16', and at B 48° 20'. Find the height of the balloon 
when observations are taken. 

Given 

log 2 = -3010300, L sin 64° 16' = 9-9545793, 

log 2-29149 = -4646213, L sin 48° 20' = 9-8733352, 

L sin 67° 25' = 9-9663632. 

(18) The sides of a rectangle A B C D are a and 6 (A B = a). 
A person sees C, D in a line with each other, and A B, A D snb- 
tendiDg the same angle. He then walks in a straight line till 
he sees A, C in a line, and he then finds himself at a distance c 
from C. Find the angle that his direction of walking makes 
with C D, and show that it is a right angle if a c = V(®* "■ ^*)- 

(19) A lighthouse was observed by a ship at sea to bear S.E. ; 
after the ship had sailed N.E. for six miles the lighthouse was 
seen to bear 27° 30' E. of S. ; find the distance of the lighthouse 
at each moment of observation. 

log 2 = -30103, L sin 17° 30' = 9-4781418, 

log 3 = -4771213, L tan 17° 30' = 9-4987223, 

log 19-953 = 1-3000095, 

log 19-029 = 1-2794160, 

log 19-030 = 1-2794388. 

(20) To find the. lengtii of an inaccessible wall an observer 
placed himself due south of one end of the wall, and then due 
west of the other end, in such positions that the angle 6 which 
the wall subtended at the two positions was the same. The 
distance apart of the two stations being a, shew that the length 
of the wall was a tan 0. 

(21) A hill slopes at an angle to the horizon ; on the top of 
it stands a tower, from the foot of which an observer walks a 
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difitance (= a yards), and the tower Bub tends at his eye aii 
angle (a); he then proceeds h yards farther and the angle 
subtended by the tower is ^« Prove that 

cos (g + ^) _ COS (ff + ^) 
a sin a "" (a + 5) sin )8* 

(22) A B, C D are two towers in the same horizontal plane. 
The height of A B is ft, the elevation of D at A is a, at B is ^. 

Show that the height of C D is ^.^^/^^^^f . 
** sm (a — p) 

(23) In the last question, if A = 80, a = 30^ /S = 20° 15', 
find CD. 

Given log 2 = -30103, log 221-59 = 2-3455502, 

L oos 20° 16' = 9 • 9722914, log 221-6 = 2 • 3465798, 

L sin 9° 46' = 9-2287839. 

(24) A ship sailing due south passes two lighthouses, and a 
man on board observes that the greatest angle subtended at his 
eye by the lights is 60°. Half-an-hour afterwards the lights 
appecur both N.W. of the ship. Find the rate at which the 
snip_is sailing, it being known that the lights are at a distance 
2 a/ 3 miles from each other. 

(25) A round tower stands on an island in a lake. A B are 
two points on the land such that AB is a feet, and points 
directly to the middle of the tower. At A and B the base of 
the tower subtends angles 2 a and 2 fi respectively. Prove 

that the diameter of the tower is -; — tr — -. 

sin )8 — sin a 

(26) A straight flagstaff, leaning due east, is found to subtend 
an angle a at a point, in the plain on which it stands, a yards 
west of the base. At a point h yards east of the base the flag- 
staff subtends an angle p. Find at what angle it leans. 

(27) From each of two ships a mile apart the angle is 
observed which is subtended by the other ship and a beacon on 
shore; these angles are found to be 62° 26' 15" and 75° 9' 30" 
respectively. 

Having given 

L sin 75° 9' 30" = 9-9852635, log 1-2197 = -0862630, 

L sin 52° 26' 16" = 9.-8990055, log 1-2198 = -0862886, 

find the distances of the beacon from each of the ships, one 
distance exact, and the other to five places of decimals* 
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(28) A man observes the angles of elevation of tlie top of a 
tower to be a and /S respectively, as seen from two joints A and 
B, situated in a line with the foot of the tower, and at a 
distance c from each other. He notices also that a flagstaff on 
the tower subtends equal angles at A and B. Find the height 
of the flagstaff. 

(29) A person notices two objects in a straight line due east. 

After walking a distance a due north, he observes that the 

objects subtend an angle a at his eye; and after walking a 

further distance a, an angle ^. Prove that the distance between 

^, - . ^ . 3 a tan a tan 3 

the objects is j— — ^' 

• 2 tan a — tan p 

(30) A tower stands on a mound, which is inclined at an 
angle of 15° to the horizon. An observer starts from A on the 
level plain, where the angle of elevation of the top of the 
tower is 30°, and walks a distance a to B, the foot of the 
mound; and then a distance h straight up the mound to C, 
where the angle of elevation above the slope of the mound is 45°. 
Find the height of the tower above the horizontal plane A B ; 
and if a = 6 >/ 2, show that C is half-way up the mound, and 
And the angle of elevation at B. 

(31) The elevations of two mountains in the same line with 
the observer are 9° 30' and 18° 20'; on his approaching 4 miles 
nearer they have both an elevation of 37°. Find the heights of 
the mountains in yards. 



Given log 2 = -30103, 

log 11 = 1-0413927, 

log 1420 = 3-1522883, 

log 1420-1 = 3-1623189, 

log 4163-6 = 3-6194690, 

log 4163-7 = 3-6194794, 

log 1694-397 = 3-1802393. 



L sin 9° 30' = 9-2176092. 

L sin 18° 20' = 9-4976824, 

L sin 18° 40' = 9-6052339, 

L sin 27° 30' = 9-6644056, 

L sin 37° = 9-7794630, 



B. Measurements in different planes. 

146. The only additional difficulty in this case wiU be in 
drawing the figure so as to get a clear view of the problems 
involved. 
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Example. — To find the heights above a given point of two 
inaooessible mountains, and the distance between their summits. 



Let P and Q be the two summits, A the given point. 
Measure off a distance A B = c. Measure also the following 
angles : — 

P A B, Q A B, P A Q, at A, 

(noticing that P A B is not equal toQAB + PAQ) 

PBA,QBAatB. 

Then (1) In the triangle P A B 

Two angles PAB, PBA, and the adjacent side AB are 
known; 

.*. we can find A P. 

(2) In the triangle Q A B 

Two angles Q A B, Q B A, and the side A B are known ; 
.-. we can find A Q. 

(3) In the triangle P A Q 

P A, Q A, and the included angle P A Q are known ; 
.-. we can find P Q. 

(4) Measuring the elevations of P and Q at A we have, if a 
and J3 be the angles, 

Height of P = A P sin o. Height of Q = A Q sin p. 
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EXAMPLES XXIV {h). 

(1) The angular elevation of a tower at a place A due sonth 
of it is 30° ; at a place B, due west of A, and at a distance a 
from it, the elevation is 18°. Show that the height of the 
tower is 



\/2 V5 + 2 

(2) A regular pyramid stands on a square base ; if 6 is the 
length of a side of the base, and a the angle this side ma,kes 
with one of the edges, show that the height of the pyramid is 

^ , V -cos 2 a, 
2 cos a 

(3) Find the height in the last question if a = 67° and 
h = 173-6 ft. 

Given log 2 = -3010300 

log 173-6 = 2-2395497, L cos 67° = 9-5918780, 

log 1851516 = 6-2675274, L cos 46° = 9-8417713. 

(4) If A D be drawn perpendicular to the plane of A B C, 
and D B, D C be joined, show that 

sin D C B . sin D B A = sin D C A . sin D B C. 

(5) Being on a river, and observing a column on the bank, 
I find the angle of elevation of its top to be C, and the angle 
subtended by its top and a small island down the river to be A. 
After sailing past the column to this island, a distance of a yards, 
I find the angle subtended by the top and my former position to 

be B. Show that the height of the column is —; — 7-r — --r=rr . 
^ sm (A + B) 

(6) In the last question if a = 480 yds, A = 47° 25', B = 18° 30', 
C = 30°, find the height. 

Given 

log 2 = -3010300, li sin 18° 30' = 9-5014764, 

log 3 = -4771213, L sin 65° 56' = 9-9604484, 

log 8-3414 = -9212393. 

(7) The angular elevation of a tower at, a place due south of 
it is 45°, and at another place 200 yards due west of the former 
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the elevation is 15^ Show that the height of the tower is 
300 (3* - 3"*) feet. 

(8) A person observes the angular elevation of a balloon 
due east of him to be 45^. He then travels N.E. while the 
balloon moves south horizontally until he sees it due south of 
him, when its angular elevation is 22]^^. Show that he and the 
balloon have passed over equal distances. 

(9) The angle of elevation of a tower, which stands due east 
of an observer is a. Another observer, who is due south of 
the first, finds that the bearing of the tower is ^ east of north. 
Show that, the secant of the angle which the distance between 
the observers subtends at the top of the tower is 

V sin^ a + cos' a cosec' fi. 

(10) A man walking along a straight road observes that a 
oertain point to the right of the road has an elevation of 30°, 
500 yards further on it has an elevation of 45°, and 300 yards 
beyond that an elevation of 60°. Find its height. 

(11) The angle of elevation of a balloon from a station due 
south of it is C ; from another station due west of the former 
its elevation is D. If a is the distance between the stations, 
and X the height of the balloon, show that 



a?a = 



cot' D - cot' 



(12) In the last question if a = 1 mile, C = 59° 14', D = 
43^ 37', find x in yards. 

Given 

log 1760 = 3-2455127, log 2036-33 = 3-3088484, 

L sin 59° 14' = 9-9341234, L sin 102° 51' = 9-9889849, 

L sin 43° 37' = 9-8387422, L sin 15° 37' = 9-4300750. 

(13) A tree growing vertically on the side of a hill which 
rises due north at an inclination of 30°, had the upper part 
broken at 12 feet from the ground by a S.W. wind. If the 
part fell so that the top touched the ground at 40 feet from the 
bottom, show that the original height of the tree in feet is 



V J7 
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C. Measurements which involve the ^^ Dip of the 
Horizon.'' 

147. Since the surface of the earth is not plane but spherical, 
it is obvious that an object on it will only be visible for a 
certain distance depending on its height, and conversely that 
at a certain height above the ground the visible horizon will 
be limited. 

148. The angle of depression of the horizon, a in the figure, 
measured from a point above the earth's surface, is called the 
" dip of the horizon." 




149. This angle is equal to the angle subtended at the 
centre of the earth by P the point of observation and H the 
limit of the horizon. 

For A P H = the complement of H P C = P C H. 

150. Example.^--To find D H or P H. 

(1) Given a, and the earth's radius, we have 
DH 



DC 



= circular measure of a ; 



.'. 'D H is known. 
Thus if a = 9' and the earth's radius be 3990 miles, we have 
DH 9 X ^ 



DC 180 X 60 

X 22 X 3990 



DH = 



180 X 60 X 7 



s 10*45 miles. 
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(2) Given the Height of F above the surface. 

ImagiDe that a line through P and C meets the circumference 
at D and E. Then P H« = PD • PE. 

But P E may be taken equal to the diameter of the earth, 
since P D is practically very small compared with D E ; 

/. PHa = 2rPD. 

IfPD = 220 ft., r = 3990, 

- _. 2 X 3990 X 220 . .. _ _ _ ^ 

P H* v= —-— m miles = 332"o. 

1760 X 3 

.% PH = 18*23 miles. 



EXAMPLES XXIV (c). 

(1) Two hills 264 ft. high are just visible from each other 
over the sea ; how far are they apart ? 

(take the radius of the earth 4000 miles.) 

(2) If two points eight miles apart each ten feet above the 
water were just visible from each other; what would be the 
earth's radius? 

(3) If the earth's radius is 3990 miles at the place, what 
distance apart must the two points in the last question be so 
as to be just visible to each other? 

Given log 1996 =*3-2999429, log 3-8876 = -6896816, 
log 132 = 2-1206739, log 3-8877 = -6896927. 

(4) From the top of a cliff the angle of depression of the 

horizon is found to be 10'. Show that the height of the cliff is 

1 ^r 

- • miles, where r is the earth's radius. 

L lOoQ^ 

(6) In the last question, taking v = 3-14169, r = 3990, find 
the height in yards. 

Given log 3-1416 = -4971371, log 108 = 2-0334238, 

log 3-1416 = -4971609, log 1760 = 3-2466127, 

log 1996 = 3-2999429, log 29-71 = 1-4729072. 

(6) From the mast of a ship the top of a lighthouse known 
to be 600 ft. above the sea is just visible at a depression of 
9' 27". How far is the ship from the lighthouse ? 

Given log 132 = 2-1793690, log 25-7226 = 1-4103165. 

22 

Take «• = --, r = 4000 

7 
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CHAPTER XXV. 

ON THE AKEA OF A TEIANGLE, AND THE RADII 
OF CERTAIN CIRCLES CONNECTED WITH IT. 

A. On the area of a triangle (denoted always by S or A), 

151. The area of a triangle is equal to half the 
product of two of the sides into the sine of the included 
angle. 

(1) Let A B C be an acute angled 
triangle. Draw A D perpendicular 
to the base B C. Through A draw 
M N parallel to B C, and through 
B and C, B M and C N parallel to 
A D. Then B M N C is a rectangle 
having the same base BC as the 
triangle ABC and lying between 
the same parallels. 

A S = iBMNC = iBC 




BM=5ADBC; 



but 



AD 
AC 



= sin C ; 



S = ^AC 



B C sin C = - a 6 sin C. 



(2) When C is an obtuse angle, 
as before, 

S = iBC-AD = iBC-ACsinACD 
2 It 

= ia6 sin (180° - C) = i a5 sin C. 




B C 
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(3) When C is a right angle, 

S = iBC -.AC = ial. 
It z 

= - a b sin C, siiice 

Bin C = sin 90° = 1. 
In the same way S may be shown equal to 
- c a Bin B, or - o c sin A. 



152. S = V8(B-a)(s-b)(8-c) 
for S = ;r 6 c sin A 

1 2 



= ^« (« — a) C« — 6) (« — c). 
J/b/6. — When multiplied out 

a form which is some times used. 



EXAMPLES XXV {a). 
Find the area of the triangle in the following cases.: — 

(1) a = 4 ft, 6 = 6 ft., C = 30°. 

(2) 6 = 7 ft, c = 6 V"2 ft, A = 136°. 

(3) a = 2 (V3 + 1) inches, B = 45°, C = 60°. 

(4) a = -9, 6 = 1-2, c = 1-5 inch. 

(6) A = 30°, a = 100, c = 100 V3 (two solutions). 

(6) a = 7-152 in., 6 = 8-263 in., c= 9-375 in. 
Given log 1-2395 = -0932465, log 3-02 = •480006'\ 

log 5-243 = -7195799, log 2-8477 = -4544942, 
log 4 132 = -6161603, dijBf. = 152. 
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Show that the value of S can be expressed in the four follow- 
ing forms : — 

c sin A sin B a'^ + h^ + c^ 



(B) 
(9) 



a sin A + 6 sin B + <5 sin C 
a2 4, 52 ^ c2 

4 (cot A + cot B + cot C)* 

2ahc ABC 

— ri—r- c^s — cos — cos — . 
a + h + c 2 2 2 



,^^^ . A . B . C/ a2 , 52 , c2 \ 

(10) sm — sin — sin -- 1 -;— -r- + -r--^ + -: — ^ ). 
^^222 \sm A sm B ' sin GJ 

(11) The sides of a triangle are in A. P., common difference 
2 inches. If the area be 3 V 1^^ square inches, find the sides. 

(12) In the three edges of a cube which meet at one angle 
three points A, B, C are taken, at distances a, h, c, respectively, 
from that angle. Prove that the area of A B C is 

-V62c2 + c2a2 + a2 62. 



B. On the length of the Radius of the Circumscribed 
Circle (denoted by E). 

153. To prove 

R = ^ = ^ ^ g 

2 sin A 2 sin B 2 sin C 

Let A B C be the triangle, the. 
centre of the circle described about it. 
Then OA = OB = OC = R. 
Draw D perpendicular to B C. 

Then B D = D C = ^. 

and Z B D = Z D C; [Euc. iv. 6.] 

But the angle B = 2 A. [Euc. iii. 20.] 

/. Z B O D = A ; 

. . . ^^^ BD a 
so, sm A = sm B D = g-^ = ^. 

. j^^ a ^ b ^ c 

2 sin A 2 sin B 2 sin C' 
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154. To prove E = ^^ 

This follows at once from the above, and from § 151, fcxr 
a ahe ahc 



B = 



26mA 26c8mA 4S' 



EXAMPLES XXV (&). 
Find B in the following cases : — 

(1) a = 3 in., & = 4 in., c = 5 in. 

(2) 6 = 4 ft., A = 27°, C = 93^ 

(3) a = 26 in., 5 = 39 in., c = 40 in. 

(4) a = 62-376 in., A = 27° 34' 16". 
Given 

log 2-6187 = -4180857, L sin 27° 34' = 9-6653749, 
log 2 • 6188 = - 4181023, L sin 27° 35' = 9 • 6656168. 
log 56-579 = 1-7526563, 
log 56-680 = 1-7626629, 

Prove that the four following expressions are all values of B. 

acosA + 6cosB + c cos C 



(5) 



4 sin A sin B sin C 



«V; 



he 



2 {cos (B - C) + COS A} 

,^. 1 , , , , . A B C 
(7) - (a + 5 + c) sec - sec - sec ~. 



(8) \/: 



a^ + h^ + c^ 



8 (1 + cos A cos B cos C)' 

(9) If a', 6', cf be the perpendiculars from the centre of the 
circumscribed circle on the sides a, 6, c respectively, then 

a6c_l ahc' 

*7 ■*" y^ 7" " 4 ' W?' 

(10) If O be the centre of the circumscribing circle, and B' 
be the radius of the circle described round the triangle B C, 
prove that 2 B' cos A = B. 
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(11) AD is the diameter of the circumscribing circle, and 
*D F the tangent at D meets A C produced in F. Show that the 

area of D C F is i fe^ ^ot^ B. 

(12) The bisector of the angle A meets B C in D, and the 
circumscribed circle in E ; show that 



DE = 



atan- 



2 cos 



B-C 



C. On the length of the radius of the circle inscribed 
in a triangle (denoted by r). 

155. Let A B C be the triangle, I the centre of the inscribed 
circle. Draw ID, IE, IF perpendicular to BC, CA, AB 
respectively, then ID = IE = IF = r. 




B DC 

Join I A, I B, I C. 

Now the triangle A B C is equal to the sum of the triangles 
IBC,IAC,IAB; 

or, S = i.B.C.ID + icA.IE+iAB.ir, 

i2 £i £t 



or, 



= -r (a + 6 + c) = r«. . 



r = — . 

8 



2 
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This may be put into another shape ; 



« « ^ ^ ^«(«-a) 

/. r = (s — a) tan ■^. 

This last result is better proved independently, thus — 

Since 

AF = AE; BF = BD; CE = CD; (by geometry), 
we have 

AF + BD + CD = i(AB + BC + CA), 

that is A F + a = - (a + 6 + c) = «. 

.% A F = « - a. 
So r = IF = AFtanlAF = (*-a)tan:|; 

B C 

similarly we prove r equal to (« — V) tan -- and (« — c) tan — . 



EXAMPLES XXV (o). 

(1) Find the radius of a circle inscribed in a triangle whose 
sides are 25, 39 and 40 inches in length. 

(2) The sides of a triangle are 3, 7 and 8 ft, show that 
E J r : : 7 : 2. 

(3) If the sides are as 3 : 5 : 6, then E : r : : 45 : 16. 

Prove the following (I being the centre of the inscribed 
circle"). 

(4) r cos — = a sm — sin -. 

, ^ . A . B . C 

(5) r = 4 E sm — sm — sm -. 



(6)'S = ,« {cot ^ + cot I + cot ^}. 
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(7) S = E r {sin A + sin B + sin C}. 

(8) IB.IC = arsec^. 

^^ ah'^hc'^ ca~ 2Br' 

ABO 

(10) A I cos -- + B I cos -• + C I cos - 

z z z 

= 4 K cos — COS — cos —. 
z z z 

(11) If AD drawn through I meet BC at D, the sum of the 
radii of circles circumscribing A B D,- A C D is equal to 

2 B cos ^. 

z 

(12) If D, E, F are the points of contact of the inscribed circle 
-with a, 6, c, then 

lA IB IC-4E ^^-^P-^^ 

(13) (o + 6 + c) r = I A« sin A + I B2 sin B + I C» sin C. 

(14) The product of the perpendiculars from the angles of a 
triangle on the opposite sides is 

abc 

(15) In a triangle right-angled at C 

c c + a c + 1) 

(16) A person close to the circular base of a tower finds that 
he can see a certain distant object by walking either a distance ' 
p in one direction, or q in the opposite direction, along the 
tangent line to the base. Show that the distance of the object 

from the centre of the base is ^ \ -^-^j r beinec the 

radius of the base. 



D. On the length of the radius of an Escribed Circle. 

156. Definition. — A circle which touches one side of a 
triangle and the other two sides produced is called an 
escribed circle. There are three such for every triangle, one 
touching each of the sides a, 6, c, and their radii are denoted by 
r^, Tfc, r^, respectively. 
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8 
8 — a* 



Let A B C be a triangle, and let the exterior angles at B and 
C be bisected by straight lines meeting at O^. 




Then if 0«D, OoE, OJ^ be drawn perpendicular to B C and 
to A B and A C produced, it is easily shown as for the inscribed 
circle tjiat O, D = O^ E = Oa F, and that, therefore, a circle 
with centre Oa and any one of these as radius will touch the 
straight lines B C, A E, A F at D, E, and F. 

Now AABO + ABCO« = AABO. + AACO. 
(since each pair is equal to the quadrilateral A B O^ 0). 
.-. AABC = AABO«+AACO.-BCO« 

or, S = i{AB.O„F + A0.O„E-.BC.O„D} 

= 2 {^ »'. + «»'. -«♦•«} 



h + c — a 



= r„ (« - a). 



r» = 



S 



similarly 



Tb = 



s — a 
S 



and r- = 



S 
a — c" 
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A. 
158. To prove r. = s tan ^. 

In the equal triangles A F 0^, A E 0„, we have A F = A E ; 

and Z FAO. = Z EAO«= ^. 

Also BP = BDandOE = CD. 

.-. AF = i(AF + AE) = i(AB + BD + AO + CD) 

= i(AB + BC + CA) = .. 

so, r. = 0. F = A P tan P A 0. = B tan ^ 

similarly, 

B C 

Fb = 8 tan -zr and To = s tan ^. 



EXAMPLES XXV (<f). 
Prove the following : — 
(1) E r. (« - a) = E n (» - 6) = E r, (« - c) = ^. 

(3) S = '■"'■''■' 



(4) r. n To = a 6 c COB — cos ^ 008 2-- 

(5) S = JTr^nrl. 

^ "^ r r^ Vj, r, \a h cj 

(7) The distances between the centre of the inscribed circle 

A B 

and the centres of the escribed circles are a sec— ,6 sec— , 

• c 

c sec ~. 
2t 
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(8) The lengths of the sides of a triangle formed by the 
centres of the three escribed circles are a cosec — , h cosec -^, 

C 

c cosec—. 

(9) The area of this triangle is - & c cos — cosec — cosec — . 

Z Z Z A 

(10) If r„ r^, r, are in H . P the sides a, 6, c are in A . P. 

(11) Show that r. + n + r. = r + 4B. 

(12) In any triangle show that 

o6 + 6c + ca = H+«« + 4Br. 



( 201 ) 



CHAPTEE XXVI. 

CIKCLES AND POLYGONS. THE AEEA OF A OIECLE. 

159. To find the area of a quadrilateral inscribed 
in a circle. 




c 

Let A B *C D be a quadrilateral inscribed in a circle, a, 6, c, d 
its sides ; it is required to find its area A. . Join D B. 

A = triangle A D B + triangle D B C 

=. - (a c? sin A + & c sin C) ; but A + C = 180°. 
2 ' • (Euc; III. 22.) 

.-. sin C = sin (180° - A) = sin A; 

.*. A = - (a €? + 6 c) sin A . . . . (1) 

Now B D2 = a2 + <i2 _ 2 ad cos A from tbe triangle A D B 

= 62 + ^2 _ 2 6 c cos „ ,, DBG 

• = fe2 _|_ ^2 ^ 2 6 c cos A, 

since cos C = cos (180° — A) = — cos A. 

... fe2 + c2 + 2 6 c cos A = a2 + ^2 - 2 a <i cos A; 

.-. cos A (2 & c + 2 a d) = a2 + c?2 - 62 _ ^2 ; 

a2 + d2-62_c2 
or, cos A = — ^r^^ — -— — -J — . 

2hc + 2 ad 
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So 1 + 008 A = ■ -— -! ^ — 5 

26c + 2od 

^ (g + d)a - (6 - cy 

2bc + 2ad 

_ (a + d -i^h - c) {a + d - h + c) 

2 be + 2ad 

2bc + 2ad -a^ -^ d^ + h^ + c^ 

1 - 008 A = -rp — , ^ ,^ ^^— 

2bc + 2 ad 

^ (h + cy - (g - dy 

2bc + 2ad 

^ (h + c + a'^d)(b + C'^a + d) 
2bc + 2ad 
.-. Bin* A = (1+008 A) (1-008 A) 

^ (6+c+d--a)(a+c+(^-6 ) (a+5 +d--c)(q+6+c~ d) 
(2bc+2ady 
Let a + b + c + d = 2 8, 

then 6 + c + d — a = 2« — 2 a, &c. 

^ 4 (g - o) (g - &) (g - c) (g - d) . 
(&c + ad)2 

2V(i:-a)_C>-6I(,-c)(.-e^) 

6 c + a a ^ ' 

.-. A = V(s — a) (s - b) (s - c) (s - d), substituting in (1) 

from (2). 

160. To find the radius of the circle circumscribing 
a quadrilateral whose sides are given. 

Let E denote the given radius; then with the previous 
notation 

Also BJ)^ = a^ + d^'-2adcosA 

= a^ + d^ ^ ad ^ -^ ■ — -= ^ 

b + a d 

^ bc(a^-{-d ^ ) + ad (b^ + c^) 

b c + a d 

_ (a c -j- 6 d) (a 6 + c d) 

(be -\- ad) 
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E = 



BD = ^(^^ + hd)(ah + cd) 
j^hc + ad ' 

^/{ac + hcC) (ah + cd) x (he + ad) 



2 V & c + a <^ . 2 V (« - a) (« - 6) (« - c) (a - d) ' 



R = 



V(a b + c d) (b c + a d) (a c + b d) 
4 V(s - a) (s - b) (s - c) (s.- d) ' 



161. To find the length of the side and the area of a 
regular polygon of n sides inscribed in a circle. 




A M B 



Let A B be the side of a regular polygon of n sides A B C D . . . 
inscribed in a circle whose centre is and radius r. Join 
OA, OB, and draw OM perpendicular to AB. Then the 
triangles 0AM and 0MB are equal in every respect (by 
Eucl. IIL 3). 

Now the angle A OB is the nth part of four right angles 

= — ; therefore the anffle A M = - 
n ° n 

A B = 2 A M = 2 A . sin A O M = 2 r . sin ^ (1) 



The area of the triangle A B = ^ A O 

2 



B sin A B 



1 2 TT 

r^ sin — ; but the area of the whole polygon is n times 



2 n 

that of the triangle A B, 

4^ 1 ^ nr2 . 2^ 

.-. Area of polygon = -=r- sin — 
Jt n 



(2) 
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162. To find the length of the side and the area of 
a regular polygon of n sides circumscribing a circle. 

Let A B C D be the 

polygon ; as before let r be 
the radius of the circle. Let 
M be the point of contact of 
AB; join OM; then M is the 
middle point of A B, and M 
is perpf ndiculiir to A B. 

The angle 

^^^^ 4 right angles ^ 2v 



the angle A M = - ; 
n 



. AB = 2AM = 2 0M.t»nA0M = 2rtan- . . (1) 

n ^ ^ 

The area of the triangle AOB = ^AB.OM 




= r^ tan -. 
n 



The area of the polygon A B C D 



. . = nr^tan- 



163. To find the area of a circle. 

Let be its centre, A B the side 
of an inscribed regular polygon of n 
sides. Draw OM perpendicular to 
A B. 

When n is gradually increased^ we 
notice that the diflferences between — 

i. The arc AB and the chord 
AB, 

ii. The sector A B and the 
triangle O A B, 

iii. The radius O A and the per- 
pendicular O M, 

jecome less and less : therefore, proceeding to the extreme limit, 
AVhen n is infinitely great, these differences become so small 
that they may be neglected, and the quantities in i., ii., and 
111. respectively, may be considered equal. 
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The area of the inscribed polygon of n sides = » times the 
area of the triangle A B, 

= nx iAB,0M(§151), 

= - M X perimeter, 

but when n becomes infinitely great the polygon and the circle 
circnmscribing it become identical, then O M = r, and the 
perimeter of polygon = circumference of the circle = 27r r (§ 8) ; 

.-. the area of the circle = -r x 2 irr = irr^. 

2t 



EXAMPLES XXVI. 

(1) Find the area of a quadrilateral, inscribed in a circle, 
whose sides are 2, 5, 2^, 3 inches. 

(2) Also the area of a quadrilateral, and radius of the circle 
circumscribing it, when the sides are 2, /J 2, 4, and 2> ,J2 inches 
in length. 

(3) Find the perimeter and angle of a regular hexagon in- 
scribed in a circle whose radius is 1 foot. 

(4) Also of a regular octagon circumscribing the same circle. 

(5) What is the area of the segment of a circle of 3 inches 
radius cut off by the side of a .regular dodecagon inscribed in it ? 

(6) Show that the square circumscribing a circle is equal in 
area to % of the inscribed regular dodecagon. 

(7) Prove that the area of a regular pentagon is to the area 
of the isosceles triangle used in its construction (Euo. IV. 11) 

::V5:i. 

(8) The area of the regular hexagon inscribed in a circle is a 
mean proportional between the areas of the inscribed and circum- 
scribed equilateral triangles, 

(9) One circle is inscribed in and another is circumscribed 
about a regular polygon of n sides. If the length of each side 
of the polygon is 2 a, find the area of the ring enclosed by the 
circles. 



206 CmCLES AND POLYGONS. 

(10) The side of a regular pentagon inscribed in a circle is 
1 inch. Find the radius of the circle to two places of decimals. 

(11) Prove that the perimeter of a triangle : the perimeter 
of an inscribed circle : : the area of the triangle : the area of 
the circle. 

(12) ProTe that the areas in the last question are as 

ABC 
oot ^ cot ^ cot - : IT. 

(13) If a^, a,, 03 be respeotiyely the sides of a regular pen- 
tagon, hexagon, and decagon inscribed in a circle, then 

V = a^ + a^. 

(14) If A be the area of the inscribed circle, A^ Aj A3 the areas 

of the escribed circles, then -j-r- = -^-r- + 



VA VA,^VA,^VA 



•3 
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CHAPTEE XXVIL 

INYEESE NOTATION. 

• 164. This has been defined in § 38. Before we can prove 
identities, or solve equations involving quantities expressed in 
this notation, we must learn to find the sum or difference of two 
or more angles given in inverse notation, in terms of a third angle 
similarly expressed. The methods will be best understood by 
the following illustrations : — 

a + b 
165. To show that tan'^ a + tan~i b = tan"^ , ^ . 

1 — a D 

This is merely an abbreviated form of the following : Show 

that the angles whose tangents are a and h are together equal 

to the angle whose tangent is =-. The proof requires only 

a knowledge of the methods of Chapter VIII. 

Let tan"i a = x, tan"^ h = y; then will a = tan Xyh = tan y. 

/ , \ tan a + tan y a + b 

Now tan (x + y) = — — = r ; 

^ *^^ 1 — tan X tan y 1 — ab 

or tan'^ a + tan~^ b = tan"^ 



1 ^ ab' 

Similarly we can show that 

a — & 

tan~^ a — tan"^ b = tan~^ - — ; r. 

1 + ab 

166. To show that sin"^ a + sin~\b 

= sxn-i (a VT^^b^ + b /T^^a?). 

Let sin"^ a = x, sin"^ b = y; then a = sin a, 6 = sin y ; 
.-. cos a? = v' 1 — sin2 a? = ^ 1 — a^, 
cos y = V 1 — sin2 y = ^ 1 — b^. 
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Now Bin (« 4- y) = Bin a; COS y 4* COB a; sin ^ 



« + y = Bin-^ (a VI -h' + h^l -a^); 



ur Bin"* a + sin"* 5 = Bin"* (a ^1 —li^ + h ^1 — a^). 
Similarly we can prove the following : — 

sin~* a — sin'* 5 = sin"* {a ^1 --lA — h ^1 — a^) 
cos"* a + COB"* h = COB-* {o 5 - ^"(1^^^ V(l - &^)}, 
COB-* a -COB"* 6 = COS"* {a 6 + V(l - a^) V(l - t^)}. 

167. To resolve tan~* a into the sum of two angles 
of which a is one. 

Let be the other angle ; then tan~* a = a + ^ ; 

* / I /i\ tan a + tan 

.•. a = tan (a + ^) = ; 

^ ^ ^ 1- tan a tan e 

, . ^ a — tan a ^ /a — tan a \ 

whence tan e = z— ; — r . or ^ = tan * ( -— 1. 

1 + a tan a \1 + a tan a/ 

.-. tan"* a = a 4" tan"* ( J. 

M 4- a tan a/ 

168. By putting 6 = a in §§ 165, 166, we obtain the 
following results which are often rqquired : — 

(1) 2 tan"* a = ton-* i^-^. 



(2) 2 sin"* a = sin"* (2 a V'l - a^). 

(3) 2 cos-* a = cos-* (2 a^ - 1). . . 

169. By repeating the processes we can find the angles 
represented bv 3 tan"* a, 3 sin"* a, 3 cos"* a, <fec. 
For example, 

3 tan"* a = tan"* a 4- 2 ton-* a, 

= tan-i a + tan"* -^, by (1) 

= tan-> __., by§165, 

= ton-i 



/ 3 a - a3 \ 
Vl - 3 a2/' 
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Example 1. — Show that 



tan*^ f- tan""^ — f- tan"^ ~ = — . 

11 3 6 4 

3 . . ,1 . , 11 ^3 



By § 165, tan-i + tan-i ^ tan-i 

11 o 1 

IT 

= tan- I 

• 2 1 3 5 

Similarly tan'^ - + tan"! _ tan~^ 

^ ■" 15 



= tan-i 1 = ^. 
4 



Example 2. — Solve the equation 

sm"^ X + cos""^ 2x = -; 
o 



cos*^ 2 a? = - — sin^i a; . . (1) 





Let sin'^ x = y; /. sin y = a? and cos y = ^1 — x^^ 
then from (1) 2 a? = cos ( - — yj 



= cos - • COS y + sm - sm y. 



whence 3 a? = V3 (1 - «^). 

squaring, 3 a^ = 1 — aj^, 

....= ±1. 

Example 3.— If cos"^ a; + cos""^ y + cos"~i 2 = tt, show that 
x^ + y^ + z^ + 2xyz=z I, 
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From the given relation 

008~* X + COB""^ y = IT — COB"* Z. 

.\ COB {cos""^ X -f cos"^ y] = cob (ir — cob"' 2); 

or «y- V(i- «')(!- y')= -«• 

or a;» + ys + 2* + 2 a? y a = 1. 



EXAMPLES XXVII. 

Prove the following identities : — 

(l)tan-»| + tan-ii = ^. 

S . , 5 , ,56 
(2)8in->- + Bin-»- = tan-»-. 

4 1 . / 24\ 1 , / 117\ 

(3) Ian- 3 = 2 tan-« (- yj = 3 cos > (^- j25J 

(4) tan-i i + sin-^ -^ = 45°- 

fo) tan->| + tan-i^ = 45°. 

3 . , 24 ^ ,24 

(6) 2 sin- - = sin- - = tan- -. 

(7) 2 cos- I = OOB- ^. 

1 24 1 , / **\ 

(8)-tan-- = 5C08-(-^). 

1 1 1 1 1 

(9) tan-i - + tan-i _ ^ 2 tan^^ - + tan'^ -. 

1 1 . 1 7 >/2 ^ 

(10) cot-i _ ^ tan-i _ 4. sin-i -^ = 0. 
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(il) tan-i 1 + tan-i| + tan-i i + tan-i ^ ^ ^. 

(12) cos-i a - cos-i p = Bin-i QS Vl^^^ - a Vl^^^'). 

(13) tan-i ^^ + tan-i — i— =»7r + T 
^ w 2w — 1 4 

nt 1 

= tan'i — -— ■ + tan"^ 



i + 1 2 m + 1" 

(14) 008-1 2 - sin-i - = sin-i ^-^^^^^ ^j. 

(15) 3 sin-i a = sin-i a (3 - 4a^). 
Solve these equations : — 

(16) cot-i X + sin-i -L = -. 

(17) tan-i a? + tan-i (1 - a;) = 2 taii-i Jx^^K 

(18) sin'i ic + sin~i (1 — a;) = cos"^ Xi 

(19) cot" 1 see a? — cot^^ sec 2 a? = taii"^ (2 cos x + 1). 

(20) sec""i sec~i t = seo""^ h — seo"^ a. 



(21) If sin"i m + sin~i w = -, prove that biiT^ m = cos'^ n 

and that w Vl - «^ + w Vl - ^^ = 1- 

(22) In a triangle right angled at C prove that 

tan-i 4- tan"i = — . 

(23) Find the value of 

cot-i — ^ 4- cot-i -z-^ h oot-i -^— . 

a -^ — c c — a 

(24) Show that 

, 1 — a2cos2a— 2asina , cos 2a+2asina— a^ 

l+a^ — 2asina 1+0^ — 2 a sin a 
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MISCELLANEOUS EXAMPLES. 

(1) Find the number of degrees snbtended at the centre of a 
circle by an arc = *357 timea the radios, taking ir = 3-1416. 

(2) If tan A = 2 - ^, find the Talne of 

3 ein A — 4 sin^ A 

4 ooe^ A — 3 COB A* 

(3) Solve the triangle in which a = 30, & = 30 /§, A = 30^. 

(4) Prove that 

(1 4- sin A - cos A)^ (1 - sin A + cos A)^ 
1 + sin A ' 1 — sin A "" 

ABC 

(5) If, in the triangle ABC, tan — , tan ~, tan — are in geo- 

2 iS ^ 

metrical progression, show that 6 (a -|- c) = a^ + c^. 

(6) Solve the equations — 

1. 4 sin« A + 3 cosec* A = 7. 

2. cos6A4-oos4A = 0. 

(7) If tan = -, then aQO%2 & +h Bm2 & ^ a. 

(8) Find the angle B in the triangle whose sides are a = 40, 
6 = 60, c = 60. 

Given L cos 27° 63' = 9-9464040, 

diff. 1" = -0000669, 

log 2= -3010300. 

(9) Prove sin-i— + cofi 3 = 46°. 

(10) Show that cosec A -|- cosec 2 A + cot 2 A = cot — . 

(11) Prove that in a triangle ABC right-angled at C 

sin A + sin B + 1 _ a + h + e 
sin A •" a ' 

(12) At what time between 12 and half-past 12 o'clock is the 
angle between the hands of a watch equal to 2^ radians ? 
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(13) In an isosceles right-angled triangle a straight line is 
drawn from the middle point of one of the equal sides to the 
opposite angle. Show that it divides the angle into parts 
whose cotangents are 2 and 3. 

(14) If sin )3 = w sin (2 a + )8), 

then , /r t o\ 1 + w X 

tan (a + a) = ^ tan a. 

(15) Solve the equations— 

1. cos 2 A = cos A. 

2. tan 2 A = 3 tan A. 

(16) In any triangle if cos A = cos B cos 0, show that 

tan i (A + B) tan i (A - B) = tan^ ^. 
Z u 2 

(17) Show that 

1 - tan^ A tan^ B __ cos^ A - sin^ B 
tan^Atan^B " sin^ A sin^ B ' 

(18) If A + B + C = 360°, then 

.A..B,.C, A B C 

sin — + sill o + S"^ 77 = ^ ^^ T ^^ T COS -r-. 

2 It 2i 4 4 4 

(19) If two sides of a triangle be the roots of the equation 
a;2 — 12 »+ 35 = 0, and the cosine of the included angle be — tV» 
show that the three sides of the triangle form an Arithmetical 
Progression. 

(20) Prove that tan-i | + 2 tan'i x = 45°, if t"^-^, = \ . 
^ ^ 5 1 — a?^ 9 

sin 3 B - sin 3 C ^ 3 A 

(21) In a triangle prove 5-7= r-T= = tan -^r-. 

^ ^ ° ^ cos 3 C — cos 3 B 2 

(22) Find the length of an arc of 80° in a circle of 4 feet 
radius (ir = 3|). 

(23) In a triangle ABC prove that 

(ra-r)(n-r)(r, -r) = 4Br2. 

(24) A person standing at a point due south of a tower built 
on a horizontal plane, observes the altitude of the tower to be 
60°. He then walks to a point B due west of A, and observes 
the altitude to be 45°, and again at C in AB produced he 
observes the altitude to be 30°. Show that B is midway 
between A and 0. 
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(25) Solve C08-1 ^i - a;^ + sin-i (!-«) = cos'^a?. 

(26) Two trees are 600 yards apart. The angles subtended 
at each tree by a church and the other tree are 45° and 30^ 
reijpectively. Find their distances from the church. 

(27) Prove that 2 sec 2 A = sec (45*^ + A) sec (45^ - A). 

(28) Show that sin^ (45° - A), sin^ 45°, and sin^ (45° + A) 
are in Aiithmetical progression, and that sec^ (45° ^ A), 
sec^ 45°, sec' (45° + A) are in Harmonical Progression. 

(29) A man walks away from the foot of a leaning tower in 
a line vertically beneath it, and observes the top at an eleva- 
tion of 57^^. He then walks past the tower to an equal distance 
on the other side, and observes the elevation of the top to be 
32;^^. Show that the tower makes an angle of 25° with the 
vertical. 

(30) If A + B + C = 180°, show that 

^ A + B , ^ B + C^ . C + A 

tan —^ — + tan — ^ — + tan — - — 

4r ^ + ^ * B + C. C + A 
^tan-^- .tan— 2-*^ -2—- 

(31) Solve the equations — 

1. tan - = coseo x. 

It 

2. tan X (tan 2 » + cot d;) = 2. 

(32) If r be the radius of the inscribed circle of a triangle, 
show that the product of the lengths of the three perpen- 
diculars from the angles on the opposite sides will be 

(« + fc + cy 

abc 

(33) Show that 

cot-i 2 + cot-i 4 = cot-i 8 + oot"i 6 + oot-i 7 + cofi 21. 

(34) Prove that in any triangle ABC 

/I X X A a sin B 

(1) tan A = -T— 7^ ^. 

^ '^ sin C — a cos B 



em- 
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(35) A pole is fixed on the top of a mound, and the angles of 
elevation of the top and bottom of the pole are 60° and 30'', 
Show that the length of the pole is twice the height of the 
mound. 

(36) In a triangle A = 22^°, B = 45°, c = 220 yds., show 
that its area is 2^ acres. 

(37) If tan2 ^ , oos^ T" ^ = sin a sin y, ehow that tan -, 

B y 

tan ^, tan ^, form a Geometrical Progression. 

(38) Solve the equation 

a: — 3 a; — 4 , ^ 

tan"^ 7 — tan"^ = tan"^ 



X — 4: a; — 3 43 — 7 

(39) In a triangle right-angled at C, show that 

A B^ 2 c 

cot — -f cot ■— = 



2^ 2~a + 6-c' 

(40) The area of any triangle is 

2ahc A B C 

— :-i— ; — . cos ~ , cos — . cos — . 
a + h + c 2 2. 2 

(41) The angles^ of a triangle are 45°, 60°, and 75^ the 
shortest side is 2 >/2 ; prove that the other sides are 2^3 and 
J2 (V3 + 1). . 

(42) Two sides of a triangle are 81*1 and -105 -75, and the 
included angle is 47° 52'. Find the remaining angles, having 
given 

log 24-65 = 1*391817, L cot 23° 56' = 10-352778, 

log 186-85 = 2-271493, L tan 16° 33' = 9-473102. 

(43) If I be the centre of the circle inscribed in the triangle 
ABC, prove that 

A P B P C P 

■? "T" "T" r~ — !• 

he t a ah 

(44) Given logio 2 = -30103, find the value of 

/tan 15° + 2 sin 60°\1! 

^^^^«««l — ^^^° — r 

(45) In any triangle show that 

aoo&x = b cos (a? — C) + ^ cos (x + B), x being any angle. 
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(46) If in any triangle 5^ - a« = (5* + a') cos 2 A the 
triangle is right-angled. 

(47) Ifbin(»-tf)ooe(^-|ir) =8ec(|ir-^) oosec (^-2»), 
find Bin in termB of ^. 

x.«v -r^ . yi Bin a COB B ^, ^ 

(48) If tan tf = -^—5-; —, prove that 



/»^\ ^V4 2 / 



coe 

tan 



(49) Employ the formnla 
A 



2 COB - = ± a/I + Bin A ± v' I — sin A 
to find ooB 165^ 

(5Q) Show that sin 9° lies between -156 and -167. 

(51) Two sides of a triangle are 5*5 feet and 4*5 feet, and 
incluae an angle of 120°. Find the angle opposite the greater 
given side; if log 3 = -4771213, L tan 3* 18' = 8-7608719. 
diff. forlO" = -0002193. 

(52) If A + B + C = 180°, prove that sin (B + C) cos A 
+ sin (C + A) cos B + sin (A + B) 00s C = 2 sin A sin B sin C. 

(53) Solve the equation — 

cos a; + cos 7 » = cos 4 x. 

(54) If tan A + tan B + tan G = tan A tan- B tan C, prove 
that A + B + C is a multiple of two right angles. 

(55) Prove that in any triangle 

a sin (B - C) + 6 sin (C - A) + c sin (A - B) = 0. 

(56) Prove that sin"! ~ + oos-i -^ + oot'i 8 = ^. 

y6 v26 ^ 

/ir«\ Qt. XI. X J, A cos tf -|- sin 2 tf 

(57) Show that cot fl = —- — : — ^r x. 

^ "^ l + Bind — cos2d 

(58) Two sides of a triangle containing an acute angle are 
5 in. .and 7 in., and the area is 14 sq. in. Find the third side. 

(69) A tower subtends an angle of 30° at a point 210 ft. 
from its base, and a steeple above subtends an angle of 15° at 
the same point. Find the heights of the tower and steeple. 
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(60) If cot A = 2 tan B, show that 

cos ( A - B) = 3 cos (A + B). 

(61) Prove that sin (a + 2 ^) sin a - sin (^ + 2 a) sin ^ + sin^ 
is independent of 0, 

(62) From a circular board of 2 ft. radius and 3 in, thick, a 
circle of 21 in. radius is cut out. How many cubic inches 
are left? (tt = 3|). 

(63) Prove that in any triangle 

a cos A + 5 cos B + c cos ^^„ a i ««« -n ■ ^^« n i 

■ = — : — ■ = cos A + cos B + cos (J — 1. 

a + + c 

(64) Prove that 

tan ^ tan 3 d tan 4 ^ + tan 3 d + tan d - tan 4 ^ = 0. 

(65) In a triangle find a, given h = 72, c = 56, A = 70°. 

log 2 = -30103, log 3 = -47712, log 7 = -84510, 
L cos 35° = 9-91336, L cos 35° 38' 10" = 9-90994, 
log 75 = 1-87506, L cos 54° 21' 50" = 9-76785. 

(66) In a triangle where C is a right angle, prove that — 

1. a 6 c = a^ cos A + 6^ cos B. 

2. h sin^ 77 + « siii^ -^r + 2 c sin^ — sin^ 75 = 6 sin — . 

Z 2 z z z 

(67) Find the greatest value which sin + cos 6y and the 
least value which tan + cot $, can have when lies between 
and 90°. 

(68) Prove that the product of sin A + cos A and 

sin 2 A -f cos 2 A is sin 3 A + cos A. 

(69) In a quadrant of a circle another circle is inscribed. 

Prove that its area is = of the area of the first circle. 

3+2 V2 

(70) In the ambiguous case of the solution of triangles, if the 
angle A and the sides h and a are given, show that the two 
values of the third side are given by the equation 

aj2 - 2 6 cos A a: + 62 _ a2 = 0. 
Hence find the condition that the triangle should be right- 
angled. 

•«^\ ai xt^ ^ sin A + sin 5 A sin 3 A + sin 7 A 

(71) Show that . ■ ^ = . ' . 

^ ' sin 3 A sm 5 A 



. ^ 1 ^ /36-a 
Bin B = - V — — . 
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(72) Solve the eqaations — 

4 sin* ^ + 16 coB^ «^ = 3] 

COB^ tf — COB <^ = -j 

(73) If in a triangle A = 3 B, prove that 

1 

2 

r j^ 

(74) In any triangle - - ^ = sin -. 

V(n - ♦•) (r, - r) 2 

(75) Show that in any circle the chord of an arc of 108*^ is 
equal to the sum of the chords of arcs of 36° and 60°. 

(76) If tan « = 44^. sl'ow t^at tan (,^ - 6) r^^^. 
^ ^ a + 6 COB ^^ ^ 6 + a cos <^ 

(77) In the ambiguous case of the solution of triangles, if 
Cj, Cj be the two values of C when a, 6, A are given, show that 

. Ci + C2 . Ci — C« . T> 

Bin — ^-jr — - , sin —=-— — - = cos A cos B, 

(78) D E P is the pedal triangle of the triangle ABC 
(i.e., formed by joining the feet of perpendiculars from A, B, 
and C on the opposite sides). Prove that its perimeter is 
a cos A 4- 6 cos B + c cos C, and find the radius of the circle 
circumscribing it. 

(79) In any triangle prove that — 
1. n r, + r,r„ + r, r^ = 8\ 

-G-)a-')a-oa^^i)=i 

(80) Find the values of cos 12°, sin 42°, cot 660°, sec 840''. 

(81) Deduce the formulas 

^ 

2 sin — = ± V(l + sin A) ± V 1 - Bin A 

A 



2 cos -jr- = ± V (1 + sin A) + V 1 — sin A 

from the formula cos — = \/ . 

2 ^ Z 

(82) Eesolve sin^ a; (4 + sin^ a?) + 4 cos^ x into two factors, 

(83) Given sin^ cos* ^ = A sin 8 ^ + B sin 6 ^ + C sin 4 d 
4- D sin 2 ^ ; find the values of A, B, C, and D. 



MISCELLANEOUS EXAMPLES. 219 

(84) Prove that 

, _, tan OL . , , 1 , TT 

tan 1 7 -— + tan-i — — - = rnr + -. 

tan a + 1 2 tan a + 1 4 

(85) Prove geometrically that tan (45° + A) = ! ^ !^^ f ' 

(86) Eliminate $ and <^ from the equations a sin $ + h sin <^ = c, 
a cos ^ = 6 cos <^, a & (tan ^ + tan 0) = c^. 

(87) Solve the equation — 

/seo^ oj tan^ x\ , . ^ ^ 

I I (sec a + tan a) = 1: 

\sec a tan a/ ^ ^ 

(88) Show that 

3 cos 3 ^ - 2 cos ^ - cos 5 ^ _ 
sin 5 ^ - 3 sin 3 ^ + 4 sin ^ " *^ 

(89) Prove that cot 20° + cot 80° + cot 140° = ^J 

(90) Eliminate from the equations 

X cos 8 + y sin ^ = a sin 2 ^, aj sin ^ — y cos = a cos 2 ^. 

(91) In any triangle whose area is A, show that 

r2 (a & + & c + c a) = A2 + r^ (r + 4 E). 

(92) Show that 

sin 84° cos 54° - cos 54° sin 24° + sin 24° sin 84° = 1 

4 

(93) If a quadrilateral be inscribed in a circle, and circum- 
scribe another circle, its area = A/ah c d ; a, b, c, (2 being its 
sides. 

(94) Prove that 

4tan-ii^tan-ii + tan-ii=J 

(95) In any triangle ABC, prove that 

r— sm A H rn — sin B H — sin C 

a^ 0^ c^ 

B-C .C-A .A-B 

= 4 sin — — . sm —^ . sin — - — . 

(96) Prove that if a + )8 + y = 45° 

1 + tan a 1 + tan fi 1 + tan y 

1 — tan a 1 — tan )8 "" 1 — tan y 

_ (1 + tan g) (1 + tan p) (1 + tan y) 

~ (1 - tan a) (1 - tan )8) (1 - tan y)* 



220 MISCELLANEOUS EXAMPLES. 

(97) Eliminate from the equations 

X 008 + y Biae = a Tcos^ + 3 sin^ 0), 
X sin e + y oos 6 = a (sin* + 3 cos^ d). 

(98) Prove that the distance between the centres of the 
oircTimscribed and an esoribed circle of a triangle 

= (R« + 2 R rO*. 

(99) ProYO that in any plane triangle 

Bin«y + 8ma- + 8ina- + 2sin-sin^8m- = 1. 

(100) Show that the magnitude of the area of any quad- 
rilateral in terms of the four sides a, b, e, d, and the angle $, 

between the diagonals = - (a* — 6^ + c^ — d^) tan 0. 

(101) The cotangents of the angles of a triangle are a, /3, y, 
and the tangents of the angles which the sides make with any 
straight line are 2, m, n, taken symmetrically ; show that 

mnfiy + nlya + Imafi + 1 = 0. 

(102) Eliminate 0, <f> from the equations 

cosOcosec^^ = cos^cosec^e = a6~S 
a^ cos e cos = c. 

(103) From three points A, B, C in the same straight line 
such that BC = a, AC = &, AB = c, the altitudes of a balloon 
are simultaneously observed to be cot"^ a, cot"^ (3, cot~^ y; show 
that the height of the balloon above the straight line is 
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EXERCISES IN TRIGONOMETRY. 

Take tt = 3| unless the contrary is stated. 
Exercise 1. 



radius 



A railway train is travelling on a curve of half a mile 
iius at the rate of 20 miles per hour ; through what angle 
does it turn in 11 seconds ? 

(2) Prove that sec B — tan B = - — ; — ; — =r. 
^ ^ 1 + sin B 

tan 20° sec 80° + cot 10^ coseo 70° __ 

(3) Frove that ^an 80° sec 20° + cot 70° cosec 10° " ^• 

(4) The portions of a flagstaff above and below a mark on it 
subtend angles of 30° at a point on the horizontal plane on 
which it stands. If the mark be 20 ft. above the ground find 
the height of the flagstaff. 

(5) Solve the equation tan^ = 3 cosec^ — 1. 

,«v -TA . «/.-..! 1 -a sin + &C0S 

(6) If tan e = T, find the value of — . ^^, -. 

^ "^ a sm — 6 cos 

(7) If tan A + sin A = m, and tan A — sin A = n, find cos A 
and sin A and show that (m^ — w^)^ = 16 w w. 

(8) In a triangle with C a right angle, prove that 

tan A + sec A __ c^ + a c — 5^ 
cot A + cosec A "~ c^ + & c — d^\ 

(9) If cos X = - — ^ and cos (90° - ») = -; — -, prove that 
^ ^ sm ^ '^ sm C '^ 

sin2 A + sin2 B + sin^ C = 2. 

, ^N ^ . . sin A a/2 _ tan A 1 « , .. 

(10) Having given -; — = = -7= and - — — = —= ; find A 
^ ^ ^ ^ sin B ^3 tanB ^3 

andB. 
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Exercise 2. 



(1) The sides of two regular polygons subtend angles at their 
centres whoi^e circular measures are the roots of the equation 
105 a^ — 29 TT a; + 2 TT^ = 0. Find the number of sides in each 
polygon. 

(2) In a trfangle right-angled at C, show that 

sin A + i^iii B + sin C 
is known when the hypothenuse and the sum of the sides are 
given. 

,«x f^ ^^,1+ cot 60^ (1+ cos 30°)* 

(3) Prove that j-^^^^ = \i^^S^4 ' 

5 IT 

(4) Three angles of a quadrilateral are 60°, 60*, and — re- 
spectively, find the number of degrees in the fourth. 

(5) If sin* A oosec* B + cos* A cos* = 1, show that 

± sin C = tan A cot B. 

(6) Eliminate between the equations sec d = m + tan 6, 
n sec d = 1 — n tan 0, 

(7) Solve the equation sin tan = -=-, 

a/2 

(S) Given sin = ^ . ,^ find cos and tan 0. 
^ "^ a^ + 0^ 

(9) Find the area of a right-angled triangle ABC, when 
tan A = - and the hypothenuse C = ^l^^^ i^^* 

(10) C D is the perpendicular from the right angle C of a 
triangle on the hypothenuse A B ; A C = 108 yds., C B = 144 yds. ; 
findCD, BD, DA. 

Exercise 3. 

(1) One exterior angle of a triangle is half as large again as 
one of the interior and opposite angles and its supplement is 
half as large again as the other. Find the angles of the 
triangle. 

(2) Express in degrees the angle whose circular measure is 
•7854(7r = 3-1416). 

(3) Solve the equations (1) sin 2 ^ = sin d. 
'2) si: " 



(2) sin ^ + sin 2 ^ = cos e -J- cos 2 ^. 



EXERCISES. 223 

(4) Prove that (1) 2 cosec 4 A + 2 cot 4 A = cot A — tan A. 

"^ ^ ^ 1 — COS 2 A 

(5) Show that (sec 30° + tan 30^) (cosec 60° + tan 60°) = 5. 

(6) If X cos B + y cos h. — t and x sin B — y sin A = 0, prove 
that « « < 



sin A sin B sin (A + B)' 

(7) Show that tan 70° + tan 20° = 2 sec 50°. 

(8) Find the values of tan (- 480°), cot 660°, sec 840°, 
cosec 900°. 

(9) Show that sec 22^° = 1 • 0824 nearly. 

(10) A naan is flying a kite whose string is stretched and 
makes an angle of 67^° with the horizontal plane. If 150 yds. 
of string are let out, find the height of the kite above the 
horizontal plane. 

Exercise 4. 

(1) Find the magnitude of an angle of a regular polygon of 
36 sides in degrees and in circular measure. 

(2) Solve the equations (1) sec B cosec ^ — cot ^ = 2. 

(2) sin 2^- cos 2^ = 1. 

(3) Find the perimeter of a right-angled triangle ABC, 
given that the perpendicular from the right angle at C on A B 
is 60 ft. and that 2 B C = A B. * 

(4) Show that if sin (A - C) cos B + sin (B - C) cos A = 0, 
then tan A, tan C, and tan B are in arithmetical progression. 

(5) In any triangle show that 

sin (A - B ) ^ (g^ - 6^) sin A 
^^ sin (B - C) " (62 - c2) sin C* 

sin A + sin C _ cos C — cos A _ B 
^ ^ cos A + cos C sin A — sin C 2' 

(6) Show that sin 30° 1' = cos 1' - sin 29° 59'. 

(7) Prove that tan 7° 30' = (/3 - V2) (V2"- 1). 

(8) Show that tan'i (2 + V3) - tan-i (2 - v^) = 60°. 

(9) Prove that an inch will subtend an angle of 1" very 
nearly at a distance of 3 miles. 
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no) Two objects are seen in tlie same direction to the S.K, 
ana when the observer has moved 8 miles due S. the one bears 
N.E. and the other due E. ; how far are they apart? 

EXEBCISE 5. 

• IT 1 

(1) One angle of a triangle is 7, another ^ of a radian, 
express the third angle in degrees, &o. 

(2) Solve the equations (1) sin^ + cos^ (90 - ^) = 1. 

(2) 1 + 2 sin 4 ^ = 4 sin 3 ^ cos ^. 

5 ih 

(3) If cos ^ = — find sin ^, sin 0, sin 2 ^. 

(4) A person on the bank of a river observes the angular 
elevation of the top of a tree on the opposite bank to be 60° 
Whin he retires 100 ft from the edge of the river the angle ib 
30^ Find the height of the tree and the breadth of the river. 

(5) In a right-angled triangle with a right angle at C, if 
a = 576-12, c = 873-14, find A and B: 

log 5-7612 = -7605054, L sin 41° 17' = 9-8194012, 
log 8-7314 = -9410839, L sin 41° 18' = 9-8195450. 

(6) In any triangle prove that 

aco82B + 26cosAcosB + acos2C + 2ccosA cos = 0. 

(7) Prove that tan-i A 4. 2 tan'i ^ = tan"! ^ = 7 - tan-i i 

r«N di XT- X sin 2 a + cos 2 o 1 

(8) Show that -. 7 : — r— r = - cosec a. 

^ ^ cos a — sm a — (cos 3 a — sm 3 a) 2 

(9) Find the value of cos 3000°, tan 2565°, sec (" V ^\ 

23 IT 
cosec — r-. 
o 

(10) Given a tan^ d = 6, find the valnes of a sin 6 + 2> cos 0, 
and of a sec d + 6 cosec 0. 



EXERGISK 6. 

(1) If an equilateral triangle, a square, and a regular hexagon 
be described about the same circle, their sides will be in Geo- 
metrical Progression. 
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(2) Calculate approximately tlie distance at which a globe 
5 J in. in diameter would subtend an angle of 6'. 

(3) Prove that— 

1. 1 + tan 2 A tan A = sec 2 A. 

2. sin 105° + cos 105° = cos 45°. 

(4) A man stands on the top of a wall 12 ft. high, and ob- 
serves the angle of elevation 30° of the top of a telegraph post ; 
he then descends from the wall, and finds that the angle of 
elevation is now 45° ; prove that the height of the post exceeds 
the height of the man's eye above the ground by 6 (,v^3 + 3) ft. 

(5) In a triangle 6 = 5, c = 4, A = 60° ; find B and C, 
having given log 3 = -477121, L tan 10° 53' = 9-283907, 
LtAn 10° 54' = 9-284525. 



(6) Solve the equations — 

1. sin (x + ^) sin («^ - j) = 

2. sec oj = 2 sin^ x + cos x. 



• 2 '^ 



(7) In any triangle prove — 

1. cot A = - cosec C — cot C. 
a 

cos (A — B) cos C ~ cos (A — C) cos B h^ — c^ 



1 4- cos (A - C) cos B = a2 + c^' 

(8) Solve the equation — 

8* . 125^-* = 2*'+' . 5", 
given log 2 = -30103. 

(9) Show that the length of the line C D, which is drawn to 
the side A B of any triangle so as to bisect the angle C, is 

2ah 

a + h 2 

(10) In any triangle prove that 

Ta + n + r, = 2Brco82^ + cos2? + co82^\ 

Exercise 7. 

(1) An arc of 120° on one circle is equal to the whole circum- 
ference of another. Compare the area of a square inscribed in 
the larger circle with that of a square circumscribing the 
smaller one. 

Q 
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(2) Prove thair— 

1. tan (A + 30»; tan (A - 30°) = 1^1^. 

2. tan- -J??^ - tan- i^l^ = .^. 

1 — Bin ^ ooe^ 

(3) In a triangle, given A = 62° 3^, B = 75° 32', c = 382-05, 
find a, given 

L 8in 62° 39' = 9 • 9485189, L sin 41° 49' = 9 • 8239625, 

log 38205 « 4-5821088, log 50894 = 4-7066666, 

log 50893 = 4-7066581. 

(4) Eliminate $ from ooe (0 - ^ + a) coe (0 - a) = 6, 
cos (0 — — a) coe (0 + a) = c. 

(5) Two objects, F, Q, are observed from a ship to be at the 
same instant in a line 15° to the east of north. When the ship 
has sailed N.W. for five miles, P is due E. and Q is N.E. Find 
the distance P Q. • 

(6) Solve the equations — 

1. sin 9+ cos e = 4 cos^ 9 sin 9, 

2. sin (a — e) = COB (a + 9). 

3.... ' .. .+ 



(V 1 - sin 0) - 1 ( V 1 + 8in 0) - 1 sin 6' 

(7) The diagonals of a quadrilateral are a and b, and the 
angle they include is 0» Show that the area of the quadri- 
lateral is ^ a & sin 0. 

(8) In a right-angled triangle, C being the right angle, 
prove that cos (2 A - B) = -3 (3 c* - 4 a^), and that the area 

= -- c2 sin 2 A. 
4 

(9) The sides of a triangle are 9, 7, 4 ft. Find the sines of 
the angles. 

(10) If o -f jS -f y = IT, prove that 

sin^ y = cos^ a -|- cos^ )3 + 2co8aco8)3cosy. 
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Exercise 8. 

(1) An arc of a circle whose radius is 7 in. subtends an angle 
of 15° 39' 57" at the centre of a circle. What angle will an arc 
of the same length subtend at the centre of a circle of radius 
2 in.? 

(2) What are the proper pigns for the ambiguities in the 

j^ 

formula 2 cos — = ± -v^ 1 + sin A ± ^1 *" sin A, (1) when A 

lies between 670° and 580°, (2) when A lies between - 570° 
and - 580°? 

(3) A lake is bounded by a vertical cliflf, whose height h is 
equal to the breadth of the lake. From a balloon above the 
lake the height of the cliff and the breadth of the lake both 
subtend the same angle a. Show that the height of the balloon 

IS - (sm a + cos a) cosec a. 

(4) Solve the equations — 

1. 4 8ec2 - 5 tan^ 0=1. 

2. cos a: cos 3 a? = cos 2 x cos 6 x, 

3. (1 - tan 0) (1 + sin 2 0) = (1 + tan 0). 

(5) Show that if tan + cot + 2 = 0, then sin + cos = 0. 

(6) In any triangle prove that — 

a cos B — 6 cos A _ sin^ A — sin^ B 
c Bin2 (A + B)'' 

A B 

2. (6-c)(«-a)cos2- + (c-a)(«-6)cos2- 

^ 2 

n 

+ (a- 6) (« - c)cos2 77 = 0. 

3. (62 - c2) cot A + (c2 - a2) cot B + (a^ - 62) ^ot C = 0. 

(7) A circle of radius r is inscribed in a sector of a circle of 
radius a, the chord of the sector being 2 c. Show that 

i = i + i 

r a c 

(8) Trace the changes in sign and magnitude of 

(1) sin cos 0, (2) --; — :--, as changes from 180° to 270°. 

^ ^ ^ ^ cos + sin ° 

Q 2 
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(9) The sides of a triangle are 5, 12, and 13. Find all the 
angles, having given 

log 2 = -3010300, L tan 11° 18' 30" = 9-3009670, 
L tan ir 18' 40" = 9-3010764. 

(10) Prove that 

... f X ^ . /x 1 , a — X 

W a + X V a 2 



a + X 



ExERasE 9. 



(1) The moon's distance from the earth is 60 times the 
eirth's radius. Show that the earth's Tadins subtends at the 
moon an angle of • 95". 

(2) Prove that— 

A — B 

1. (sin A + sin B)^ + (cos A + cos B)^ = 4 cos* — - — . 

2 cot (60° + A) _ 2 - sec 2 A 
' tan (60^ - A) "" 2 +'sec 2 A* 

(3) If tan I = 0-«^M)(l--coBa) ^^^^ ^^^ 

2 sm a cos ^ 

sin a cos B 
tan = 



sin p -f cos a 

(4) The sides of a triangle are 2, V^, and 1 + ^3. Find 
the angles. 

(5) Find A and B from the equations — 

A + B A-B V3^-l . ^ a/3 + 1 

cos — - — . COS — - — = - — , COS A — COS B = . 

2 J 4 ^ 

(6) Given sin a = m sin )S, tan o = n tan )S, prove that 

COS^ a = —z -. 

n^ — 1 

(7) Solve the equations — 

1. 3 tan 2 ic cot a? = 2 j/S + 3. 

2. cos ic + sin a? = 2 //2 sin x cos x. 

(8) In a triangle, having given a = 456-12, b = 296-86, 
C = 74° 20', find A and B. 

log 1-5926 = -2021067, log 7-5298 = -8767834, 
L cot 37° 10' = 10-1202593, ' L cot 74° 25' = 9-4454352, 

L cot 74° 24' = 9-4459232. 
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(9) The area of a regular polygon inscribed in a circle is to 
that of the corresponding circumscribed polygon as 3 : 4. Find 
the number of sides. 

(10) If a, ^, y denote the distances from the angular points of 
a triangle to the points of contact of the inscribed circle, show 



that its radius = ( — t-—: — J . 



Exercise 10. 

(1) The number of sides of one regular polygon exceeds that 
of another by 1, and an angle of the first exceeds one of the 
second by 4°, Find the number of sides in each. 

(2) At what distance from the eye must a circular disc of 
6 in. diameter be placed so as just to cover the moon, whose 
apparent angular diameter is 31'? 

(3) Show that— 

i. {tan (A 4- 45°) + tan (A - 45°) } 4- {cot (A '+ 45°) 
+ cot(A- 45°)} = - 1. 

(4) l+sin2Acot2A-2sinAcotA+cos2Atan2A = 4sin2-. 

(5) If ah c are the sides of a triangle ABC, and cos x = ^—-, 

h ' c 

cos y = — ; — , cos t = . - , prove that — 
^ c + a a + h ^ 

1. tan^| + tan2| + tan2^ = 1. 

2. tan - . tan ^ . tan - = tan — . tan - . tan — . 

Z Z 2 2 2 2 

(6} Show that the^angles of a triangle whose sides are 2 >vA3, 
2 V2, and ^6 + ^2 are in A. P. 

(7) If a, ar^ at^, be the sides of a triangle, show that r lies 

between — and . 

(8) A man walking towards a church observes the nave to be 
a in elevation, and the spire behind it fi. After walking a 
further, he sees the nave hide the spire at an elevation of 2 a. 
Find the height of the spire. 

(9) Given A = 30°, 6 = 12 in., find the values of a which 
ma^e the triangle (1) right-angled (2) isosceles. 
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(10) Find the relations between the sides of a triangle when 
the angles are in arithmetical pxt)gres8ion and the snm of the 
squares of their sines equal to 2. 



EXEBCISE 11. 

(1) The apparent angular diameter of the sun is 30'. A 
plauet is seen to cross its disc in a straight line at a distance 

Q 

from the centre equal to - of the radius. Prove that the angle 
o 

subtended at the earth bj the part of the planet's path 
projected on the sun is j-r-. 

(2) Solve the equations — 

1. cosec 2 X = cot x. * 

2. cos 5 ^-f- cos 3 = V^ cos 0. 

3. tan^ - Bec> = 4 tan^ ^ - 5 tan ^. 

(3) Show that 

cosec 2 A _ 1 + tan* A 
* 1 + cosec 2 A " (1 + tan A)** 

2. cos 47^ - cos 61° - cos 11° + cos 25° - sin 7° = 0. 

3. tan- t±^l . tan- 1^= tan- ^. 

(4) If in any triangle sin* A (sin B — sin C) + sin* B 
(sin C — sin A) 4- sin* C (sin A — sin B) = 0, show that the 
triangle is isosceles. 

(6) Prove that 

1 + sin g + cos __ 
^- 1 -h sin ^ « cos tf ~ ^* 2' 
2. {cos p - cos 7+ sin {P - y)}* 
= 2 {1 - cos (i3 - y)} (1 - sin p) (1 - sin y). 

(6) Two adjacent sides of a triangle are 55 and 40, and the 
angle opposite the greater side is 54° 10\ find the angle opposite 
the lebs. 

L sin 54° 10' = 9-9088727, L sin 36° 7' = 9-7704332, 

diff. fori' = -0001731, 
log 2 = -30103, log 22 = 1-3424227. 
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(7) Show that 

1. i tan-i — + tan-i i = -. 
4 24 3 8 

2-3*^^"T + 4*^^"y = 4- 

(8) In a triangle if tan A = 1 and tan B = 2, show that 
tan C = 3. 

(9) D E F are the feet of the perpendiculars from A B and 
C on the opposite sides. Prove tbat the area of the triangle 
D E F = 2 cos A cos B cos G times that of the original triangle. 

(10) Show that 

cos2 e + cos2 (a + ^) - 2 cos a cos ^ • cos (a + tf ) = sin2 a. 

Exercise 12. 

(Ij The Arctic Expedition of 1875 reached latitude 82° 20'; 
how far was this from the North Pole, assuming the radius of 
the earth to be 4000 miles ? 

(2) Prove that 

A _ /2 cosec 2 A — cosec A 
T " V 2 cosec 2 A + cosec A* 



2. 2 COB 5 = \/2 + >/(2 + 2 cos 4 §). 

(3) Solve the equations — 

1. - tan - = cosec x — sm x, 
2 2 

2. sin 3 d = 2 sin d. 

3. cos n a? + cos (« — 2) a; = cos x. 

(4) Prove that the area of any triangle ABO 

_ (a cos A + 6 cos B)^ — c^ cos^ C 
"" 8 cos A cos B sin C 

(5) In any triangle, show that 

r, 2 ^ r, 2 ^ n 2 • 

(6) Given 

sin ()8 + 0) + sin a (sin^ p - sin^ a) + sin {2 a - )S + 0} 
= (cos2 p - cos2 a) sin (a + 2 e) 
show that 

sec = sin (tt + /?) tan (a - P). 
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(7) Prove that 



-«-(^^^o'-j 



COS" 



2— p 

(8) In any triangle, if 

ABC 
tan-— : tan — : tan — : : 6 : 3 : 2, 
2 Z du ' 

show that 

a : & : c : : 5 : 4 : 3. 

(9) If be the acute angle between two adjacent sides of a 

x^ — y^ 
rhombus, show that cos e = , . „ where x and y are the 

x^ + f 

lengths of the two diagonals. 

(10) Show that 

16 sin^ e cos* e = 2sine— sin5e+Bin3a 



ExEBasE 13. 

(1) The length of an arc of 45° in one circle being eqnal to 
that of 60° in another, find the circular measure of the angle, 
that would be subtended at the centre of the first by an arc 
equal to the radius of the second. 

(2) Prove that 

1. cos (A + B) cos ( A - B) - cos (B + C) cos (B - C) + 
cos (A + C) cos (A - C) = cos 2 A, 

sin* 2 A - 4 sin* A , ^ * 

sin* 2 A + 4 sin* A — 4 



(3) Show that 



4 ^ . , 24 1 



3sin-^J = 2sin-i||-±cos-v(-^) 



(4) Solve the equations 



sin* e cos* _ 
Sin* a cos^ a 

2. sin* r^ - e") + sin* 2 e =' 
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(6) In a triangle prove that 

C C 

1. c^ = (a + by sin2 ^. (« . ly cos^ -. 

2. cos A + cos B = 2 ^-i-^sin^ ^. 

3. The area =-i (a^ + 6^ « c^) cot ^ "'" ^ " ^ . 

(6) An observer in a balloon when it is one mile high, 
observes the angle of depression of an object on the ground to 
be 30°. After ascending vertically for 25 minutes he finds the 
angle of depression of the same object to be 60°. Find the rate 
of ascent of the balloon in miles per hour. 

(7) If 3 sin2 B + 2 sin^ A = 1," 
and 3 sin 2 B = 2 sin 2 A, 

prove that sin (A — B) = ^- 

(8) Transform sin a: + sin 3 a? + sin 9 a? — sin 6 a; into a 
product. 

(9) Show that the equation sin 6 sin (2 a + 9) + n cos^ a = 
cannot hold unless sec^ a is greater than 1 + n. 

(10) The distances between the centres of the escribed circles 
of a triangle being I, m, n, show that — -— = = — - — = 4 K. 



Exercise 14. 

(1) The circumferences of two circles are divided into a and b 
parts respectively. If a and fi be the angles subtended at the 
centres of the two circles respectively by the divisions, show 

- 4 TT 

that if a+ p = — then a, c, b are in Harmonical Progression, 
c 

(2) If cos A = tan B, cos B = tan C, tan C = tan A, show 
that sin A = sin B = sin C = 2 sin 18°. 

(3) Find the greatest angle in a triangle whose sides "are 5, 6, 
and 7 ft. respectively, given that 

log 6 = -7781513, L cos 39° 14' = 9-8890644, 

and diflf. for 15" =' -0000258. 
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(4) Prove that if A + B + C = 180^ 

(5) In the side 6 C of a triangle a point D is taken so that 
B D = ma; prove that A D« = c« + «» a* - (a* - 52 ^ ^) to. 

(6) The angular elevation of a steeple at a place due sonth of 
it is 45^, and at another due west of the former station and at a 
distance a from it is 150°. Show that if the height of the 
steeple is 

200 ^ ft. 
then a = 200 (3* + 3"*) ft. 

(7) Find the values of sin 900^ sin ^, cot 7125°. 

(8) Find the tangents of the greatest and least angles of the 
triangle whose sides are 13, 14, 15. 

(9) Solve the equations — 

1. cot X (cosec 2 a? — sin 2 sc) = 1. 

2. sin"i jjx + sin-i (1 — ^/x) = cos"^ a/x, 

3. sin 5 e = 16 sin^ 0. 

. (10) Prove that 

^ , 2tane + tan2e- tan^ tan 2 e 

1 - tan^ e-2tanetan2e ' 



Exercise 15. 

(1) The interior angles of a polygon are in Arithmetical 
Progression : the least angle is 120 and the common dif- 
ference 5° ; find the number of sides. 

(2) Show that— 

1. cosec 4 A = cot 4 A + tan 2 A. 



2. ji/GOBeo^ a — 1 ^2 vers x — vers* x = cos a. 

3. cos 72° + cos 60° = cos 36°. 
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(3) Solve the equations — 

1. cos 8 + 2 = 3 cos 4 0. 

2. ( V^"- 1) cos 3 a: = 2 sin^ a? + cos 2 x. 

3. tan ax s= Goth x» 

(4) If a regular octagon be described about a circle, and a 
similar octagon be inscribed in the circle, the area of the 
described figure is to that of the inscribed one as 4 — 2 >v/2 : 1. 

(5) In a triangle given A = 63° 24', B = 66° 27', c = 338-66 
yards, find the length of a. 

Given 

L sin 53° 24' = 9-9046168, log 3-3865 = -5297511, 

L cos 29° 51' = 9-9381851, Ipg 31346 = 4-4961821, 

diff. for 1 = -0000139. 

(6) Show that— 



»i2 



-h 2m - 1 



TT 



1. tan"^ ^ . ^ 1- tan"i - — „ . ^ = mr + -, 

m^ + 2m 2w2 + 4w-l 4 

2. If sin-i "" + sin-i ^ + sin" 



Vl + a2 ^/l+fi^ VI + 7' 

then a/3y = a + ^+y. 

(7) In a triangle, if 

prove that A = B, or 2 cosec C = cot A cot B + 1. 

(8) Find the radius of a globe such, that the distance 
measured upon its surface between two places on the same 
meridian whose latitudes differ by 1° 10' may be an inch. 

(9) A building on a square base has two sides A B, C D 
parallel to the bank of a river. An observer on the bank in the 
same straight line as D A finds that A B subtends 45° at his 
eye. Having walked a yards along the bank he finds that D A 

subtends an angle sin"^ -. Show that the length of each side of 
o 

the building is — = yards. 
a/2 

(10) If ABC, DEF be two triangles with the same peri- 
meter, prove that the radius of the escribed circle touching 
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eztemallj Uie side BC of the first is to the escribed circle 

A D 

touching externally E F of the second as tan — : tan — . 



Exercise 16. 

(1) Three angles whose sum is — are in Arithmetical Pro- 
gression ; show that the product of their tangents is unity. 

(2) Show that the roots of the equation 4a;* — 2 V^ 05 + 1 = 
are sin 18'' and cos 36^ 

(3) In a triangle if a = 352-25, 6 = 513-27, c = 482-68, find 
A, having given 

log 6-741 = -8287243, 

log 3-2185 = -5076535, 

log 1-6083 = -2063401, L tan 20"* 38' = 9-5758104, 

log 1-9142 = -2819873, L tan 20° 39' ^ 9-5761934. 

(4) Prove that 



1 -h sin 
1 — sin 



-(i-i) 



2. cosec 2 (A + B) + cosec 2 (A - B) - cot 2 (A + B) 
- cot 2 (A - B) = sec (A + B) sec (A - B) sin 2 A. 



(5) If tan X cot y = cos a, then 

tan (y - a) = 
(6 J Solve the equations — 



tan* - sm 2 jf 
1 + tan* ^ cos 2 y 



1. tan X + tan y = 4. \ 
tan 2 a? + tan 2 y = O.J 

2. 1 + sin 2 e = tan r^ + e\ 
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(7) Show that 

^ _, 2 - ^3, . .2^3-1 ^ 

(8) In any triangle, prove that 

cos2 2 A + cos2 2 B + cos^ 2 C - 2 cos 2 A . cos 2 B . cos 2 C = 1 . 

(9) If D, E, F be the points where the inscribed circle 
touches the sides B C, C A, A B of the triangle ABC respec- 
tively, and if 0^ O2 O3 be the centres of the escribed circles 
touching the sides in this order, show that each of the triangles 
A E Oi, C F O2, C D O3 is equal to one half of the triangle ABC. 

(10) Show that the area of a triangle ABC 

= E2 (sin2 A + sin2 B - sin^.C) cot ^l±^_Z_9, . 

Exercise 17. 

8 

(1) In a triangle ABC, A = 15° and B = - C, show that 

o 

(2) Solve the equations 

1. tan {x + 45°) + tan (a; - 45°) = 2 tan 60°. 

2. sin (a? — a) = sin x — sin a. 

(3) In any triangle calculate cos A, cos B, cos C from 

a = 6 cos C + c cos B and the two similar equations ; also 

, . sin A sin B sin C 

deduce the relations = — 7 — = — — . 

ah c 

(4) Prove that 

1. 4 sin A sin ( - — AJ sin ( - -f Aj = sin 3 A. 

^ tan2 2 A - tan^ A ^ . ^ ^ . 
1 — tan^ 2 A tan^ A 

TT.' 27r, 47r, Ctt 

3. cos - + cos — + cos — + cos — = 0. 



(5) Eliminate x between the equations 

cosec X — sin x = 
sec X — cos X 



't\ 
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//,x xi. . .. Bin a + Bin fi « , . /«• e\ 

(6) If Bin e = , . . ,^ find tan (7-75). 
^ ^ 1 + Bin a Bin )3 \4 2/ 

(7) Show that the area of a triangle 

= ^*Bin2(A + C) + 7 Bin2 (B + C> 

(8) If be the point of interBection of the perpendiculars 

drawn from the pomtB A B C in any triangle on the opposite 

. 6a OB 00 .^ 
Bide, prove that r = ^ = -p. = 2 B. 

' ^ 008 A OObB COS 

(9) Two towerB whose heights are 180 ft and 80 ft. stand on 
a horizontal plane. From the foot of each the angle of eleva- 
tion of the other is taken and one angle is found to be double 
the other. Prove that the towers are 240 ft apart, and that 

the greater angle of elevation is sin~^ -. 

(10) Show that in any triangle 

log o = log (6 — c) + L COB — — L COS 0, where 

^ , h + e^ A 
tan <D = tan — . 

EXEBCISE 18. 

(1) Prove that 

X r . «x 6in«a-Bina/8 

1. tan (a + p) = -. r—^ 5. 

^ '^^ sin a COS a — sin p cos p 

« 1 /^. . X AV 1 + Bin A 
2.-(l+tan-) =j^jr^^. 

3. {cos (x + y)+ cos (x - y)} {sin (a? + y) - sin (x - y)} 
= 2 sin 2 y oos^ x, 

(2) In any triangle prove 

1. h (cot A + cot B) = 2 B cosec A sin 0. 

2. (5.«c»)tan^±^ + (c».a»)tan^±^ 

+ (a»-6»)tan ^ + ^'^ = 



(3) Solve the equations 



1. sin-i 2 a; v'l - «* = ^^^'^ « + Bin-^ )3. 

2. tan-i (a? -f 1) = 3 tan-i (a; - 1). 
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(4) Telegraph posts 70 yds. apart follow the direotion of a 
straight road. A man standing opposite to one post finds thai 
the angle subtended at his eye by the distance between thi 

fourth and fifth posts is tan~^ -. Find his distance from th 

o 

line of posts. 

(5) Show that 

2 cos A = \/{2 + V(2 + V(2+ . . . + V2 + 2cos2«A))}. 

(6) If a /? are values of 9 which satisfy the equation 

cos e . sin 9 1 ^. 
-— + — - :r: -, then 
a be 

a cos . = 6 sin — jr-^ = e cos — jr-^. 

Ik a A 

(7) Show that in any triangle 

sin (A - B) _ aa-&» sin A 
S^B - C) " 6» - c» * sin 0' 



2. 2 R sin C = 6 cos A + V(a^ - 2>* sin^ A> 

(8) Find the relations between the sides of a triangle ABC, 

A 

1. When sin B sin C = cos« -. 

A 

A 

2. sin B sin C = sin^ -— . 



(9) Given cos (a — /3) cos a = a sin /3 cos /3, and 

a 

= - cos 

2 

2 sin p, 



sin (a — /?) cos a = - cos^ /3, prove that 



a = 



1 + 3 ein2 /J* 



(10) Prove that the distances from the centre of the inscribed 
to the centres of the escribed circles are 

o sec -, 6 sec — , c sec -, respectively. 
JL It A 



240 EXEBCISES. 



Exercise 19. 

(1) Eliminato between the equations 

sin e + COB e = a, cos 2 d = 6^. 

(2) Prove that cos« 66^ - oob« 84° = ^\"" ^ . 

o 

(3) Solve the equations 

1. cot e - cot 3 = cot 2 e - cot 4 e. 

2. sin a? — sin 4 a; + sin 7 a = 0. 

3. sin 2 a; = ^2 sin 3 x, 

(4) In any triangle if cos A : cos B : cos C : : 25 : 19 : 7, 
pruve that sin A : sin B : sin C : : 5 : 6 : 7. 

(5) A B C is a triangle, a = V3'+ 1, 6 = V^"- 1, C = 60^; 
solve it. 

(6) Prove that 

(7) If the cosines of the angles /S + y, a + y, P — y are in 
Geometrical Progression, then the sines of the angles a + y — )S, 
y. a + y + /? are also in Geometrical Progression. 

(8) The side B C of a triangle A B C is bisected in D and 
A 1), produced to meet the circumscribing circle of the triangle 
in E. Show that 2 A D . A E = a^ + 2 6 c cos A. • 

(9) I being the centre of the inscribed circle of a triangle, 
Ij, Ij, I3 the centres of the escribed circles, show that 

II II II _ IA».IB'.IC^ 



If a = 30, 6 = 10, C = 53° T 48", find c without finding 
A and B, using 

log 2 = -30103, L cos 26° 33' 54'' = 9-9515452, 
log 25298 = 4-4030862, L tan 26° 33' 54" = 9-6989700, 
log 25299 = 4-4031034. 
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Exercise 20. 



(1) In a triangle, if -— = — = — , show that - = "TTTT* 

(2) Solve the equations — 

1. sin a; = 3 sin y, 

sin X cos y = sin y (2 cos y + 7 sin y). 

IT 

2. tan"^ X — tan"^. y = cot"^ 2 y — cot~^ 2 a = -. 



(3) If V«* - «» cos )8 + a sin a = « sin A find x. 

(4) If Z, m, n, be the lengths of the perpendiculars from the 
vertices of a triangle on the opposite sides, prove that the area 

of the triangle is - U m* n* (coseo A coseo B coseo C)^. 

(5) An object 10 in. high, standing on a table, has a shadow 
8 in.JoDg cast by a lamp standing on the same table. When 
the lamp is raised 6 in. the shadow is shortened to 5 in. Show 
that the height of the lamp is 1 ft. 8 in. 

(6) Show that in any triangle 

cos A cosB cosO _ _J_ / sin^ A + sin^ B + sin^ C \ 
a "^ b "^ c " 4 R \ sin A sin B bin C / 

(7) If tan a, tan )8, tan y, are in Arithmetical Progression, 
then will sin (^ + v — a), sin (y + a — )3), sin (a + /3 — y), be 
also in Arithmetical Progression. 

(8) Prove that 

sin 2 a sin /3 — sin 2 )8 sin a = (sin a — sin )8 + sin ^^ — a) ^ 

(sin ^ + sin a 4- sin ()8 + a) ) 

(9) If sin A, sin B, sin C are in Harmonical Progression, so 

ABC 

are sin^ — , sin^ —, sin^ -, A, B, C being angles of a triangle. 

J^ ji Z 

(10) If A D, BE, OF be the perpendiculars from the 
vertices on the opposite sides of the triangle ABC, prove that 

J_ + _L + J__i .i + i_! 
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CunnuDOK rBxrious EruairATioH, 1890. 
Queitiont in Trigonoutetry $et in Ae Meeluane$ Papers. 

I. (A) 

1. Trace the changes in the sign and magnitude of the sine 
of an angle, aa the angle increaAes from 0^ to 360^. 

Find th» angles in the second quadrant whose sines are the 
same as those of dSS"" and 1235"" lespectiyely. 

2. Express the tangent of an angle in terms of its 9ine, 
Ftove the lelation 

2seG^A^l-fsec^A- tan* A. 

II. (A) 

1. Define the cosecant of an angle, and prove the formula 

ooseoPA = ootPA + l. 
If the slope of a hill be a rise of 1 in 25, find to three decimal 
places, the secant, cosine and cotangent of its inclination to 
the horizon. 

2. Prove that in any triangle ABC 

A C* = A B« + B C» - 2 A B . B C cos A B C. 
In a given triangle two sides are respectively 10 feet and 
17 feet long, and the angle contained by them is. 30^; find the 
length of the remaining side. 

IL (B) 

1. Define the sine of an angle, and prove the furmnla 

hin*A + Oos*A = 1. 
If the slope of a hill be a rise of 1 in 20, find to three decimal 
places, the Kiicant, the cosecant, and the tangent of its inclina- 
tion to the horizon. 

2. Prove that in any triangle the sides are proportional to 
the sines of the angles opposite to them. 
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In a given triangle one side is 4 feet long, the angle opposite 
to it is 45°, and one of the angleiist adjacent to it is 30°, find the 
smallest side. 



Admission to the R. M. College, Sandhurst. 
L— June, 1890, 

1. Define the sine, cosine, and tangent of an angle, and give 
the values of the following : 

sin 960°, oosec (- 5*10°), tan 570°. 

2. FroYe^ geometrkaHy that 

sin (A— B) = sin A cos B — cos A sin B when A — B and B 
are acnte, but A is obtuse. 

Prove that 

sin A sin(B - C) + 8inBbin(C - A) + sinCsin(A - B) = 0. 

3. Prove that 

(i) co6ec20 + oot20 = cote; 

.... ^ sin0 + sin 20 

( n ) tan = : 

^ ; ^^^ l + cose + cos29' 

(iii) tan -^ - + tan"^ - + tan"' g = j. 

4. Express the cosine of an angle of a triangle, and the 
cosine of half that angle, in terms of the sides of the triangle. 
Show how to express the area in terms of the sides. 

5. If tan d) = — -^ cot i C, prove that c = (a-\-h) ^ 

^ a + h ^ ' r ^ * ^^ C08Kt> 

where a, 6, c ; A, B, C, denote the corresponding sides and 
angles of any triangle. 

6. The sides of a triangle are 237 and 158, and the contained 
angle 66° 40' ; use the formulae given in the last question to 
find the base. 

log 2 = -30103 

log 79 =1-89763 

log 22687 =4-35578 
L cot 33° 20' = 10-18197 
L sin 33° 20' = 9-73998 
Ltan 16° 54' = 9-48262 
Ltan 16° 55' = 9-48308 
L sec 16° 54' = 10-01917 
L sec 16° 55' = 10-01921. 

• R 2 
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II. — ^December, 1890. 

1. Give all the positive angles less than 360% which satiBfy 
the condition 

2. Simplify the expression 

2 sec^ A ^ sec^ A — 2 oosec' A + cosec^ A, giving the result 
in teims of tan A. 

3. ProYQ the following identities : 

(i) 00B3e = cose (2 cos2e- 1); 

/••\ • -1 ^ I -1 1-1 . • -1 1 Sir 
(u) sin^— 7=r + cos^— == + sin^- = — -; 
^ ^ /73^ ^146 2 12 

4. If A + B + C = 180°, prove that 

A B-C . B C-A , C A-B 

co8-2<^ — 2 r-«>8-oos— ^ + cos- cos— ^— =5 

dn A -f- Bin B + sin C. 

5. Find expressions, in terms of the sides and area of a 
triangle, for the radii respectively of the circles inscribed in and 
circumscribed about the triangle. If x, y, and z, are the per- 
pendiculars let fall from the angular points of the triangle upon 

the opposite sides a, h, and c, show that f- ^ + -- = 

cab 

JP5 , where E is the radius of the circumscribing circle. 

6. If a = 1020, B = 107° 18', C = 27° 10', find h; having 
given 

L sin 46° 32' = 9-8634902 
Lsin 72° 42' = 9-9798946 
log 17 =1-2304489 

log 30 =1-4771213 

log 13645 = 4-l;^49735 
log 13646 = 4-1350064. 



Admission to E. M. Academy, Woolwich. 

I.— June, 1890. 

1. Explain the various ways of measuring angles. 
Calculate, in degrees, minutes and seconds, the angle whose 
circular measure is unity. 



2. Prove that 



3. Prove that 
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(1) tan 60* = V3. 

(2) 0082 A = 1 -2 sin* A. 



2 cos A = ± VI + sin 2 A ± Vl - «i" 2 A. 
Determine the signs in the case when A is a negative angle 
between - 46° and - 90°. 

A 

4. Express sin A in terms of sin --, 

3 

Why is it natural to expect that the result .will be of the 
tbird degree in sin — ? 

6. In any triangle prove the following relations : — 

(1) cot A + cot B = -^ ooseo A. 

(2) _^2?A_4._£2?J_ + ^<^ = 2. 
^ '^ sin B sin C sin C sin A sin A sin B 

(3) cos (B - C) sin 3 A + cos(C - A) sin 3 B 

+ cos (A - B) sin 3 C = 0. 

6. Explain the inverse notation of trigonometrical functions. 
If cosec~'« = cosec'^a-}- cosec'^6, find the value of x in 

terms of a and h, 

7. Show how to solve a triangle when two angles and a side 
opposite to the third angle are given. ' 

From the top of a hill the angles of depression of two suc- 
cessive milestones on level ground, and in the same vertical 
plane as the observer, are found to be 6° and 10° respectively. 
Find the height of the hill and the horizontal distance to the 
nearest milestone. 

8. Write down formulad adapted to the use of logarithms for 
solving a triangle when two sides and the included angle are 
given. 

Solve the triangle in which 

a = 242-5, b = 164-3, C = 54° 36'. 

11. — December, 1890. 

1. Prove that sin 30° = ;r,-and find the values of sin 210° and 
sin 750°. 
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2. Taking A + B leas tlian 90^ prove by a geometrioal figtire 
that 

Bin (A + B) = sin A 006 B + oos A sin B. 
Prove that 4 sin« 75° = 2 + ^^3. 

3. Find tan A in terms of tan 2 A, and show, a priori, that 
two values will be obtained. 

Prove that tan 7° 3(y = /6 + ^2 - V3 - 2. 

4. Solve the equation 

sin lle+Bui 5e = sin 8e« 

5. Prove that, for a triangle ABC, 

(1) a s 5 oos C -I- ^ ^'os S* 
y,c« c«-o« flP-y 

^^ tan A "^ tan B "^ tan " 

6. Prove that the distances of the centre of the inscribed 
circle of a triangle ABO from the centres of the escribed circles 
are respectively 

A . B C 

aseo-,(8ec-g, eseo^. 

7. Solve the equation 

tan-Xa? + 1) + tan"X» - 1) = t^i"' ^ ; 

and prove that 

* sec^ (tan-*2) + oosec* (cot-*3) = 15. 

8. Prove that, in a triangle ABO, 



tan 



A _ i (.-fc)(.-# 
2-( .(.-o) J 



If a = 21, 5 =s 23, and e - 32, calculate the angle A. 

9. Looking out of a window, with his eye at the height of 
15 feet above the roadway, an observer finds that the angle 
of .elevation of the top of a telegraph post is 17^ 18' 35", and 
that the angle of depression of the foot of the post is 8° 32' 15" ; 
calculate the height of the telegraph post» and its distance from 
the observer. 
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Cambridge Local Examinations, December, 1889. 
Junior Candidaies. 

1. Define the tasgent and the secant of an angle. Show from 
your definition tkat the difference of their squares is always the 
same. 

2. What is the circular measure of an an^le ? 

Find the number of degrees in the an^e subtended at the 
centre of a circle whose radius is 7 inches by an arc II inches 

long, assuming x = ---. 

3. Determine directly by a geometrical construction the value 
ofcosl20^ 

4. Show that, whsitever be the magnitude of d, 

cos (« + 90°) + sin d = 0. 

5. Give a geometrical piroof of the formulae 

(i) cos (A — B) = cos A cos B + sin A sin B ; 

(a) cosA4-cosB = 2oosi(A + B)cosi(A-B> 

6. Prove that 

(i) 2 oofleo4d + 2 cot4e = oottf — tand; 

(u) (oos2A + cos2B)« + (sin2A + Bin2B)» = 4co8»(A-B). 

7. Find all the values of x between and 2 v inclusive, which 
satisfy the equations 

(i^ cos"« + sin a? — 1 = ; 
(ii) cos 5 « + ^^^ 3 « + cos x = 0. 

8. Show that the sides of a plane triangle ABC are propor- 
tional to the sines of the opposite angles. 

Prove that 

asin(B-0) + 6 8in(C- A) + CBin(A-B) = 0. 

9. State (without proof) in what cases three of the six parts 
of a triangle determine it without ambiguity. 

Illustrate the ambiguous case geometrically. 

10. The lengths of the two sides of a right-angled triangle 
are respectively 9*65 inches and 12*24 inches. Find the 
angles, having given ; 

log 2 = -30103, L tan 38° 15' = 9-89671* 

log 153 = 2-18469, L tan 38° 16' = 9-89697. 

log 193 = 2-28556, 
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Oxford Local Examinations, July, 1890. 
Junior Candidates. 

1. The ciioalar measure of one angle of a triangle is 2|, and 
another angle is 19^ 26' 40^. Express the remaining angle 
in degrees, minutes, and seconds. (Assume v = 3|). 

2. Find a formula for all the angles whioh satisfy the equa- 
tion 0K.*i2x = -==. 

Explain why this equation gives two ralues of cot x. 

3. Show that 

(1) oos(A-B) = ooBAoosB + 8in AsinB; 

(2) tan A + ^ cos 2 A sec A ooseo A = oosec 2 A; 

(3) sec 16^= ^(V3-l); 

(4) sin (A + B) + sin (B + C) + sin (C + A) 

ABC 
= ,4 cos - cos ~ cos — , where A, B, C are the angles of a triangle. 
2 J iS 

4. In a plane triangle of which A, B, C are the angles a, 6, e 
the sides, and s = r , show that 

,oN ^ A-B a- 5 ^C 
(2)tan-^- = ^-p-^cot.. 

5. Given that log 2 = -3010300, log 3 = •4771213, find 
the logarithms of 225, and *00S, And the number of digits 
in 2*^ 

6. In a plane triangle of which A, B, C, are the angles, a, 6, 
c, the sides, S, the area, B, r, the radii of the circumscribed and 
inscribed circles, prove that 

/IN 28 



(^)M^+^+i)=^- 
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• 7. Find the angles A and B of a triangle A, B, C, having given 
a = 17, 6 = 6, C = 127° 40': 

log 11 = 1-0413927, 

log 23 =1-3617278, 

Loot 63° 50' = 9-6913809, 
L tan 13° 13' = 9-3707994, 
L tan 13° 14' = 9-3713667. 

8. A man observes the angle of elevation of the top of a hill 
to be a°. After walking 500 yards in a horizontal plane 
towards the base of the hill, he nnds the angle of elevation to 
be 60°. Find the height of the hill, being given that 
cot«a° = li. 
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ANSWERS. 



PART I. 




iCa) 


p. 2. 






ai6°4(y; 18«6r85-i85". 




4. 8' 38-4"; 16^. 




e. 83° 48' 45"; 93» 12* 5(y\ 


^\ 


a 214° 51' 9" ; 238« 72* 5(f\ 




10. 


•50625. 




la 


•190085. 




14. 


•725. 




16. 


•021824. 




18. 


•033004. 




20. 


•000017. 



1. 60°; 66»66'66^6*\ 
a 61° 52' 80"; 68»75*\ 

6. 33° 45'; 37«50\ 

7. 103° r 80"; U4«58*33» 
a 15. 

11. •064. 

18. '2751. 
15. '121724. 

17. '73074. 

19. -0327. _ 

21. 34« 52* 77-t** ; 2« 10* 4** ; 20«,70* 70-t6** ; 25» 38* 53^855**. 

I (h) p. 4. 

1. 32«32*50**. a87«35*. 

a 128 6* 25**. 4. 73« 84* 62- §62**. 

5. 37« 1* 66-6'*. 6- 30« 5& 94-4**. 

7. 15° 51' 45". a 9°0'40-5". 

a 48° 41' 38-256". 10. 28° 2' 27-06". 

11. 37° 49' 38-82". " la 6° 28' 50-592". 

18. 120°, 133* 33^ 33-3**. 14. 56° 48' 45". 

15. 91« 66^ 66-5**. le. 36°, 72° ; 40«, 80«. 

17. 30°, 120° ; 33-5«, 133-S«. la 30°, 60°. 90°; 33^5«, 66-6«, 100«. 

la 48° 50°' 15-36" ; 54« 26* 40**. 20. 39°, 60°, 81° ; 43-5«. 66*6«, 90«. 

n (a) p. 7» 
1. 7 ft. a 280. a 5 ml. 

4. 65476 mi neaily. 5. 2 ft a 69} mi 
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n (h) p. 9. 




1.12 ft. 


a 2*1 in. a 1*6. 


4. 1-2. 


fi. 125fft 


e.j 


7. 18 ml per hr. a 28 ft. lOJ in. 






n(c)p. 12. 




1 2» 




* 20' 


»-^- 


4. 0945 «:. 




_ 125 
^•288'- 


a •i2». 


7. -25625 ». 




a •078125 r. 


a • 1171875 ». 


10. •4008125 w. 




11. 80O:83-5«, 


ia67JO;75«. 


la 22)0 25>. 




14. 90O, 100*. 


16. 47«o, ssjt. 


la 22H*^; 25ft». 




17. 71}fo,79A'. 


la 9-60; 10<!« 


la 94% 105*. 




^i8oa2ooa 

9 » 


21. 6O0, 80°. 


«t 750,750, 80*. 




2a 71ifto. 


24. Jorl8iWcO 


26. 


46|. 


n (d) p. 13. 


"**• 2555- 


1. 18". 






a 53-69 in. 


a 4400 mi 




4. 8567000 mL 






Ill (a) p. 16. 




1. sin A = ~ , 008 A : 


8 X A 4 ^ 


a ^^. 


a OO0AGD; 


= -,»BOI. = |P, 


70 29 
13' 26* 



. .^^ CD AO 

nn A B C ss — = • 

^ BO AB' 

.^.^ AC AD 
ootBAO^g^ = ^j^. 

_ . . DB CD BC ^34581 

^•"^^=AD = AO=ABV ^'i'VVXl' 

AE AD AO 

**'^'^ad'=ac'^ab* 

. ^__DE_DO_BO 
AE"AD~AO' 

„ . 12 {5 . 5 12 ^ ^ 12 5 ^ 

^- '""""irh' ^"^iFIS' **"«^**Ti2' ^ 
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in (h) p. 20. 

tan A 1 ^1 

1. sin A = ,^ . . i =f, coflA = "7i====i=n cot A = t r, fto. 

VI + tan* A' VI + ten* A tan A' 

_ . COB A 

2. cot A = 



VI -COB* A* 

:=-r- sin A 



9. 006 a. 


= VA 


— Bin 


■^'^^^-Vl-Bin*A'*"- 


4. BinA 


= -,COflA = 


4 « . A 20 ^ ^ 20 

= 5- «-«^'^^ = io-r**'^^=99- 


6. oobA 


12 
"13' 


tanA 


5 .7 . A 38 . 56 
= 12- 7.BmA=-,ooBA = -. 


a BinA 


24 


906A = 


- ^ 10. '^' 
"25' 654' 

. IV (a) p. 26. 


>i 






a 1. 8. 2. 4. ^. 


5. 5. 






a 2 - V6: 7. 1. a 1. 






9. 


^^^. 10,. 1. 
1 + 2V2 


- 






IV (h) p. 28. 


'I- 




»l 


a 1. 4. i 5. oc. 


e. 2+V3. 


7.1. 


a ^-2. a| 10. i=. 








V. p. 33. 


1. 30°. 






a 45°. 8. 45°. 


4. 9(P. 






6. 30°. a 0, 60°. 


7. 22i°. 






a 45° a 0, 90°. 


10. 30°. 






11. 0.60°. 12. 90°,oot*>2. 


18. 80°. 


or 60° 




14. 45°, 60°. 15. 30°. 45° 


16. tan- 


>i tan-i. 


17. 15°. la 8°. 



la 2i°, 6°. 20. 46°, 60°, 21. A = 60°,0 ; B=0, 60° 

22. A = 30°, 60°;.3 = 60°,30°. 28. A = 45°,B=30°. 
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VL p. 38. 
1. A = B = 45°, 6 = 50. 2. A = B = 45°.c = 8-4. 

8. B = 3(y,a = 8-65,c=10. 4. B =45° a = 5,c = 7. 

6. A = 60°, a = 25-95. 6 = 15. 6. A = 60°, B = 30°, a = 25*95. 
'7. A = S0°.a = 10a,c = 200. a B = 45°,6 = a = 10. 

9. B = 60°, A = 30°,a = 20. 10. A=30°, B=60°,c=24, 6=20-76. 
U. A = 30°,B = 60°,c = 20,6 = 17-3. la A = B = 45°,a = 6 = 20. 

la A = 60°,B = 30°,a= 17-3,c = 20. 14. a = 20, 6 = 15. 
la 6 = 10,0 = 26. 16. a = 49-5, 6 = 50-5. 

17. a = 22,6 = 120. la 6 = 2-4,0 = 7-4. 

VII (a) p. 42. 

1. 45°. a 173 ft. a 100 yds. 

4. 101 -6 ft. a 12 a a 173 yds. 

7. 1920 ft nearly. a 15ft.; 13H ft a 47-775 ft. 

10. 642-4 yds. ; 1117-6 yds., or iq 1<> ,„{ - ftA«.Q „^a 

2402-4 yds., 4162-4 yds. la. - mi. = 606-9 yds. 

la 1} min. 14. 150 ft. la 23 ft 



la 240 ft. 




la 2-97 mi. la 72 ft. 20. 6-92 mi 
. - . VII (6) p. 46, 


1. 3733 ft. 




a 106 ft. a 97-9 ft. 


4. 1522 yds. 




a 45°. a 35° 44'. 




7. 


2694 ft. a 692 yds. 



Miscdlaneoua Examjples on Fart J., p. 47, 

1. 8-627 ft. a 10-8385'yds. a 83«23^50*\ 

4. -8, -75, -4. a 62i° a 13° 57'; -2484734. 

a -5547; -8320; -1680. 10. 30«»; 60°. 11. 1° 48'; 2«. 

la lll-i«; 7494 •§l4\ 14. 54°; 36°. la 8. 

la 68ft°. 17.6160 ft. la 60°; 0°, 

90. 26-6 ft. ai. 30°. 2a 40 ft. 
24. 89° 22' 30". 26. 30° ; 71° 15' ; 78°45'. 

3 1 13 

2a The Bines '447, the oosines -894. 29. sin A = -or-; sinB = -or-. 

Do o O 

30. 60. 81. ^. 82. 4-5112 mi. 

88. 20° 45' 22 J". 84. -4==? ^?'*"^^* . 87. 60°. 
8a 21ift. 40.341ft. 
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PART IL 
Vin (o) p. 64. 



.83 _ 56 56 

* 65- '^ 65- •«• 33- 

805' 4" *^" 1863' 

Vin (6) p. 57. 

1- ^r^- a. 2 - ^ 8. 2 + V3; V^- V2! Ve + V2^ 

33 - 88 ^4 1625 

*• 65* **• 56- ^5' ^' 13^- 

*25 ®-253- ^^252- 

VIII (c) p. 60. 
8. sinA 006 Bcos G+dn B oobG oob A — sin oos A coeB+sin AsmBsin 0. 
4. cosAooeBoosO + siiiAsinBoosO — sinBsinOoosA + BiiiGBiDAoosB. 
oot Aoot BootG — oot A — ootB ^ ootG 



6. 



cot AootB + oot B cot G + cotGoot A - 1 
taaA + tanB -tanG + tanAtanBtanG 
1 -tanAtanB + tanBtanG + taaGtanA 



IX (a) p. 66. 




24 7 24 636 527 836 
*• 25- 25' T * tea' 625' 527* 


720 . 1519. 720 
1681' 1681' 1519' 




- 1320. 8479. 1320 
3721 ' 3721 ' 3*79' 


y, V2-V2. V2 + V2. ^a-1. 
2 , 2 


0I.V2. 1 

3- 3 'ava 


^12 1. -^ 1-fii 


l+s* .l-« 


V5 V6 2 V2(l + m«)' 


V2(l + •»•)' !+»» 


IX (b) p. 68. 




1 ' a ^ 8 y 


*• 9- ®' r28- 
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ZZ (c) p. 70. 
7. '9945. a -9781. a *158d. 10. '9135. 

X. p. 72. 

1. 008 8 A + 008 A. a sin 8 A — sin 2 A. 

a O082A-O085A. 4. 8iii(3A + 2B) + ain(3 A->2B> 

a d]i7A + 8in8A. a ^(oo82 A + oosA). 

7. i(«in00°-.8in8(r> a 5 (rin 60° + rin 30°). 



a sin2s + iin6y. la coe 90° + ooe A = oob A. 


XI (a) p. 75. 




1. tanSA. aootA. a tan 2 A. 


4. tan2A. 


a oot (A + 2B). a cot A. 7. tan^. 


atan|:. 


^ 0084A --. - 

a — s-T- 10. 2 


sin A. 


XI.(b)p.80. 




l.^.^ a45°.60P. 


A0».7J°. 




6.0°. 


7.800 + ?. ao. e.o.2(„;. 


+ !)• ^°-^^ 


XI (c) p. 81.* 





1. 2rin45°ooB(45° - 2 A). a 28in45° oob (45° + A). 

a 2 COB (45° +B) 008 (45° -A). 4. 2Bm r90°-^jooB|. 

a 2gin (iSP + ^) C08 (45° - ^\ a 4Bm(A + 15°)ov(A - 15<»). 

7. 4008 (A + 30°)oo8(A - 30°). a 2^ am ^22i° -^^ oob ^221° +^\ 

XI id) p. 82. 
4. A = eO°; B=30°. 6. 0082B + Bin2A. 
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Miscdlaneoua Examplea on Part IL, p. 85. 

13. — . la ^. 22. 0,-. 

25 2 *^* "» 4 • 

323 

23. —. 25. 1 + 6 = a«. 27. 0082A + 8in2B. 31. 80° ; 90°. 

62. sin A = ^12±J1. sift B = ^^=^_^^. 68. 0°, 90° 
V20 VIO 

67.^^. 721. »* + y' = al 73. 5or^ 



2* 



95. j; -^. 08. 1; ±2Bm«^; ±2co8«r 

4 12 2 i 



1. -. 


2. +. 


& -. 


7. -. 


11. +. 


12. +. 


le. +. 


17. -. 



PART III. 

XII. p. 93. 

1. a + oj; 6 — oj — o; a— 6; 26 — aj — a; 2a+2a! — 6; 6— a. 
8. 2nd; 4th; 2od; 3rd; Ist; 3rd; 3rd; 4th; 4th; 2od; 2nd; 2iid. 

XIII. p. 97. 
3. +. 4. -. 5. -. 
8. -. 9. -. 10. +. 

18. -. 14. +. 15. -. 

18. -. 19. -. 20. -. 

XIV. p. 101. 

.« . . /T7 . / . *\ ^ sin jc ^ X 

7. cos ac + sin as = v'2 sin I as + 7 J. 9. r— — tan -. 

V 4y 1 + COS JB 2 

XV (a) p. 106. 
1. -1. ' 2. — . 8.-2. 4.-1. 5. - ^. 

e. \ 7. - V2. 8. - V3. 9. - V3. 10. ^^-. 

11. 0. 12. -1. 14. -eind. 

XV (h) p. 109. 
4. — sin A. 5. oot A. 6. — cos A. 

T.tenA. a-^^ + \ 9.-2+5^3 

2 ^3 
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XVI (a) p. 113. 
l.2nit±l. a. !.» + (- ly^. 8. i»ir + ^. 

9 9 4 

4.2nir±j. 5.(2n + l)j. ^ T "*" ii* 

10. 2niror2iiir4->. 11. nir — ^. 18. nir + ^ 

z a o 

16. nir+T- 

XVI (6) p. 115. 
1. «»+(-l)-^. a.(2n + l)g,nir±^. 

8. nir + ^, nir+ g. 4. 2n»+|. 

6. (2n + l)ir.2nir + ^. 6. 2fiir,2iiir±^, 2«ir ± co«-» T^V 

7. '-^ ±5. a (2 n + l)ir,(2 n + 1)^. 2 nir ± j 

9. HIT, (2 n + 1) ~. 10. n» + a; — - o. 



11. 


^ r. .7ir ,o«* 
2nir + j,2fiir + ^. 12. jg-. 

XVIII. p. 126. 






1 


V3-1 Q .. V2 + V2 
2V2 ' 2 • 




8. 


\/2 + V2 + ^2. \/2->/2+ V2: 
2 • 2 




4. 28inA=v'l+8in2A+Vl-Mn2A;2coBA=Vl+«m2A 


-VI- 


-ain2A. 


6. 


2sin A =-^l + 8in2A + Vl- Bin 2 A ; 2 coe A = 

-Vl + 8in2A- 
Same signs as 6. 




6. 


VI- 


8iii2A. 



7. 2siiiA=Vl+8in2A-Vl-sin2A;2co8A = Vl+Bin2A+Vl-Bin2A. 

8. Same signs as 4. 8. Same signs as 7. 
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la 2nir + %nd2»ir + -j-. 11. 2iiir + — and2n»4- -^. 

12. 2nir + -^ and 2 nir + -^. 

MiMcellaneous Examplef, p. 127. 

3. 5 {^1 + 8inA+ ^1 -Bill a}. 

2ir ir Sir 

4. 2nir±— ; 2nir±-; 2nirdb-g-. 



(V^+y'-_aU 



11. - ^^. 
^ 1025 


12. •. + ^. 


18. 


V5"+l 
2V3 


14. ?5^ 

1 , 


17. nir + |. 


22. 

00 


3 


24. -{VI + Bin A + VI -sin A}- 


26. 


5* 


32. (2n + l)^, 


(2n+l)^ 


84. 


3 4 
5'"5- 




PART IV. 






Logarithm.— Tax. (a) p. 


132. 




1. 1024. 
6. 256. 


2. 64. 8. 4096. 
a 128. 7. £8192. 




4. 32768. 

a £273 1«. 4cf, 


1. 3, 5, 8, 9. 


XIX (6) p. 134. 
2.2,4.6. 




^- 2''^'2'2'2' 


4. 3,5,4,-^.6 


_ 2 . 8 10 




a 8. 


7. 9. 
10..2V3. 


a 2V2. 

11. 7. 12. 2V2. 
XIX (c) p. 138. 




a ^b, 
18. 3^3. 


1. 1 (log + logb). 2. ologiB + 61ogy 


-clog». 



I 2 

8. 5loga+ -logaj - logy. 
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2loga+ jlog« - 2log;y-logb + -log«. 



4. 

5. 

7. log3 + 5log2. 



31og(a - «) + - log(a + as). 6* 2 log 15. 
o 



3, 



a|log8 + |log7-21og2. 



9. log5 + 2 log? + 61og2 + 41og8 - Slggll - log 13. 



10. 



Ilog2+|log8 + llog23 + ^logl00. 



11. 


2 10721. 


la 2-4014005. 


la 2-4683473. 


14. 


•5563025. 


15. 2-0948204. 


le. 1- 1672269. 


17. 


•1620254. 


la -4594421. 


la -1892631. 


ao. 


•4867866.' 


21. •4146519. 


2a -2385606. 




2a 


-150515. 


24. -60206. 



XX. p. 142. 



1. 2; -1; - 


3; 


0; - 


•4; 1; 1; 1; 


4. 


a 3-27955; 1-766944; 


1-220854. 


a 2-782138. 


4. 5 1945698; 


3-1945698, 3-1945698, -8054302, 3-805432. 


6. 4-6082371, 


1-6082371, 1-3041185 


, 2-3917629, 1-7972543. 


a 1-3222193. 








7. 2-8864907. 


a 1-3424227. 








a 2-1760913. 


10. 8-3636120. 








11. 1-9793037. 


la 1-8356949. 








la 059837. 


14. -1^5124. 








15. i- 9915468. 


la 1-849485. 








17. i-7614394. 


la 1-9375306. 






la 1-8182503. 20. 1-7907879. 


21. 1-77. 




2a 2 57. 


28. --37. 24. 1-24. 








XXI (a) 


p. 146. 


1. 4-9845874. 








2. 4-6087535. 


a 2-3761852. 








4. 2-5012041. 


6. -8028881. 








a 3-9007201. 


7. 3-933398. 








a 1- 1943994. 


a 367-3442. 








10. -8681168. 


11. 4-671028. 








la -001819019. 


la 1-392461. 








14. 5301-362. 


16. 60; -5551895. 






la 2998. 


17. £1480 48. lOd. 






la £7,958 11«. 2d: 


la 24 years. 








20. 6-240323. 
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1. 9-7711652. 
4. 10- 1700067. 
7. 30° 16' 30". 
10. 3-2240442. 



XXI (&) p. 150. 
2. 9 5827176. 
6. 9 1773808. 
a 72° 40* 29". 
11. 1-638630. 

XXII (6) p. 160. 



8. 9-8957889. 
e. 61° 21' 38". 
a -5687014. 
la 2*485285. 



7. 
11. 



60°. 
1. 



a 45°. 

lai?. 

37 
14. 135°. 



a 



Wl 



la 



wi 



la A = 60°, B = 75°,C = 45° 
20 



17. 



21* 



1. 
8. 
5. 

7. 

a 
a 



1. 
a 

4. 

a 
a 
a 

10. 



XXIII (a) p. 164 

A = 30°, B = 60°, a = 8^3. 
51° 57' 19"; 38° 2' 41". 



2.^^V3-1),^(V3 + 1). 



A = 57° 24' 44" ; B = 32° 35' 16" 
2-3708911, 2-8979242. 



4. a= 11 4621; c= 171299. 

a 6 = 200-8973. 

a 3-8273784,3-7353360. 



XXIII (h) p. 166. 
C = 105° 6 =: 12. 2. c = V6 + s/X a = 2^2, A = 45°. 

6 = 17-32, = 36° 25'. 4. a = 10, B = 85° 50'. 

6 = 172-6436. a c = 32108. 

A = 106° 15', 6 = 767 - 721. c = 1263 -581. 
6 = 12414, c = 9017 - 97, = 36° 17' 11". 

The remaining angle is 180 + /3 — 7, the other sides are 

2a8inasin(7 - o), 2 asinosin(o — fi). 

XXIII (c) p. 171. 
c = 7. a A = 105°,B = 15°, c = ^6. 

Remaining side 5, angles 53° 8', 73° 44'. 

B = 80° 27' 24", = 29° 32' 36". 5. = 74° 50' 38", A = 50° 32' 58". 
B = 148° 7' 50", 0=6° 22' 10". 7. B = 123° 42' 50", = 12° 17' 10". 
B = 71° 44' 30", C = 48° 15' 30", a = 12-767. 
B = 108° 36' 30", = 31° 23' 30". 
B = 109° 11' 14", A = 33° 48' 46", a = 307-0655. 
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XXni (d) p. 174. 
1. 60°. 2. 45^ a 120''. 

4. 25°12'8r. 5. Asie^lC; 8 = 59*^32'; C = 104°12'. 
6. 182° 34' 32''. 7. 91° 4' 52". a 55° 46' 16". 

a A = 19° 11' ir : B = 61° 13* 4" ; = 99° 35' 39". 10. 63° 30' 58". 

XXIII («) p. 177. 

1. B = 60° or 129°; = 75° or 15°, c = ^3 + lotJS'-l, 

a C = 45° or 135° A = 105° or 15°,a = | ( ^6 + V2), ^ (//6 - V2> 

a B= 32° 21' 54", C = 106°28'6". 4. B = 49° 16'5",C = 10° 43' 55". 

5. B = 9e°2r or 19°3'. 6. A = 21°23', B = 126° 22'. 

7. B = 65° 59*, = 41° 56* 12". 

XXIV (a) p. 181. 

1. 64-95ft.: 177-45 ft. a 512*13ydB. 4. 25*7834 yds. 

5. 6*34 mUes. 7. 104-98 ft. 11. 68*578 ydg. 

la ^i mi ; 28° 8'. la 78J ft., 175 ft. 14. 4-627 mi. 

la 2580 ft. la ^ V7 ft., 17 J ft 17. 229 - 149 yds. 

la tan - » , .^^ . la 19 0296 mi, 19-953 ml. 

28. 221 '5958. 24. 6 • 818 mi per homr. 

2a cot-'^^^"^°^^^^ 27. 1 mi., 1-21971 mi. 
a -^0 

20^ ccos(a-t-iB) gQ o V3 4-&V2 ^^o 

sin (i9 — a) ' * • 2 

81. 1514-897 yds., 4163-65 yds. 

XXIV (h) p. 187. 

8.185-1516. a 83-414 yds. 

10. 670-8 yds. la 2036-33 yds. 

XXIV (c) p. 190. 

1. 40 mi. a 4224 mi 8. 7*775252 mi. 

5. 29*71 yds. a 36-7226 mi. 

XXV (a) p. 192. 

1. 6 sq. ft. a 17J sq. ft. 3. 6 + 2 V3"sq. in 

4. -54 sq. in. 6. 5000^3, 2500^3. 

a 28-47717 sq. in. 11. 4, 6, 8 in. 
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XXV ib) p. 194. 
1. 2}iD. 2.2 809 ft. 

3. 20*83 in. 4. 56-5794 in. 



XXV (c) p. 196. 




1. 9. 




XXVI. p. 205. 




1-4^. a. 7; V5. 


a 6 ft., 120«». 


4. 16 V2 - 16, 135°. 6. • 106 sq. in. 


9. ira«. 


10. -85 in. 




XXVll. p. 210. 




le. 8. 17. \. 


la 0, i. 



la (2 » + l)^» (2 » ±^ y 20. ± ah. 28. 0. 

Miaedlaneoua Examples, p. 212. 

1. 20A:° 2. 1. 

a B = 60°, = 90°, c = 60, or B = 120°, = 30°,c = 30. 

a(l)(2n + l)^,«ir±5. (2) (2«+ 1)5^^,(211 + 1)^. 

a 55° 46' 16". la 26-|y min. past twelve. 

IZI 

15. (1) 2iiir,2nir±^. (2) fiir,nir±^. 2a SJJ ft. 
26. 0, i. ae. 600 (^^ - 1) yds., 800 (^6 - V2) yds 

31. (l)(2n+l)ir,(2n + l)|. (2) n » ± |. 

25 
Sa y. 42. 82° 37'; 49° 81'. 

44. -501717 47. dbooeec^. 

48. " ^^r ^ . 51. 33° 18' 26". 

2^2 

58. ?^^ir,|nir±^. 6a 4^2. 

5a 121 -24 ft., 76 88-ft. ea 1272^ cub. in. 
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66. 75. 67. V2,' 2. 




70. BinA = ?. 




7JLco.* = iy»;cc-.. = »Y'- 






•^ ,1a- «>• • 


978, • 


669. -A... 


82. («in««-2mn» + 2)(8m«« + 2BiDaj 


+ 2). 





86. a^fl* - 6» + &V«* -a* = <^' 87. nir ± o. 

80. «• + y* = a* 97. y« - a;* = 8a«. 102. 6« = a» + c. 



EXERCISES, p. 221. 

1. 

1. 7^ 4. 60 a 6. 60°. 

^a* + 6* pp. A m ^n . m — n 

6. . „ . 7. sin A = — jr~, <»«A = — --. 

10. A = 46°, B = 60°. 

1. 14, 15. 4. 96°. 6. m - n = 0. 7. 45°. 

a J^, ^^. 9. 150 sq. in. 10. 86? yds., 115} yds., 64* yds. 

3. 

1. 40°, 60°, 80°. 2. 45°. 

8. (l)nir,2nirdb^. (2) (2 n + I)*, ?»ir + g. 

a V5, - --, - 2, a. 9. 138-53 ft. 

V3 

4. 

1. 170°, ^ir. 2. (l)«ir,nir + ton-»2. (2) (2»+ l)^,nir + ^. 

8. 120 (V3 + 1). 10. 5-656 mi. 

5. 
1. 120° 40' 54A". 2. (1) n IT ± ^. (2) ^ + (- 1>'^. 

4. 86-6 ft., 60 ft. 5. 41° 17' 8'5"; 48° 42* 51-5". 

9. - J, 1, - V2; - 2. 10. a* 6* (a* + 6*)* ; (a* + 6*)' 
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6. 

2. 262 ft, 6 in, 6. 70^ 53' 40", 49° 6' 20". 

6. (l)nir±^. (2) nir,2»ir±^. 8.1-06. 

7. 

1,9:2. 8.508-938. 

4. (6 - c)* oosec* 2o + (6 + c-cofl«^)« see* 2 o = 1. 
6. 5(3- V3) = 6-34mi. 

6. (1) », + T, n» + g, nir + 5^. (2) nir + ~!^. (3) «»,«» + (- 1)"^. 
0. ^ V5, i V5, ^ V5. 

1. 54° 49' 49-5". 



2. (1) - VI + sin A + VI - Bin A. (2) ^\ + sin A - VI - sin A. 
a 22° 37' 11" ; 67° 22' 49" ; 90°. 



4.(l)nir±^. (2)^,^. (3)(2n + l),r;n,r + j. 



9. 

4. 45°, 60° 75°, 5. 2 « » =fc g, 2 « tt ± ^. 

7. (1) n TT ± ^. (2) n IT + (- 1)" j. 8. 58° 25' 18" ; 37° 14' 42". 

8. 6. 
10. 

^ a sin fl sin 2 a 

1. 9, 10. 2. 65 ft. 5in. a . "^ 1, 

^ 8in(2a — /3) 

9. 6, 12, 4V3, 6(V6 - V2). 10. Ratios of sides 1:2: V3. 

11. 

2. (1) «.r,nir±^. (2) (2n+l)^. ^ ± ~. (3) «^+^,n,r+ ^,nir +||. 

6. 36° r 47". 

12. 

1. 535 mi. 

S. (1) (2n + l)ir,2n,r±^. (2) nir,nir±?. (3) (2n +1)^.^±^^^^. 

T 
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13. 

1,?. 4.(l)n«±o. (2) nir + (-l)" 2^. »» + (-!>' •^• 

6. 4-8 mi. a 4 Bin 2 » 00* 8 a! cos 4». 

14. 
JS-l - o ^2 4 

8. 78° 27 47". 7. 0, ^^-^' " 2 + V»- »• "g ' 3- 

9.(l)(2» + l)^.» = 2-«--(^4^> <'^>»'i- (3)»''»-=ti- 

16. 

1.9 or 16. awV-T*!^- <*>!"'* IF- <»> "'*2(iri:t)- 

6. 818'4605. 8. 49-09 in. 

16. 

8. 41° 16* 51- 5" 

e.(l)« = «ir+^or»ir+^;» = n- + ^or«» + j^. (2)n,.«»+^ 

17. 

8.(1)2, + ^ (2)nir,2n» + «. 6. a* ft' (a' + ft') = 1- 



'2' ^6 



e.t«.g-=)tan(^f). 



18. 

3. (1) BiD i (8m-> a + sin-* /3). (2) 0, ^2, 

4.140ydfl, Q.{l.)b = c. (2.) 6 + c = ±a V2- 

19. 

1. a*+6* = 2a«. 

8. (1) v.""T- ^2> T''-F4 («> »'''""±?^»'=^°«'-'(-2-^) 

6. A = 105°, B = 15°, e = ^6. la 25-2982. 

20. 

(a! = n»;n«+(-l)"8in-' 
a.(l) 



|», = „,;»,+ (-irsm-— ^„. Vr7 + 3 Vi7-3 

y = mir; mir + tan-*- 



7 
8. a? ^ a COB (/3 — a). 
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PMtn. ftthSdition. 9i. Keyto PKrt n., 2s. 6d. 
Soala Ijatdna. Elementary Latin Exercises. By Bey. J. W. 

DaTifl,M.A. New Edition, with VooAbnlary. Fo^t. 8to. 28. 6d. 
Paasages for Tranalation into Latin Prose. By Prof. H. Nettle- 

ahip, M.A. 8«. Key (for Tnton only), 4s. 6d. 

* The introduction ought to be studied by eyery teacher of Latin.' 

QuardioM. 

Latin Proae Laasona. By Pro! Ohnrdh, HA. 9th Edition. 

Fcap. 8yo. 2s. 6d. 
Analytioal Latin Bzorolaea. By 0. P. Mason, BJL 4th Edit. 

Part I., Is. 6d. PartII..a>.6d. 
Latin Elegiac Verse, Easy Exercises in. By the Bey. J. Penrose. 

New Edition. 2s. (Key 3«. ed,) 
A LaOn Qrammar. By Albert Harkness. Post 8yo. 6f . 

By T. H. K^, M.A. 6th Thoasand. Post 8yo. St. 

A Short Latin Grammar for Sohoola. By T. H. Key, M.A. 

F.B.8. 10th Edition. PostSro. 8s. 6d. 
The Theatre of the Oreeka. By J. W. Donaldson, D J). 10th 

Edition. PostSro. 6s. 
KelghUey's Mythology of Greeoe and Italy. 4th Edition. 6*. 
A Ghilde to the Oholoe of Olaaaical Booka. By J. B. Mayor, M.A. 

8rd Edition. Crown Sro. 4i. 6d. 

A History of Roman Literature. By Prof. Teoffel. Bevised 
by Prof. Dr. Schwabe, and translated by Prof. Warr, of King's College. 
2 vols. [Immediatay, 

By T. Collins, M.A., H. M. of the Latin School, Newport, Salop. 
Latin ISzeroiaea and Qrammar Papers. 6tb Edit. Fcap. 8yo. 2i. 6d. 
Unaeen Papers in Latin Prose and Verse. With Examination 

Questions. 5th Edition. Fcap. Sro. 2s. 6d. 
i^— in Greek Prose and Verse. With Examination Questions. 

8rd Edition. Fcap. 8yo. Ss. 

Easy Tranalations from Nepos. CsBsar, Gloero, Liyy, fto., for 
Betranslation into Latin. With Notes. 2s. 

By A. M. M. Stedman, M.A., Wadham College, Oxford. 

Latin Examination Papers in Grammar and Idiom. 2nd 

Edition. Crown 8vo. 2s.6d. Key (for Tutors and Private Students only), 6s. 

areek Examination Papers in Grammar and Idiom. 2<. 6d. 

' Kbt . [In tho prsss. 
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By the late Bbv. P. Fbost, M.A. 
Materials for Latin Prose CompoBitlon. New edition. Fcap. 

8vo. 29. Key (for Tutors only), 4s. 
Materials for Greek Prose Oompositlon. New Edit. Foap. 87a 

2a. 6d. Key (for Tutors only), Ss. 
norlleglum Poetloum. Elegiae Extracts from Ovid and Tibnllas. 

New Edition. With NotM. Foap. 8to. 28. 

By H. A. Holdeh, LL.D., formerly Fellow of Trinity Coll., Camb. 
Follomm Sllvnla. Part I. Passages for Translation into Latin 

Blflgiu and Heroic Verse. 11th Edition. PostSvo. 7a. 6d. 
i^— Part II. Select Passages for Translation into Latin Lyric 

and Oomio lambio Verse. 8rd Edition. PostSvo. Sa. 
F<dla fiUlvulsB, slTe EdogsB Poetarom Anglicoram in Latinnm et 

GrsBonm oonverssB. 8yo. Vol. 11. 4a. 6d. 
FoUorum OenturlSB. Select Passages for Translation into Latin 

and Greek Prom. 10th Edition. PostSvo. 8a. 
Boala Gneoa : a Series of Elementary Greek Exercises. By Bey. J. W. 

Dayis, M.A., and B. W. Baddeley, M.A. 3rd Edition. Fcap. 8to. 2a. 6d. 
Oreek Verse Composition. By G. Preston, M.A. • 5th Edition. 

Crown 8vo. 4g. 6d. 

Greek Particles and their Combinations according to Attic Usage. 

A Short Treatise. B7 F. A. Paley, M.A., LL.D. 28. 6d. 
Rudiments of Attio Construotion and Idiom. By the Bey. 

W. 0. Oompton, M.A., Assistant Master at Uppingham School. 3s. 
Antholo^ GrsBoa. A Selection of Choice Greek Poetry, with Notes. 

By F. St. John Thackeray. 4th and Cheaper Edibion, 16mo. 48. 6d. 
Anth^ogla Latina. A Selection of Choice Latin Poetry, from 

N8Bvin8toBo9thin8,withKoteii. By Bey. F.St. J. Thackeray. 5th Edition. 

16mo. 4s.6d. 

CLASSICAL TABLES. 

Latin Aooldenoe. By the Bey. P. Frost, M.A. It. 

Latin VerslfLoatlon. It. 

Notabilla Qusedam; or the Principal Tenses of most of the 

Irregular Greek Verba and Elementary Greek, Latin, and Frenoh Oon- 

stniotion. New Edition, la. 
Richmond Rules for the Oyldlan Distich, &0. By J. Tate, M. A. U, 
The Principles of Latin Syntax. It. 
Ghreek Verbs. A Catalogue of Verbs, Lrregolar and Defeotiye. By 

J. S. Baird, T.O.D. 8th Edition. 2s. 6d. 

Ghreek Accents (Notes on). By A. Barry, D.D. New Edition. 1«. 
Homeric Dialect. Its Leading Forms and Peculiarities. By J. 8. 

Baird, T.O.D. New Edition, by W. G. Butherford, LL.D. U. 
areek Acddence. By the Bey. P. Frost, M.A. New Edition. It. 

TRANSLATIONS, SELECTIONS, &o. 

*«* Many of the following books are well adapted for School Prises. 
Aeschylus. Translated into English Prose by F. A. Paley, M.A., 

LL.D. 2nd Edition. Svo. 7«. 6d. 
Translated into English Verse by Anna Swanwick. 4th 

Edition. PostSvo. 6«. 
Calpumius, The Eclogues of. Latin Text and English Verse 
Transhfction by E. J. L. Soott, M.A. Ss. 6d. 
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Euripides. Translated by E. P. Coleridge, B. A. 2 vols., 6^. each. 
Horaoe. The Odes and Carmen BaBcolue. In English Verse bj 
J. CkmiagUm, M.A. lOthedition. Fbap.Sro. 5t.6d. 

■ The Satires and Epistles. In English Verse by J. Coning- 
ftoii,MJU rthedition. 6«.6d. 

Flato. Oorgias. Translated by E.M. Cope, M.A. Svo. 2nd Ed. 7«. 

■ Philebns. Trans, by F. A. Paley, M. A., LL.D. 8m. Svo. As. 

■ Thentetns. Trans.byF.A.Paley,M.A.,LL.D. Sm.Svo. 4f. 

■ Analysisandlndexof theDialognes. By Dr. Day. Po8t8T0.5f. 
Prudentius, Selections from. Text, with Verse Translation, In- 

troduotion, *o., by the Rey. F. 8. J. Thackeray. Grown 8to. Ts. 6d. 
Bophooles. Oedipus Tyrannus. By Dr. Kennedy. Is, 
The Dramas of. Bendered into English Verse by Sir 

George Tonng, Bart., M.A. 8yo. 12«. 6d. 
Theoorltwi. In English Verse, by C. B. Oalverley, M.A. New 

Bdition. rerieed. Crown 8to. 78. 6d. 
Tramlfttlans into English and Latin. By C. B. Oalyerley, M.A. 

PortSro. 7«. 6d. 
Translations intoEnglish, Latin, and Greek. By B. C. Jebb, Litt. D., 

H. Jackson, LittD., and W. E. Gnrrey, M.A. Second Edition. Sa. 
Extracts for Translation. By B. C. Jebb, Litt. D., H. Jackson, 

Litt.D., and W. B. Onrrey, H.A. 4«. 6d. 
Between Whiles. Translations by Bey. B. H. Kennedy, D.D. 

2nd Bdition, reyised. Crown Stq. 58. 
Babrinae Corolla in Hortulis Regiae Scholae Salopiensia 

Contexnemnt Tres Yiri Floribna Legendis. Fourth Edition, thoroughly 
Rerised and Rearranged. Large post Svo. lOs. 6d. 



CAMBRIDGE MATHEMATICAL SERIES. 

Arithmetic for Schools. By C. Pendlebury, M.A. 4th Edition, 
rtereotyped, with or without answers, 48. 6d. Or in two parts, with or 
without answers, 28. 6d. each. Part 2 contains the Commerctal Arithmetic, 

BxAXPLXS (nearly 8000), without answers, in a separate voL Ss. 
In use at St. Panrs, Winchester, Wellington, Marlborough, Charterhouse, 
Merchant Taylors', Christ's Hospital, Sherborne, Shrewsbury, fto. ftc. 

Algebra. Choice and Chance. By W. A. Whitworth, M.A. 4th 
Bdition. Ss. 

Euclid. Newly translated from the Greek Text, with Supple- 
mentary Propositions, Chapters on Modem Geometry, and numerous 
Exercises, fiv Horace Deignton. M.A.., Head Master of Harrison College, 
Barbados. New Edition, Revised, with Symbols and Abbreviations. 
Crown Svo. 4a. 6d. 

Bookl la. I BookP I. to III. ... 28. 6d. 

Books I. and II. ... l8. 6d. | Books III. and lY. is. 6d. 

Euolid. Exeroises on Euclid and in Modem Geometry. By 
J. McDowell. M.A. 3rd Edition. 68. 

Trigonometry, Elements of. By J. M. Dyer, M.A., and Bev. 
B. H. Whitoombe, M.A., Assistant Masters, Eton College, [fmmediately. 

Trigonometry. Plane. By Bev.T.Vyvyan,M.A. 3rd Edit. 8».6<t 

Geometrical Conio Secllona. By H. G. Willis, M.A. bs. 

Oonios. The Elementary G^eometry of. 6th Edition, reylsed and 
enlarged. By C. Taylor, D.D. 48. 6d. 

8oUd Qeometry. By W. S. Aldia, M.A. 4th Edit. reTised. 6f. 

Gheometrioal Optios. By W. S. Aldis, M.A. 3rd Edition. As, 
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Blgld Dynamics. By W. S. Aldis, M.A. 4«. 

Elementary Dynamics. By W.Gamett,M.A.,D.C.L. 5th Ed. 6f. 

Dynamics. A Treatise on. By W. H. Besant, D.So., F.B.S. 7f . 6(1. 

Heat. An Elementary Treatise. By W. Gamett, M.A., D.C.L. 5th 

Bdition, revised and enlarged. 48. 6d. 
Elementary Physics. Examples in. Py W. Gallatly, M. A. is. 
Hydromechanics. By W. H. Besant, D.So., F.B. S. 5th Edition. 

Fart I. Hydroetatios. 5«. 
Mathematlcea Examples. By J. M. Dyer, M.A., Eton College, 

and R. Prowde Smith, M.A., Gheltenliam Oollege. 6s. 
Mechanics. Problems in Elementary. By W. Walton, M.A. 6«. 
Notes on Eoulettes and aiissettes. By W. H. Besant, D.Sc, 

F.B.S., Fellow of St. John's OoUege, Oambridge. 2nd Edition, enlarged. 

Crown 8vo. 5s. 

CAMBRIDGE SCHOOL AND COLLEGE 
TEXT-BOOKS. 

A Seriet of Elementary TreatUetfor the use of Students. 
Arithmetic. By Bey.C.Elsee,M.A. Fcap. 8yo. 14th Edit. Ss,Qd. 
' By A. Wrigley, M.A. 3*. 6A 

— A Progressiye Conrse of Examples. With Answers. By 

J. Watson, M.A. 7th Bdition, revised. By W. P. Gondie, B.A. 28. 6d. 
Algebra. By the Bey. 0. Elsee, M.A. 8th Edit. 4s, 

Progressive Course of Examples. By Bey.. W. P. 

M'Miohael,M.A.,and B. Prowde Smith, M.A. 4th Edition. Ss. 6d. Witii 
Answers. 4s. 6d. 

Plane Astronomy, An Introduction to. B^ P. T. Main, M.A. 
6th Bdition, revised. 48. 

Conic SectionB treated Geometrically. By W. H. Besant, ScB. 
8th Bdition. 48. 6d. Solution to the Examples. 48. 

Enunciations and Figures Separately. Is. Qd. 

Statics, Elementary. By Bey. H. Gk)odwin, D.D. 2nd Edit. Ss, 

Hydroetatica, Elementary. By W.H. Besant, D.Sc. 14th Edit. Is, 

Solutions to the Examples. [Now ready. 

Mensuration, An Elementary Tvieatise on. By B.T.Moore, M. A. Bs.Qd. 

Newton's Prindpia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Bvans. M.A. 5th 
Bdition, by P. T. Main, M.A. 48. 

Analytical Geometry for Schoolb. ByT.Q.Vyvyan. 5th Edit. 4«.6ii. 
Gtreek Testament, Companion to the. By A. 0. Barrett, M.A. 

5th Bdition, revised. Fcap. 8vo. 58. 
Book of Common Prayer, An Historical and Explanatory Treatise 

on the. By W. G. Humphry, B.D. 6th Edition. Fcap. 8vo. 28. 6d. 
Music, Text-book of. By Professor H. C. Banister. 14th Edition, 

revised. 58. 
— ! — Conoid ffistpry of* By Bev- R Q. Becuma Boni; 

Mns. Doc. DubHn. 11th Bdition, re<^SMd. SlkM. 
a2 
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ARITH M ETIO. (««« aUo the two foregoing Seriee.) 

Iilsmentary Arlthmetlo. By Charles Pendlebary, M.A., Senior 
Matbemfttioal Master, Bt Paol't School; and W. B. Beard, F.B.G.S., 
AMislaat Master, Christ's Hospital. With 2500 Examples, Written and 
OnL Crown 8to. la. 6d. With or without Answers. 

Axlihmetio, Examination Papers in. Consisting of 140 papers, 
eaoh containing 7 qnestiohs. 357 more diffloolt problems follow. A ool> 
lection of recent Public Examination Paper* are appended. By C. 
Pendlebnry, M.A. 2s. 6d. Key, for Masters only, 5s. 

Ofaduated SSxeroisai in Addition (Simple and Compound). By 
W. 8. Beard, 0. 8. Department Rochester MathemHtical School. Is. For 
Oandiiiates for Commercial Certilicates and Civ il Serrioe Exams. 

BOOK-KEEPING. 
Book-keeplxig Papers, set at yarions Pablio Examinations. 
OoUaoted and Written by J. T. Medhnrst, Leotorer on Book-keeping ia 
the Gi^ of London College. 2nd Edition. 8s. 

GEOMETRY AND EUCLID. 
Etudld. Books I.-YI. and part of XL A New Translation. Bj 

H. Deighton. (8ee y. 8.) 
«-^— The Definitions of, with Explanations and Exerdses, 

and an Appendix of Exercises on the First Book. By £. Webb, ILA. 

Grown 8to. Is. 6d. 

■ Book L With Notes and Exercises for the nse ol Fre- 
pazatoiy Schools, Ac By Braithivaite Amett, M.A. Bro. 4s. 6d. 

■ The First Two Books explained to Beginners. By 0. P. 
Mason, B«A. 2nd Edition. Fcap. Svo. 28. 6d. 

Tbe BnimoUtlonB and Figures to EuoUd's XSlementa. By Ber. 

J. Brasse, D.D. New Edition. Foap. 8to. Is. Without the Figures, 6d. 
■mroliM on Eoolid. By J. McDowell, M.A. (See p. 8.) 
Mansimtion. By B. T. Moore, M.A. Ss, 6d. (See p. 9.) 
Geometrioal Conio Sections. By H. G. Willis, M.A. (See p. 8.) 
Oeometrioal Oonio SectionB. By W. H. Besant, D.Sc (Seep.f.) 
Elementary Oeometry of Conlos. By C. Taylor, D,D. (See p. 8.) 
An Introduction to Anolent and Modem Gheometry of Gonios. 

By C. Taylor, D.D., Kaster of St. John's ColL, Camb. Sro. 15s. 

An Introduotton to Analytical Plane Geometry. By W. P. 

Tambnll,M.A. Sro. 128. 

Problems on the Prinoiples of Plane Co-ordinate Geometry. 

By W. Walton, M.A. Sro. lOs. 
Tillinear Co-ordinates, and Modem Analytical Geometry of 

Two Dimensions. By W. A. Whitworth, H.A. 8to. lOs. 
An Elementary Treatise on Solid Geometry. By W. S. Aidis, 

K.A. 4th Edition rerised. Cr. 8yo. 6s. 
IBlliptlc Fnnctiona. Elementary Treatise on. By A. Cayley, D.So. 

Professor of Pure Matheniatics at Cambridge Uniyersity. DemySro. ISi. 

TRIGONOMETRY. 

Trigonometry. By Rev. T. G. Vyvyan. 8«. 6d. (See p. 8.) 
Trigonometry, Elements of. By J. M. Dyer, M.A., and Rev. R. TL 

Whitcombe, M.A., Asst. Masters, Eton College. [ImmediaM^. 

Trigonometry, Examination Papers in. By G. H. Ward, M.A., 

Assistant Master at St. Paul's School. Crown 8to. 2s. 6cI. 
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MECHANICS & NATURAL PHILOSOPHY. 

StatloB, Elementary. By R Ck)odwm, DJ). Foap. 8to. Snd 

Edition. St. 
Dynamiot, A TreaiiBe on Elementvey. By W. Oameit, HA., 

D.O.L. 5kh Bdition. Grown 8?o. <te. 
Dynamios. Bigid. By W. a Aldis, M. A. it. 
Dynamiot. A Treatise on. By W. H. Besant, D.So. ,F.B.S. 7f . 6d. 
Elementary Meohaiiiofl, Problems in. By AV. Walton, M.A. New 

Edition, drown 8to. 6a. . 
Theoretical Meohanioa, Problems in. By W. Walton, MJL 8rd 

Edition. Demy 8vo. Vit, 
Structural Meohanios. By B. M. Parkinson, Absoc. M.I.O.E. 

Orown 8vo. 48. 6d. 
Elementary Meoluuiics. Stage L By J. C. Horobin, B.A. It. M, 
Hydrostatloa. F^W.H.Besant.D.Sc. Foap.Sro. 14th Edition. 4m. 

HydromeohanloB, A Treatise on. By W. H. Besant, D.Sc, F J(.S. 

8yo. 5th Edition, reriaed. Fart I. HydrostotioB. Ss, 
Hydrodynamics, A Treatise on. Vol. L, 10s. 6d. ; YoL XL, 12«. 6(2. 

A. B. BiuBtot, M.A., F.B.S. 
Hydrodynamics and Sound, An Elementary Treatise on. By 

A. B. Basset, M.A., F.B.S. 
Roulettes and Qlissettes. By W. H. Besant, P.Sc, F.B.S. 2nd 

Edition, 58. 

OpUcs. Geometrical. Bj W. S. Aldis, M.A. Crown 8yo. 3rd 

Edition. 48. 
Double Refiraotion, A Chapter on Fresnel's Theory of. By W. S. 

Aldis, M.A. Svo. 2>. 
Heat An Elementary Treatise on. By W. Qamett, M.A., D.C.L. 

Grown 8to. 5th Edition. 48. 6d. 

Elementary Physics, Examples and Examination Papers in. By 

W. Gallatly, M.A. 48. 
Newton's Prlnoipia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Seotums. By J. H. Evans, M»A. 0tb 

Edition. Edited by P. T. Main, M.A. 48. 
Astronomy, An Introduction to Plane. By P. T. Main, HA. 

Foap. 8vo. cloth. 6th Edition. 48. 

Practical and Spherical By B, Main, M.A. 8yo. 14ff. 

llathematioal Examples. Pure and Mixed. By J. M. Dyer, M. A. , 

and B. Prowde Smith, M.A. 68. 
Pure Mathematics and Natural Fhlloiophy, A Compendium of 

Facts and Formulse in. By G. B. Smalley. 2nd Edition, revised by 

J. McDowell. M.A. Foap. 8vo. 28. 
Slementary Course of Mathematios. By H. Goodwin, DJD. 

6th Edition. 8vo. 168. 

Problems and Examples, adapted to the * Elementary Course of 

Mathematics.* 8rd Edition. 8vo. 68. 

Solutions of Goodwin's CoUeotion of Problenui and Ezamidea. 

By W. W. Hntt, M.A. 3rd Edition, revised and enlarged. 8vo. Os. 
A Collection of Examples and Problems in Arithmetic, 

Algebra, Geometry, Logarithms, Trigonometry, Oonio Sections, Mechanics, 

Ac, with Answers. By Bev. A. Wrigley. 20th Thousand. 88. 6d. 

Key. 108. 6d. 
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FOREIGN CLASSICS. 

i, Serin for me in SehooUt with Englieh Noiet, grammatical and 

explanatory t ond renderings ofdiffleuU idiomatie expreetiont. 

Feap.Svo, 

^tfUUflr'f Wallaniiain. By Dr. A. Buehheim. 5th Edit. 6f . 

OrtlieI«e«rMidFloooloiBfaii,^6d. Wallaiftdxi'i Tod. 2f. 6A. 
— ^— lUSdofOrlMUB. By Dr. W. Wagner. 2nd Edit. It . 6d. 
.^— Maria Stuart ByY. Kastner. 8nd Edition. 1«. 6il. 
Qoetlie'i Harmann and Dorothea. By E. Bell, MJL., and 

B.WdlfeL U6d. 
Gtannan Ballads, from Uhland, Goethe, and Sdiiller. By C. L. 

Bielefeld. 4th Edition. Udd. 
Obarlea ZTT., par Yoltaare. By L. Direy. 7th Edition. It. 6d. 
ATonturea do Ttitaaqvo, par F4ni61on. By 0. J. Delille. 4th 

Xdition. 2a. 6d. 
BeleotFablesofLaFontame. ByF.E.A.aa8e. 18thEdit. U^M. 
Flool61a, by X.B. Saintine. By Dr.Dnbno. 16th Thousand. It. 6d. 
Lamartine'a Le Tailleor de Fierrea de Saint-Point. By 

J. Boielle, 6th Tfaoiuaxid. Stop. 8to. U. 6d. 

Italian Primer. By Bev. A. 0. Clapin, MJL Foap. 8yo. 1«. 



FRENCH CLASS-BOOKS. 

nranoh Qrainmar for Pablie Sohoob. Qy Bev. A. 0. Olapin, MJL 

^p. 8vo. 12th IBdition, reriMd. 2>. 6d. 
Tmooh. Primer. By Bev. A. 0. Clapin, MX Foap. 8to. 8th Ed. It. 
Primer of Frenoh Philology. By Bev. A. 0. Clapin. Foap. 870. 

4th Edit U, 

Le NouTeati Tr^aor; or, Frenoh Stadent's Companion. By 

M.E. 8. 19th Edition. IVjap.8vo. U6d. 
French Papers for the Prelim. Army Exams. Collected by 

J. P. Davis, D.Lit. [Immediately. 

Frenoh Examination Papers in MiBoellaneoiis Grammar and 
IdioBifl. Compiled bj A. M. M. Stedman, M.A. 4th Edition. Crown 
8to. 28. 6d. Key. 58. (For Teachers or Priyate Students only.) 

Manual of Frenoh Prosody. By Arthur Qosset, MA. Crown 

8to. Sb. 

Lexloon of Conyersational Frenoh. By A. HoUoway. drd 

Edition. Crown 8to. 38. 6d. 

PBOF. A. BABBEEE'S FEENCH COUESE. 

Xonlor Graduated French Course. Crown 8yo. U. 6(2. 

Elements of French Grammar and First Steps in Idiom. 
Crown 8yo. 28. 

Precis of Comparatiye French Grammar. 2nd Edition. Gaown 

8yo. 38. 6d. 
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F. E. A. GASG'S FRENCH OOUBBB. 
Vint Frenoh Book. Foap. 8yo. 106th Thoiuand. It. 
Second Frenoh Book. 52nd Thonsand. Foap. 870. If. 6d. 
Key to First and Second Frenoh Books. 5th Edit. Fop. 8to. 8«. 6d. 

Frenoh Fables for Beginners, in Prose, with Index. 16th Thousand. 

12ino. la. 6d. 
Select Fables of La Fontaine. 18th Thonsand. Foap. 870. lf.6d. 

Hlfltoires Amnaantes et InstmctlYea. With Notes. 17th Thon- 
sand. Foap. 8yo. 2b. 

Practical Onlde to Modem Frenoh OonyeraatloiL 18th Thon- 
sand. Foap. 8to. 1a. 6d. 

French PoelaT for the Yonng. ^th Notes. 6th Ed. Fop. 8yo. 8«. 

HateriaLi for French Proae Oompoeitlon ; or, Seleotions from 
the best Bngliah Prose Writers. IdthThons. Foap. 8vo. 8s. Key^Os. 

Prosateors Gontemporains. Wiih Notes. 11th Edition, re- 
yised. 12mo. 38. 6d. 

Le Petit Oompagnon; a Frenoh Talk-Book for Little Children. 
12th Thousand. 16mo. la. 6d. 

An Improyed Modem Pocket Dictionary of the French and 

English Languages. 45th Thonsand. 16mo. 28. 6d. 
Modem French-English and English-Frenoh Dictionary. 4tl^ 
Edition, revised, with new supplements. 10a. 6d. In use at Harrow, 
Rugby, WestminBter, Shrewabnry, Radley, &o. 

The ABO Tourist's French Interpreter of all Immediate 
Wants. By F. E. A. Gaso. la. 

MODEBN FRENOH AUTHOBS. 

Edited, with Introductions and Notes, by James Boiblle, Senior 
French Master at Dulwich OoUege. 

Daudet's La Belle Niyemaise. 2f . 6d. For Beginners. 
Hugo's Bug JargaL St, For Advanced Studentt, 
Balzac's XTrsule Mirouet. 3s. For Advanced Students. 



GOMBEBT'S FBENOH DBAMA. 

Being a Selection of the best Tragedies and Oomedies of Molidre, 
Raoine, Oomeille, and Voltaire. With Arguments and Notes bj A 
Gk)mbert. New Edition, revised by F. B. A Gaso. Eoap. 8yo. Is. eaohi 
sewed. 6d. Oontkhtb. 

MoLXXsx t— Le Misanthrope. L'Avare. Le Bourgeois Gentilhomme. Le 
Tartuffe. Le Malade Imagjualre. Les Femmes Sayantes. Les Fourberiei 
de Soapin. Les Frtfcieuses Ridicules. L'Eoole des Femmes. L'Eoole dee 
Maris. Le MMeoin maJcn^ Lui 

RioiNB :— PhMre. Ilsther. Athalie. Iphigtfnie. Les Plaidenrs. La 
ThAalde; oUfLesFrdresBnnemis. Andromaqne. Britanniona. 
P. OourxzLUB:— LeOid. Horaos. CSima. Polyeoofee. 
YouxAiBi t— Zaire. 
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GERMAN CLASS-BOOKS. 

Matorimli for 0«niuui Frota OompotltioiL By Dr. Buohhdm* 

13th Editioa. Foap. 4s. 6d. K^, Parts I. and n., Ss. Parts IIL and IV., 4s. 
Gk>ethe's Faust. Text, Hayward's Prose Translation, and Notes. 

Edited bj Dr. Baohheim. 58. \In the pren. 

German. The Candidate's Yade Mecom. Five Handred Easy 

Sentences and Idioms. By an Army Tutor. Cloth, la. For Army Exama, 

Wortfolge, or Rules and BzeroUieB on the Order of Wo|^ In 

German Sentences. By Dr. F. Stock. Is. 6d. 
A Gtarman Grammar for Pablio Bohools. By the Ber. A. 0. 

OlapinandF. HoUMflUer. 5th Edition. Foap. 28. 6d. 
A German Primer, with BzeroiMS. By Bey. A. C. Clapin. 

2nd Edition, la. 

Kotielme'f Der Gtoflmgene. With Notesby Dr. W. Btiomberg. It. 
German Examination Papers in Grammar and Idiom. By 

&. J. Morioh. 2nd Edition. 2b. 6d. Key for Tntors only, 58. 

By Fbz. Lange, Ph.D., Professor B.M.A., Woolwich, Examiner 

in German to the Coll. of Preceptors, and also at the 

Victoria Uniyersity, Manchester. 

A Oonoiae German Grammar. In Three Parts. Part I., Ele- 
mentary, 28. Part II , Intermediate, 2a. Part III., Adyanoed,38. 6d. 

German Examination Conme. Elementary, 28. Intermediate, 2f . 
Advanced, U. 6d. 

German Header. Elementary, Is. 6(2. Adyanoed, 3^. 



MODERN QEBMAN SCHOOL CLASSICS. 
Small Crown 8yo. 

Hey's Fabein Fiir Kinder. Edited, with Vocabulary, by Prof. 
F. Lange, Ph.D. Printed in Roman characters, la. 6d. 

The same with Phonetic Transcription of Text, Ac. 2s. 

Benedix't Dr. Wespe. Edited by F. Lange, Ph.D. 2s. 6(2. 

Hofflnan's Meister Martin, der Kofner. By Prof. F. Lange, Ph.D. 

U6d. 
Heyee'8 Hans Lange. By A. A. Macdonell, M.A., Ph.D. 28, 
Auerbach'8 Auf Wache, and Roquette's Der Gefirorene Eusfl. 

By A. A. Hacdonell. H.A. 2s. 
Moser'B Der Bibliothekar. By Prof. F. Lange, Ph.D. 8rd Edi 

tion. 28. 
Ebers' Eine Frage. By F. Storr, B.A. 2s. 

Preytag's Die Jonmalisten. By Prof. F. Lange, Ph.D. 2nd Edi- 
tion, rerised. 2s. 6d. 
Gutzkow'8 Zopf und Schwert. By Prof. F. Lange, Ph.D. 2s. 
Gherman Epic Tales. Edited by Earl Neohans, Ph.D. 2s. 6(2. 
Sheffers Ekkehard. Edited by Dr. H. Eager. 3s. 
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DIVINITY, MORAL PHILOSOPHY, &o. 

Bt thb Bby. F. H. Bobiybnxb, A.M., LL.D., D.C.L. 

Nomin TMtamentum Ghrteoe. Editio major. Being an enlarged 
Edition, oontaiimig the BfOadings of Bishop Wertcott and Dr. Hort, and 
thoae adopted by the Beyisen, &0. Ts. 6d. {For other Bditions ue page Z.) 

A Plain Introduotlon to the Orltioisiii of the New Testament. 

With Forty IWximilee from Ancient ManufloriptB. 8rd Edition. 8vo.l8i. 

Six Lectures on the Text of the New Testament For English 
Beaderg. Grown 8to. St. 

Ck>d0z BeisB Cantabrigiensis. 4to. lOt . 6<2. 



The New Testament for iSngUsh Headers. By thelate H. Alford, 

D.D. YoL I. Fart I. 3rd Edit. 12a. YoL I. Part II. 2nd Edit. 10«.6d. 
YoL n. Part I. 2nd Edit. 168. YoL H. Part II. 2nd Edit. 16a. 

The Greek Testament By the late H. Alford, D.D. YoL I. 7th 

Edit. 11. 88. YoL H. 8th Edit. 11. 48. YoL HI. 10th Edit. ISs. Yol. lY. 
Part 1. 5th Edit. 18a. YoL lY. Part n. 10th Edit. 14e. Yol. lY. II. 12a. 

Companion to the Greek Testament By A. 0. Barrett, M.A. 
5th Edition, rerised. Foap. 8yo. 5a. 

Guide to the Textual Criticism of the New Testament. By 
Eev. E. MUler, M.A. Grown 8yo. 48. 

The Book of Psalms. A Ne^ Translation, with IntroduotionB, Ao. 
By the Yery Bev. J. J. Stewart Perowne, D.D. 8yo. Yol. I. 7th EditioUa 
1&. YoL n. 6th Edit. 168. 

■ Abridged for Schools. 7th Edition. Crown 8yo. lOf . 6(2. 

History of the Articles of Religion. By C. H. Hardwiok. 8rd 

Edition. PostSro. 5a. 
History of the Creeds. By Bev. Professor Lumby, D.D. 8rd 

Edition. Grown 8to. 78. 6d. 

Pearson on the Creed. Carefully printed from an early edition. 
With Analysis and Index by E. Walford, M.A. Post 8yo. Sa. 

Liturgies and Offices of the Church, lor the Use of English 
Readers, in lUnstration of the Book of Oommon Prayer. By the Ber. 
Edward Burhidge, M.A. Grown 8ro. 98. 

An Historical and Explanatory Treatise on the Book of 

Gommon Prayer. By Ber. W. G. Homphry, B.D. 6th Edition, enlarged. 
Small Post 8yo. 28. 6d. ; Gheap Edition, la. 

A Commentary on the Gospels, Epistles, and Acts of the 
Apostles. By Bet. W.Denton, A. M. New Edition. 7yolB.8yo. 98. each. 

Notes on the Catechism. By Bt Bey. Bishop Barry. '9th Edit. 
Fcap. 28. 

The Winton Church Cateohist. Questions and Answers on the 
Teaching of the Ghuroh Cateohism. By the late Bey. J. S. B. MonseU, 
LL.D. 4th Edition. Gloth, 38. ; or in Four Parts, sewed. 

The Church Teacher's Manual of Christian Instrootion. By 
Ber. M.F. Sadler. 43rd Thousand. 28.6d. 



16 George Bell and Sons' 

TECHNOLOGICAL HANDBOOKS. 

Edited by Sib H. Tbueman Wood, Seoretaiy of the Society of Arts. 

Dyeing and Tissue Printing. By W. Crookes, F JLS. 5f . 

Glass Mano&oture. By Henry Chance, MX; H. J. Powell, BJL; 
and H. G. HarriB. 88. 6d. 

Ootton Spinning. By Biohard Marsden, of Manchester, drd 
Edition, rerised. 6a. 6d. 

Chemistry of Coal- Tar Colours. By Prof. Benedikt, and Dr. 
Knecht of Bradford Technical OoUege. 2nd Edition, enlarged, fis. 6d. 

Woollen and Worsted Cloth Manufooture. By Professor 
Boberts Beaumont, The Yorkshire Ck>lleffe, Leeds. 2nd Edition. 7«. 6d.' 

Cotton Weaving. By B. Marsden. [In the prest. 

Bookbinding. By J. W. Zaehnsdorf, with eight plates and many 
illnstrations. 5a. 

Printing. By C. T. Jacobi, Manager of the Chiswick Press. 5«. 



BELUS AGRICULTURAL SERIES. 

The Farm and the Dairy. By Prof. Sheldon. 28. M. 
Soils and their Properties. By Dr. Fream. 2<. 6d. 
The Diseases of Crops. By Dr. Griffiths. 2s. 6d. 
Manures and their Uses. By Dr. Griffiths. 2«. 6d. 
Tillage and Implements. By W. J. iMalden. 2s. 6<f. 



HISTORY. 

Modem Europe. By Dr. T. H. Dyer. 2nd Edition, reyised and 
oontinned. 5 yoIb. Demy 8to. 21. 12c 6d. 

The Decline of the Roman Bepublio. By Q. Long. 5 yols. 
8to. 5s. each. 

Historical Maps of England. By C. H. Pearson. Folio. 3rd 
Edition royised. 31«. 6d. 

England in the Fifteenth Century. By the late Bev. W. 

Denton, M.A. Demy 8vo. 128. 

Feudalism : Its Rise, Progress, and Consequences. By Judge 
Abdy. 78. 6d. 

History of England, 1800-46. By Harriet Martineau, with new 
and copious Index. 5 yols. 3s. 6d. eaoh. 

A Praotloal Synopsis of English History. By A. Bowes. 9th 

Edition, revised. 8yo. Is. 
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Uyes of the Queena of England. By A. Striokland. Library 
Editaon, 8 toIb. 7s. 6d. each. Oheaper Kdition, 6 vols. Ss. each. Abridged 
Edition, 1 yol. 68. 6d. Hary Queen of Soots, 2 toIb. Ss. each. Tudor and 
gtuart Prinoesses, &. 

The Elementa of Oeneral EObUut. By Proi. Tytler. New 
Edition, brought down to 1874. Small Post 8yo. Ss. 6d. 

History and Geography Examination Papers. Compiled by 
C. H. Spence, H.A., Clifton College. Grown 8to. 28. 6d. 

The Schoolmaster and the Law. By Williams and Markwiok. 
l8.6d. 

For other Historical Books, see Catalogue ofBohn's LibrarieSf sent free on 
application. 



DICTIONARIES. 

WEBSTER'S INTERNATIONAL DICTIONARY of the 
English Language. Including Scientific, Technical, and Biblical Words 
and Terms, with their Significations, Pronunciations, Etymologies, 
Alternative Spellings, Derivations, Synonyms, and numerous ulustrative 
Quotations, with various valuable literary Appendices and 83 extra pages 
of Illustrations grouped and classified, rendering the work a Complbte 
LiTEBABY AND SciEKTiFic Befbbence-Book. New Edition (1890). 
Thoroughly revised and enlarged under the supervision of Noah Porter, 
D.D., LL.D. 1 vol. (2118 pages, 3500 woodcuts), 4to. cloth. Sis. 6d. ; 
full sheep, 21. 2s. ; calf, 21. Ss. ; half russia, 21. 58. ; or in 2 vols, cloth, 
11. 148. 

Prospectuses, with specimen pa^s, tent free on application, 

Richardson's Philological Dictionary of the English Language. 
Combining Explanation with Etymology, and copiously illustrated by 
Quotations from the best Authorities. With a Supplement. 2 vols. 4to. 
41. 148. 6d. Supplement separately. 4to. 128. 

Kluge's Etymological Dictionary of the Qerman Language. 
Trannlated from the 4th Oerman edition by J. F. Davis, D.Lit., M.A. 
(Lond.). Crown 4to. half buckram, 188. 

Dictionary of the French and English Languages, with more 
than Fifteen Thousand New Words, Senses, &o. By F. E. A. Oaso. With 
New Supplements. 4th Edition, Revised and Enlarged. Demy 8vo. 
lOs. 6d. Iir USE AT Habbow, Bugbt, Shbewsbukt, &o. 

Pocket Dictionary of the French and English Languages. 
By F. E. A. Gkmo. Containing more than Five Thousand Modem and 
Current Words, Senses, and Idiomatic Phrases and Renderings, not found 
in any other dictionary of the two languages. New edition, with addi- 
tions and corrections. 45th Thousand. 16mo. Cloth, 28. 6d. 

Argot and Slang. A new French and English Dictionary of the 
Cant Words, Quaint Expressions. Slang Terms, and Flash Phrases used 
in the high and low life of old and new Paris. By Albert Barrere, OflBcier 
de rinstruction Publique. New and Revised Edition, large post 8?o. 
lOs. 6d. 
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ENGLISH CLASS-BOOKS. 
OompArattye arammmr and Philology. By A. C. Prioe, M.A., 

Auistant MMter at Leeds Grammar SohooL 28. 6d. 
The momenta of the Bngllah XjaQguaite. By E. Adams, FhJ). 

24th Edition. Tlioronghly rerised bj J. F. Davis, D.Lit, H.A. 
PortSvo. 48. 6d. 

The Rodlmenta of TBngliah Grammar and Analjiia. By 

fl. Adams, Ph.D. 17th Thousand. Feap. 8vo. Is. 
A Concise System of Parsing. By Ii. E. Adams, B.A. 1«. 6<2. 
Q^neral Knowledge Examination Papers. Compiled by 

A. M. M. Stedman. M.A. 2«. 6d. 

Kzamplea for Grammatical Analysis (Terse and Prose). Se- 
lected, fto., bj v. Edwards. New edition. Cloth, Is. 

Notes on Shakespeare's Plays. By T. Doff Bamett, B.A. 
HiDBirxxBB Night's Dksax, Is. ; Julius Oxb^k, Is. ; Hxkbt Y., is. ; 
Tbxpkst. Is. ; Macbvth, Is. ; Mskchavt ow Yurics, Is. ; Hamlst, Is. ; 

KlCHABD II., Is. ; KlNQ JOHH, Is. } KlVG LXAB, Is. ; .Ck>BIOLAirUS, Is. 

By C. P. Masoh, Fellow of Uniy. Coll. London. 

nnt Notlona of Grammar for Tonng Learners. Feap. 8to. 

67th Thousand. Reyised and enlarged, doth. Is. 
Ffarst Stops in English Grammar for Jmuor Classes. Demy 

ISmo. 4Dth Thousand. Is. 
Ontllnes of English Grammar for the Use of Janior Classes. 

77th Thousand. Grown 8to. 9b. 
English Grammar, inclnding the Prinoiples of Grammatieal 

Analysis. 82nd Edition. ISlst to 196th Thousand. Orown 8n>. 8s. 6d. 
Praotioe and Help in the Analysis of Sentences. 2f . 
A Shorter English Grammar, with oopioos EzeroiseB. 39th 

to 43rd Thousand. Orown Sra 8s. 6d. 
English Grammar Praotioe, being the Exerdses sepsrately. Is. 
Code Standard Grammars. Parts L and n., 2d. each. Parts HX, 

lY., and Y., Sd. each. 



Notes of Lessons, their Preparation, &^, By Joe6 Bickard, 
Park Lane Board School, Leeds, and A. H. Taylor, Bodley Board 
School, Leeds. 8nd Edition. Orown Sro. 2s. Sd. 

A Byllabio System of Teaching to Read, combining the advan- 
tages of the ' Fhonio ' and the ' Look-and-Say ' Systems. Orown 8to. Is. 

Practical Hlnti on Teaohlng. By Ber. J. Menet, M»^ 6th Edit, 
reyised. Orown 8yo. paper, 28. 

Test Lessons in IMotatlon. 4th Edition. Paper oo?er. It. 6d. 

Elementary Mechanics. By J. C. Horobin, B.A., PrincipsJ of 
Homerton Training Oollege. Stage I. Is. 6d. 

Picture Sohool-Books. la Bmiple Language, with nnmeroos 
lUnstrations. Royal 16mo. 
The Infant's Primer. 8d.~Sohool Primer. 6d.— School Reader. By J. 

TiUeard. Is.— Poetry Book for Schools. Is.— The Life of Joseph. Is.— The 

Scripture Parables. By the Bar. J. B. Olarke. Is.— The Scripture Mirades. 

By the Rev. J. B. Olarke. Is.— The New Testament History. By the Rer. 

J. G. Wood, H.A. Is.- The Old Testament History. By the Rer. J. G. 

Wood, M.A. Is.— The Life of Martin Luther. By Sarah Orompton. Is. 
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BOOKS FOR YOUNG READERS. 

A Series qf Reading Books designed to facilitate the acquisition qfthepovfer 
of Beading by very young Children, In 11 vols, limp eloth, M. each, 
Thofle with an asterisk have a Frontispieoe or other IHnstratioiiB. 
•The Old Boathouse. Bell and Fan; or, A Cold IMp. 
*Tot and the Gat. A Bit of Oake. The Jay. The 

Black Hen's Nest. Tom and Ned. Mrs. Bee. \ JSuttaUc 

*The Oat and the Hen. Sam and hlB Dog Bedleg. / ,J^ 

Bob and Tom Lee. A Wreck. | "v««*** 

*The New-born Lamb. The Boeewood Box. Poor 

IWl Sheep Dog. 

*The TWO Parrots. A Tale of the Jubilee. By M. E. 

Wintle. 9 Ulnstrations. 
*The Story of Three Monkeys. 
♦Story of a Oat. Told by Herself. \ SuOaNe 

The Blind Boy. The Mute GirL A New Tale of ) for 

BabesinaWood. Stmn^da 

The Dey and the Knight. The New Bank Note. ^' * ^ 
The Boyal Visit. A King's Walk on a Winter's Daj. 

*Queen Bee and Busy Bee. 

♦Gull'e Orag. / 

Syllabic Spelling. By C. Barton. In Two Parts. Infants, 8d. 
standard I., 3d. 
Helps' Oourse of Poetry, for Schools. A New Selection from 
the English Poets, carefully compiled and adapted to the several standards 
by E. A. Helps, one of H.M. Inspectors of Schools. 
Book I. Infants and Standards I. and II. 134 pp. small 8to. 9d. 
Book II. Standards ni. and ly. 224 pp. crown Sro. Is. 6d. 
Book III. Standards v., YL, and yn. 352 pp. post 8to. 28. 
Or in PARTS. Infants, 2d. ; Standard L, 2d. ; Standard II., 2d. 
Standard III., 4d. 



QEOGBAPHICAL SEBIES. By M. J. BABBiNaTON Wabd, M.A 
With Illustrations. 

The Map and the Oompass. A Beading-Book of Geography. 

For Standard I. I^ew Bdition, reyised. 8d. cloth. 
The Bound World. A Beading-Book of Geography. For 

Standard II. New Edition, revised and enlarged. lOd. 
About England. A Beading-Book of Geography for Standard 

III. [Inthepren, 

The Ohild's Geography. For the Use of Schools and for Home 

Tuition. 6d. 

The Ohild's Geography of England. With Introductory Exer- 
cises on the British Isles and Empire, with Questions. 2t 6d. Without 
Questions, 2?. 
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BUmdardB 



BELL'S READING-BOOKS. 

rOB BOHOOLB AND PABOOHIAL LIBBABIES. 
VomBMdff. Poitdivo, Strongly boundin cloth, 1$, each, 
*Ufe of Ckdumbiu. \ 

•aftmm't Gtamum TalM. (Seleoted.) 
* Andenwn'g Dmtoh Tatoi. lUiutrated. (Seleoted.) | 

Great XngUihrnen. Short Liyes for Tonng Children. 

Great Sz^gllshwomen. Short Liyes of. 

Great Sootemen. Short Lives of. 

ParablMi from Nature. (Selected.) ByMn^Oatty. 

lldgeworth's Talea. (A Seleotion.) 
*PoorJaok. By Capt. Marryat, B.N. (Abridged.) > 

*Soott^t Talisman. (Abridged.) 
*Fktandfl in rnr and Feathen. By Owynfryn. 
*Poor Jack. By Captain Marryat, B.N. Abgd. 
*Maatennan Baady. ByCapt. ICaziyat. BlnB. (Abgd.) 
Lamb's Tales flrom Shakespeare. (Selected.) 
•anlllyer's Trayels. (Abridged.) 
*Roblnson Orosoe. niustrated. 
* Arabian Nights. (A Selection Rewritten.) 

*i>iokens's Little NelL Abridged from the « The Old 

Onrionty Shop.' 
*The Vicar of Wakefield. 

'Settlers In Oanada. By Capi Manyat. (Abridged.) 
Poetry for Boys. Selected by D. Mnnro. 
*Sonthey's lilfe of Nelson. (Abridged.) 
*Life of the Duke of Wellington, withMaps and Plans. 

*Sir Roger de Ooyerley and other Essays from the 
Spectator. 
Tales of the Ooast By J. Bonoiman. 
* I7m«« Foltim«8 am Bhuitrat^, 



IV, A V. 



Standarda 

F.,FI.,« 

FIT. 



Uniform with the Seriet, in Ztmp doth, 6d. each. 

Shakespeare's Plays. Kemble's Beading Edition. With Ez- 
plaxiatory Notei for Sohool Use. 
JULIUS O^SAB. THB MBBOHANT OF YENIOE. KINO JOHIT. 
HBNBY THB FIFTH. MAOBBTH. AS YOU LIKB IT. 
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